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INTRODUCTION.

During the past 18 years Prof. A. A. N1jLAND, Director of the Utrecht
Observatory, has observed a great number of variable stars, among which
some 70 binaries of the Algol (and 3 Lyrae)-group. The determination of
the light-curves of these binaries has been examined and, in trying to de-
rive the best elements for some of these systems, I struck upon a modifi-
cation of Russerr’s well-known method. The revised method has beeu ap-
plied to the light-curves of four stars, with a view of extending this work
to the remaining stars in subsequent publications.

[ am greatly indebted to Professor NijLanp for his readiness in

putting the material necessary for this investigation at my disposal.




CIHEA RIS RS

THE DETERMINATION OF THE LIGHT-CURVES.

§ 1. Method of Observation and Reduction.
All the observations have been made after a somewhat modified

ARGELANDER method. The instruments used were the 10-inch refractor (apert-

ure a = 261 mm ; focal length f = 319 cm ; magnifying-power v = 94 as
a rule) and its 3-inch finder (@ = 74 mm; f—11.3 cm; v = 22). Some
of the brightest stars have been observed with a binocular.

In the following pages the words ,step” or ,grade” (°) will be used
instead of | Stufe”.

N1jLAND, however, did not follow the original method of ARGELANDER,
but modified it into an interpolation-method ). If for instance the brightness
of the variable v was estimated as being between that of the comparison-
stars @ and b, the observer first estimated the ratio of the differences a—v
and v—b and then expressed these differences in steps. The observation
may be recorded as a1v2 b, or all 03 b, or a2 v4 b according to the estim-

ation in steps. These records are not identical ; the interpolated magni-

The ratio of the differences remains the essential thing and for that
reason the magnitude of the variable must be found by interpolation. Not
infrequently, however, 1 or 3 comparison-stars have been used instead of

9.

. in these cases the magnitude of the variable was found by using the

derived step-value (p. 3).

1) AN. 154, 413 (1901).
See also : Recherches Astronomiques de 'Observatoire d'Utrecht IT1, 14 (1908).
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If photometric magnitudes could be considered as absolutely correct,
this interpolation would lead to PICKERING’S fractional method. Unfortunately,
however, photometric magnitudes are far from being correct, and they may,
and should, to a certain degree, be controlled and, if necessary, corrected by
the grade-estimates, so as to accord with the individual conception of the
observer. After a great number of observations, the intervals between the com-
parison-stars, given in steps, may furnish sufficient data to revise the photo-
metric magnitudes (see below).

This modified method is undoubtedly superior, not only to the old
ARGELANDER method, which obliged the observers to stick to a constant
step-value (although this value is certainly not constant), but also to the
purely fractional method, which wholly ignores the step and assigns absolute
accuracy to instrumental photometry.

As far as possible the photometric magnitudes of the comparison-stars
were taken from the Harvard Photometry ') (HP), while magnitudes taken
from other sources have been reduced to it. Originally Nijraxp used the
following method of correcting the photometric magnitudes with the aid of
the step-scale (i. e. the list of step-differences with the faintest comparison-
star): The photometric magnitudes were plotted on squared-paper as abscissas
and the step-scale as ordinates, 5 mm, say, representing, 0™ en 1° respect-
ively ; and a straight line was drawn passing as nearly as possible through
the points plotted. The magnitudes of the comparison-stars finally to be
adopted were now obtained by dropping perpendiculars on this line from the
plotted points.

It is clear that in this way equal weight is attributed to the photo-
metrically determined magnitudes and to the grade-estimates ; obviously
the estimated step-intervals are not used as they are given by the observa-
tional material, but have been modified so as to suit the photometric values.
The slope of the straight line gives the photometric value of 1 step for the
star in question.

As an example to illustrate this we choose V 23 — SW Cygni ?).

1) As contained in the ,,Annals of the Astronomical Observatory of Harvard College" (H.A.),
') For this notation of variable stars see AN. 199, 215 (1914).



TABLE 1.
i Comp qtarh HP Step scalc After adjustment
i
a 8791 42907 880 | 40°8
b 9.39 | 33.86 ‘ 9.48 |  34.9
c | 9.92 28.70 | 10.04 | 30.0
d | 10.42 23.48 | 10.58 25.3
e | 11.18 21.28 1hi} k2 20.6
f 11.80 | 14.80 11.79 14.8 |
| k 13.79 | 0.00 13. 64 = B |

The photometrlc magnitudes of the comparison-stars in the second
column have been taken from H.A. T4, except those of ¢ and & whose mag-
nitudes were derived from the limits of vision for the two instruments used?)
(finder and telescope). The grade-cstimates yield the scale given in the 3rd
column. In Fig. 1a these two values have been plotted for each comparison-
star ; through the points thus obtained a straight line has been drawn and

perpendiculars have been dropped on it.
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1) Sce on this subject : AN. 205, 233 (1917).
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In the fourth column we find the magnitudes as they have been adopted
for the comparison-stars after the adjustment described, whereas the 5th
column shows how the step-scale is modified. It follows from the slope of
the straight line, that 40 light-grades correspond to 4™56, so that for this
case 1° = 07114.

As a matter of fact, however, the result obtained in this way is in
many cases far from satisfactory, either on account of the small number of
points used, or owing to the fact that the plotted points often strongly
deviate from a straight line.

The magnitudes of the comparison-stars once having been adopted,
the brightness of the variable is interpolated ). The corresponding phase is
taken from the elements at hand. As a rule the series of observations was
not closed until at least 250-—400 estimates had been obtained. They were
put in order of phase and combined into normals of 12 estimates each.
These normals were then plotted and a smooth | light-curve” 2) was drawn
through the points obtained, satisfying as well as possible the following
conditions :

1°) the algebraic sum of the residuals § should be zero: ¥ § = 0 -

y

(&)
e

) positive and negative residuals should be equal in number ;

the number of recurrences of sign should be equal to the number

s
o
p—

of changes of sign ;

4°) the mean error g, :l | ,Elj_,]‘ should correspond to the mean error
g, found in computing the normals. The number of parameters p
of the curve has been somewhat arbitrarily chosen, viz. :
p. — 6 for curves without a stationary minimum ;
T o with o 5 i3
Though N1jranp himself has already derived light-curves for several
eclipsing binaries observed by him, these results cannot, for reasons ex-

plained in the following paragraphs, be regarded as final. We shall therefore

1) See for the method of accounting for atmospheric extinction: Rech, Astr. de I'Obs. d'Utr. VLI,
Erste Abt., No. 14.

2)  In what follows the term olight-curve” will be used for the curve giving the magnitude of the binary,
and the term , intensity-curve’” for the curve giving the loss of light-intensity of the system,
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here restrict ourselves to four systems (sce chapter IV) whose light-curves
have been revised according to the principles of § 4.

The results are :

1°) 28 = — 0705 ;

2°) number of positive residuals = 35,
n ,, negative 35 — 35, | (results of 4 systems
1 SIBZeros — 14; combined.)

3°) number of recurrences of sign — 27,

)3 13 Changcs »3 3% = 3!');
4°) & = 07031, |
' (mean of 4 systems.)
S =02 053"

It will interest the reader that for 17 Cepheids, treated in exactly
the same way, N1JLAND found the following figures :
1) At 0 5005,

2°) number of positive residuals — 135,
) ,, hegative | = 129, | (results of 17 Cepheids
., ,, Z€eros — 86; | combined.)

3°) number of recurrences of sign — 111,
= lsmchangessds b nfiii==sl 63Ha]

4°) g = 07031, :
{ (mean of 17 Cepheids).
gl =—"07029°%
We may remark that, the mean error &, of a normal being about 07030,

the mean error ¢ of a single observation comes out as 070301712 = 0710,

§ 2. On the accuracy of the Photometric Magnitudes of the HP.

We regret to state that this accuracy leaves rather much to be
desired. As to H.A. 14 and H.A. 24 MiiLLEr and Kempr already pointed
out 1), that the accuracy of the photometric determinations suffered from
the haste in which they were made. This is also proved by the large num-
ber of ,discordant observations” mentioned by PICKERING. Moreover
PICKERING was not quick in rejecting an estimate.

The magnitudes given in H.A. 14 arc based on 3 observations, made

1) Publ. des Astrophys. Obs. zu Potsdam 9, 122 and 491 (1894).
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on 3 different nights. Of these the mean was simply taken when the measure-
ments infer se did not differ more than one magnitude. Only when this
was not the case, four more observations were made and the mean of the
7 values was adopted as a final result. A measurement was only rejected
when it differed more than one magnitude from the mean of the other measure-
ments.

The magnitudes mentioned in H.A. 24 are the mean of 2 observations,
but here a limit of 076 has been adopted as the allowable difference between
the two observations?). If these differed 06 or less the mean of the two
values was accepted as the observed magnitude of the star. If the difference
was greater, 3 more observations were made and the mean of those 5 observa-
tions was then accepted as the magnitude, unless one of the observations
differed by 0™6 or more from the mean of the other four ; in this case the
last mean was accepted.

The photometric observations mentioned in H.A. 44 and in H.A. 45
are more accurate, but here too great differences between the individual
measurements occur. In H.A. 442) at least 3 measurements have been taken
of each star, and in H.A. 453) at least two. The residuals obtained by sub-
tracting the mean magnitude from the results of the individual measures
are “still often considerable. As a rule residuals greater than 0765 have been
rejected, except in the case of a few stars of great Southern declination.

H.A.70 and H.A. 74 give photometric magnitudes of fainter stars and
of special groups of stars. In H.A. 70%) 3 measures have usually been taken
of each star, 4 or sometimes 5 when the results of those 3 measures did
not agree and, besides, in the case of standard-stars. Here again discrepancies
of 0m6 and more between the individual maesurements are not exceptional.
In the case of the stars also occurring in H.A. 24 the difference has been
given between the photometric magnitudes adopted in these two catalogues :

)IH"'

among these differences values of 075 and more are by no means infrequent.

H.A. 74 contains various groups of stars, down to the 13th magnitude ; the

1) H.A. 24, 3.
) H.A. 44,
) H.A. 45,
4 H.A. 170,

-—

Ko S
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method of observation is substantially the same as in H.A. 70 ; every star
has been measured 1—6 times, but 3 times as a rule. In the case of stars also
occurring in H.A. 50 and H.A.54 (both being compilations of previous results),
the differences with the values occurring in these volumes have been com-
municated. These differences too amount often to 075 and more.

In H.A. 63 part II we find a list of magnitudes of comparison-stars
for 279 variables. These magnitudes, however, have not been determined
by accurate photometric methods. In the case of the brighter stars the
photometric magnitudes have been taken from H.A. 50 and H.A. 54 ; in
the case of the fainter stars from H.A. 74. Moreover the intervals between
the successive stars in the sequence were estimated in grades on 3 nights
and the means taken. The successive sums were then found, assuming the
light of the brightest star to be 0.0 grades. Points were next plotted with
the photometric magnitudes as abscissas and the estimates in steps as ordi-
nates. A smooth curve was drawn through these points and the magnitude
read from the curve. The difference between the photometric magnitude
and that derived from the means of the estimates has been given. This series
of differences contains large values of an irregular character. For instance
in the case of V = XX Sagittarii (p. 174) : — 0734 ; + 0760 ; — 0727 ;
4 07225 — 0729 ; - 0%11 ; — 0722,

Systematic differences between the two methods of observation are
sure to occur, but still from the above considerations it appears that the
accuracy of photometric determinations is far from unimpeachable.

In order to obtain a general idea of the accuracy of the Harvard cata-
logues we have computed the average mean errors = and z, (of a single
measurement and of a catalogue-value respectively), applying the formulas

2 — I"_zl

-~ -
e L
m—1

and & — H{l;lf“’_]_l) to 10 pages arbitrarily chosen in H.A. 14, 24 44
and 45 (each containing about 450 stars) and to 20 pages (about 1000 stars)
in H.A. 70. Table 2 gives the mean results in the 6th row, together with the

corresponding values for the Potsdam Photometric Durchmusterung (PD)1).

1) Publ. des Astrophys. Obs. zu Potsdam 9, 491 (18U4).



TABLE 2.
Catalogue | g g | Instrument |
HA. 14 @ 0222 | 0™111 2-inch meridian photometer |
H.A. 24 0.19 | 0.133 4= 3] 3 B |
H.A. 4  0.15 0.084 | 4- il ’ |
H.A. 45 @ 0.14 0.085 | 4- . e
HA. 70 | 0.19 0.110 | 12- . .
means | 0™18 07105
PD ‘ 0.084 0.059
|

As we have seen the accuracy of the photometric magnitudes of the
HP leaves something to be desired; it is obvious that, with an average m.e. of
0105 of a catalogue-value, errors of 072 and even of 0™3 cannot be exceptional,
A simple calculation shows that e.g. in H.A. 24 with a total of 6700 we may
expect no fewer than 800 catalogue-values to have an error » 072 ; 400 to have
an error Y 0”25 and 175 to have an error > 073. Of course, for stellar statistics
the photometric material collected at Harvardis invaluable, but in special cases,
as in our present investigation of the light-curves of eclipsing binaries the utmost
care should be taken when basing a light-curve upon the Harvard magnitudes
and we should certainly not follow the advice of the late Professor PIcKERING
to use the magnitudes given in H.A. 63. On the contrary, since the magnitudes
of the comparison-stars taken from the HP may sometimes differ to a large
extent from the true values, the magnitudes of the variable, if based on them
without further discussion, may be very inaccurate. The results to which
this may lead, will be clear from the following two examples :

1°). When the observations of V' 10 = RR Delphini were plotted
the resulting light-curve was so far from smooth that it was wholly incom-
patible with any physical representation. As a matter of fact, both the descend-
ing and the ascending branches of the minimum showed a large hump. It
was only after new photometric magnitudes for the comparison-stars had

been determined at the Utrecht Observatory, one of them deviating consi-
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derably from the value first applied, that a new reduction of the observations
led to a perfectly smooth light-curve.

2°) The first and most important part of RUSSELL’s method for
determining the orbital elements of the system is the derivation from the
light-curve of the ratio & of the radii of the two components. This value of
k must lie between 0 and 1. Every point of the light-curve may yield a
value of k. Now the values of % often proved to differ systematically from
each other according to the points chosen ; so for instance in the case of
V 23 = SW Cygni and V 25 = SY Cygni ; it also occurred that parts of
the light-curve did not produce any value of % at all. In connection with
what follows in §7, the possibility should be borne in mind, however, that
these discrepancies may also be wholly or partly due to the method employed.
When the magnitudes of the comparison-stars had been modified, however,
so as to bring them into accordance with the step-scale (see §4) it was
surprising to see how well the theory of eclipses could be applied to the newly
obtained light-curve in cases where such an application to the original curve
had been impossible.

We subjoin the results for 1723 — SW Cygni as an example :

TABLE 3.
| Comp. star| H.A. “H H’ H.A.—H’ |
a 8791 ‘ 8780 8730 +-0™11
) 9.39 | 9.48 9.64 —0.25
¢ 9.92 10.04 | 10.18 | —0.16
d 10.42 ‘ 10.58 10.72 —0.25
e 11.18 | 11.12 10.96 | +40.22
f 11.80 | 11.79 11.69 | 40.11
k 13.79 | 13.64 13.40 | +40.39
|

The first three columns of table 3 are identical with the 1st. 2nd and
4th of table 1 (p. 4); consequently column H gives the magnitudes of the
comparison-stars after the adjustment described in §1. Column H’ gives

the magnitudes modified according to the step-scale (see §4). The last column
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gives the differences between the magnitudes of the comparison-stars taken
from H.A. 74 and those modified according to the step-scale.

The values of %k found from various points of the light-curve by
RuUsSELL’S method are given in table 4. This method, to be described in § 6
starts either from the supposition of a uniform distribution of intensity on
both disks (U-hypothesis) or from the hypothesis of a complete darkening
towards the limb (D-hypothesis). The first two rows of the table were derived
from light-curve I, which was based on the magnitudes of the comparison-
stars mentioned in the third column of table 3 ; the last two rows were
derived from light-curve II, based on the magnitudes in the fourth column
of that table. The notes of interrogation indicate that in these cases no values

of k are found between 0 and 1 (U-hyp.) or between 0.2 and 1 (D-hyp.).
TABLE 4.

m (LUU(L]H“LEU(L3UH)4UH])H{};UHIBU(IQJRDQSHIQQIAHV
| [ |
' ( ? | U-hyp.
B o | 9 9] 9lys |
0. 3;> 2180 ! ’ | 3 0.34| D-hyp.
= |
(| % (L27(L3“(Lg~1)gbt1731)00“)1htrnu:llllL1u1L13(llq' U-hyp.
| Carve Il {|—

: (| % 1L241L39ﬁL401L44ﬁ)4°”l41(l4n()22“ 1)"4”ﬁ‘4“" Il)-hyp.

\ k u.4:3(1.4un.3tiu.33gn*’*),l) 15
FCurve &I vl = = r
' \

|

k10.400.50,0.500 J(l(l 45

§ 3. Revised Reduction of the Grade-estimates to the Photometric Scale.

The difficulties which have been mentioned in the foregoing para-
graph, may be due to the fact that in the derivation of magnitudes for the
comparison-stars equal weight has been assigned to the photometric values
of the HP and to the estimated light-steps. Therefore we decided to make
a revised reduction to the photometric scale, laying full weight upon the
observed steps, so as to bring the HP wvalues into accordance with them.
However, before leaving the apparently firm ground of photometry in order
to trust ourselves to a scale of steps, we should subject the latter to a closer
investigation. Then the following question at once presents itself : what is
the value of the step, expressed in magnitudes and what factors influence

this value ? As such we may consider :
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\ 0.093

|

1°) the instruments used ;
2°) the magnitudes of the stars observed ;
3°) the number of steps estimated ;
4°) the colour of the stars.
TABLE 5.
STEP-VALUE AND MEDIAN MAGNITUDE.
‘-i_:f'_—_f,,;,, ‘**-’ e i A j ‘7 3 ble I”*:;tediﬁn 1 t ~ H
\[‘ Variable !.\-Iagniaude Step-value i aria Magnilude| ep-value |
| Algol omg | om077|  |RT Lacertac 1070 | oP111
\7‘ T auri 3.8 0.090 | TT Lyrae 110.2 | 0.094
|2 Cephei ¥ 3.9 |0.069 | SW Dracomss  * | 10.4 10.078
| 7 Aquilae h 4.0 | 0.087 | RW Ursae Majoris | 10.5 | 0.107 |
- 3 Lyrae | 4.1 |0.082| VI(RV Ursac Majoris *  10.5 | 0.099 |
: Z Geminorum * | 4.2 [0.099 | U Scutr 10.7 |0.087 ||
' : i RW Geminoruin | 10.7 |0.110 |
> . = 9 - ;
% ] rL?b?aC. o?..] ('Ugi | ‘SI"I’J (/yg”.z 1(}8 ().114 |
| RT Aurigae i 5.5 [0.115 | WZ Cyen g b o
| S Sagittae * | 5.6 [0.071 | AT = e
T Vulpeculae % 5.8 [0.087 | RR Delphiny 11.0 {0.115 |
I 'Y Sagittarie * 5.8 [0.082 | RT Perser S 11.1 | 0.089
R Camis Majoris 6.0 0.103 Z Perser | 11.1 [0.106 |
U Ophiuchi 6.2 | 0.080 | W Delphiny C11.1 | 0.106
SU Cassiopetae  * | 6.2 |0.080 | RR Dracpms 1 JSSRON]TS ‘
T Monocerotis * 6.2 |0.096 ZZ’ C}’g!ll. 11.3 10.093 l
X Cygm * 6.4 | 0.071 , |SX Perser * 1 11.3 |0.082
Y XX Cygm * | 11.4 | 0.080
= ; : \ Sl A LYER | . .08
RZ Cassngbemc 7010 10.092 | ST ‘ i o its
Z Herculis 7.5 [0.091 || y 2 * , '
‘ ol RZ Lyrac 11.6 1 0.108
, RS Vulpeculae 7 {05103 ‘! WW. Cveni Tilatilostao
| TV Cassiopeiae (ERIPIRE R, RV Pc;;':ci | ll|(T !n.l:?%
I\ 7.8 101010 | 7py Cygns 11,6 | 0.126
| : 4 Of / . b . 1240
| Y Cygni 7.8 |0.111 ) . Y. :
| A U Sagittae 8.0 [0.092 | 4 D”mm.zb L ‘“'124
l U Cepher 8.0 |0.098 ,‘ ‘SY Cygni 12 2 |0 133
| U Coronea Borealis 8.1 |0.087 ;! VI \T'T Andromedae 12.3 10.109
TW Draconis . 8.8 |0.107 | ERZ anw!g;’:ardalis 1 12.6 |10.118
SZ Cygmi s | 9.2 ln.um, V'V Cygn L13.4 1 0.120
'RY Perser | 9.5

1) TUnless the reverse has been mentioned, the variables of the f Lyrae-type are tacitly included
When the stars of this latter type are separately treated, we shall indicate them for shortness’ sake

by the name of , Lyrids".
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From the very beginning it was plain that the step-value depends
on the stellar magnitude : it increases for fainter stars. As stated on p. 3 a
discussion of the comparison-stars of a variable may yield the value of 1 step
for any particular case. For this discussion eclipsing binaries!) for which the
series of observations had been closed were available, and likewise 17 Ce-
pheids. The results have been collected in table 5.

The first column gives the name of the variable ; the stars marked
with an asterisk are Cepheids. The second column contains the median-
magnitude (mean of the maximum and minimum brightness). The third
column gives the step-value derived for each variable. These data have been
joined into six groups. Table 6 gives the mean median-magnitude and the

mean step-value for each group.

TABLE 6.

Group | Magnitude | Step-value |
I 318 (376) | 07084 (07083)
I1 5.9 (5.9) | 0.088 (0.092)
DITGessisss 85l (8.0) | 0.099 (0.099)
IV. | 10.5  (10.5) | 0.103 (0.107)
\ S 11.3 (11.3) | 0.106  (0.110)
| VI 12.6 (12.6) | 0.120 (0.120)

\
L |

The values between brackets are obtained by excluding the Cepheids.
For both cases it is evident that there 1s a distinct increase of the step-value
with decreasing brightness. The last figure (group VI) is rather uncertain
on account of the scarcity of material in this group and of the difficulty of
estimating steps in an interval near the limit of vision. ;

In Fig. 2 the dots indicate the points we obtain if both Algols and
Cepheids are included, and the crosses the points we get if the Cepheids are
excluded. A glance at this Fig. 2 will show that the correlation may be con-
sidered to be linear. "

NijLAND obtained the same result in a different way. Hitherto it
was generally believed that the step-value increased with the number of
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steps estimated!). N1yLAND himself found strong evidence for this variability
in a discussion of his observations of Algol?). In 1920, however, while stu-
dying many thousands of his estimates, to his great astonishment he came

to wholly different results, which may be summarized as follows :

os/epm
;;_Vcr/a‘

09 “‘/‘13

—a

/M‘/.

0.90

=

0.09

0.08 =
L= i g’ia‘. 2

O'o}l Crosses. @/30/5 orz,{}/

Tahle &
olols - C?//qw/..f a0’ (’e,aﬁez'a’_r_ |

M1

0.06 crrefels: lables 5/0@0/5/ and feombined

o

2 49 4o 50 6.0 7_0 8.0 9.0 200 Ao o o ﬂvay/z//oa/e.

1°) The step-value does not depend upon the estimated number
of steps?); from this it follows that when a variable has been compared with
a comparison-star via another comparison-star as an intermediate, such
an estimate may be reduced with the same step-value as the directly esti-
mated intervals. -

2°) If an interval has been estimated in two different instruments,
there is no perceptible influence of the instrument used ; 1. e. the step-value

is the same for telescope, finder and binocular ; therefore it is unnecessary
1) Hagen : Die verinderlichen Sterne, IT, p. 200.
3 AN. 154, 413 (1901).

3) It is to be emphasized that this number never exceeded 8.
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to treat the 3 instruments separately or to reduce them to each other 1).

3°) For one and the same instrument the step-value depends on the
brightness of the stars included?). For the study of this correlation two

sources of material were available, viz. :

a) a comparatively small number of directly estimated step-intervals

of comparison-stars ;

b) a large amount of indirect estimatious, the variable itself being
the link between the comparison-stars. On account of what has been found
sub 1°) an observation of this kind, say amvn b, yields the step-interval
between a and b, viz. m + n, as if a and b had been directly compared.

Both cases were treated separately and the second was given threefold
weight, in general, on account of the large number of facts included. The

-

results are given in table

TABLE

' om(_t3m()

[ asts o] )
320 —520(570— "‘“u;'“‘n )"‘U‘J‘"n Il'i'n’ll'”{i 12701
l1°=| o™55 0™74 07087 ' 07100 | 0™107 ;
A ! |

12™() - =) ;m““
|
oM 15 i Uml““ 1

|

The last figure is very doubtful on account of the scarcity of the
material used. We have combined the results of table 7 as well as possible
with those of table 6 (Cepheids excluded) into 5 groups, represented in [lig. 2
by circlets. It is seen that the connection between step-value and magnitude
may be represented by a straight line.

Finally it seems worth while to consider whether the step-value
depends on the amplitude of the light-variation. To answer this question,

we have with the aid of fig. 2, reduced the step-value following from the

discussion of the comparison-stars (p. 3) to the value, which would have been

1) The equivalence of two instruments does, however, not hold for such stars as are near the limit

of vision of the smaller instrument,

%) This statement, which might lead to a contradiction with that mentioned sub, 92° will be sub-

mitted to a closer investigation later on,
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obtained if the median-magnitude had been 870. Thus the step-values have

all been reduced to the same magnitude (table 8).

Star

Algol

I Tauri |
6 Cephei

Aquilae
Lyrae |
Geminorum |
Librae |
RT Aurigae
S Sagittae

T Vulpeculae |
Y Sagittarii |
R Canis Majoris |
Ophiuchi '
Cassiopeiae

Monocerotis

X Cygni

RZ Cassiopeiae
Z Herculis

RS Vulpeculae |
TV Cassiopeiae |
Z Vulpeculae |
Y Cygm

U Sagittae

U Cepher

U Coronae Borealis
TW Draconis

SZ Cygni

RY Persei

O _‘\'

eV 2 B

* ¥ X ¥

U
U
T

* ¥ *®

¥

Median |

Ma

m

1ude

mmoocn-q-q-qq—q-qcac:c:c:c:cncuU:o:ccw—ﬂ—w—

el i)
- -

Lo W

<5
o ©

o=

::ll\'.:t)::*—‘c:OOCJOOOMJ:;!'—"-F-LLO[OI:OCOJUJO}“!U!I‘OF—'

Reduced
Step-value

07096

0.
0.
| 0.
| 0.
| 0.
[ 0.
U%
o
0.
0.
ll).
! (.
(4]
0.
| O.
).
.093
dl
0.
0,
LS
0.
[ O.

0

0.
10.
1 0.
0.

106
081
102
096
116
101
127
078
095
089
111
086
086
104
076
095

104

120 |

102
112
092
098
087

104 |

086
088

TABLE 8.

] _ ¥ T s Median | Reducec

ange btar \11::!2] i\tcp\rllir‘! SALES
1230 || RT Lacertae 1070 | 0™103 | 1700
0.40 || TT Lyrae 10.2 [ 0.087 [2.10
0.60 || SW Draconis *110.4]0.071 |0.80
0.70 || RW Ursae Majoris |10.5 0.097 |1.10
0.80 || RV Ursae Majoris * [10.5 | 0.090  1.00 |
0.40 || U Scuti 10.7 1 0.079 1.10
1.00 || RW Gemanorum 10.7 10.100  1.90
1.10 || SW Cygn 10.8 | 0.103 | 2.90
1.00 || WZ Cygni 10.8 0.113 |1.00
0.80 || RR Delphini 11.0 1 0.103/1.40
10.80 || RT Persei 11.10.080 1.30
10.70 || Z Perser 11.1]0.095(2.30
0.60 || W Delphini 11.110.095(2.20
0.40 || RR Draconis 11.2 {0.101 | 3.80
1.00 l ZZ Cygni 11.3]0.082 |1.10
10.70 || SX Perser * 111.8310.073(0.70
11.50 | XX Cygm * 111.4]0.071 [0.70
10.60 | SY Andromedae 11.4  0.104 | 1.60
10.80 || RZ Lyrae * 111,61 0.095 | 1.30
1.00 || WW Cygni 11.6 | 0.087 | 3.40
1.40 . RV Persei 11.6 0.108 2.60
0.60! UW Cygni 11.6 1 0.111 |2.70
' 2.80 ‘ Z Draconis 11.6 1 0.109 2.40
\2-% SY Cygmi 112.2 1 0.114 | 2.40
1.00 1 TT Andromedae 12.3 0.094 1 1.50
2.10 || RZ Camelopardalis * 12,6 0.100 | 1.00
0.70 | VV Cygni 13.410.099  0.80
2.40 ;

The data of table 8 were grouped according to the amplitude, and

for each group the mean step-value was deduced. We thus get table 9, in

which the figures between brackets refer to the case of eclipsing binaries only.

This table does not show any influence of the amplitude on the step-
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value. Indirectly it appears once more, that the step-value does not depend

upon the estimated number of steps.

TABLE 9.
I_—_‘—"*" e et e S T e m————— e ——e et
|i Range Number i Mean step-value H
[ R e , |
| i |
| 0"0—0"9 19 ( 8) 07092 (07101) 1
| 1.0—1.9 22 (16) | 0.098 (0.097) |

‘} 2.0 and greater | 14 (14) = 0.099 (0.099) |
| RLIL I |

Summarizing we find the following results from the preceding investi-
gation :
1°) thestep-value does not depend upon the estimated number of steps ;

2°) the step-value increases with decreasing brightness.

§ 4. A new Determination of the Magnitudes of the Comparison-stars.

In order to connect the magnitudes of the comparison-stars as closely
as possible with the step-scale we proceeded as follows :

First the observed step-intervals in the sequence of comparison-stars
were reduced with the aid of Fig. 2 to the median magnitude of the variable.
By this reduction the change in the step-value during the process of the
light-variation is taken into account ; obviously an appreciable effect is only
to be expected in light-curves of very great range, e.g. V45 — WW Cygni.
Next this homogeneous step-scale and the photometric magnitudes taken
from the HP were plotted in the usual way and through the points obtained
a straight line was drawn. In a few cases, where the slope of the line could
not be determined with certainty from the points available, these being too
few in number, the ,theoretical’” step-value derived from Fig. 2 was taken
into consideration. The difference with the process mentioned on p. 3 lies
in the fact that we did not, this time, draw perpendiculars on the line, but
lines parallel to the axis of abscissas, so that we leave the step-scale unalt-
ered. In other words we consider it to be free from errors. Are we justified

in doing so? It is true that in estimating steps, contrary to photometric
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determinations, the remembrance of previous estimates in the same interval
might influence the results, but apart from this the step-method in the hands
of an experienced observer need not be second to photometric determinations,
which are no more free from systematic errors even of a sometimes incon-
ceivable and complicate character'). In the HP according to p. 9 the mean
error = of a single measurment is about 0%18 and the mean error g, of a
catalogue-value about 0710 2). The m.e. (z) of a grade-estimate 1s about 0710
(see p. 6). In general, therefore, a grade-estimate is not less accurate than

a photometric determination. To this we may add :

1°) that the grade-estimates are usually very numerous (often 30—S80

in the interval between 2 comparison-stars) ;

2°) the possibility of strong systematic personal differences in the
appreciation of brightness between the observer and the author
of the photometric catalogue, mostly due to the colour of the

stars.
Especially this latter consideration justifies keeping the step-scale

immodified. Except for the general course of the straight line — its slope,
the photometric magnitudes

giving the step-value for each particular case
have no longer been taken into account. Only if the number of grade-esti-
mates in an interval is very small, and in some more special cases, we applied
little corrections to the step-value, so as to lead to a closer correspondence
with the individual photometric magnitudes.

As an example we once more take V7 23 = SW Cygni.

The first four columns of table 10 are identical with those of table 1
(p. 4). Column 5 contains the observed step-intervals of the successive
comparison-stars ; column 6 these intervals reduced to 1170 ; column 7 the

new step-scale. Column 8 gives the magnitudes of the comparison-stars
. ‘ oy

1) Seee.g. : Contr. from the Princeton Un. Obs. I : The Algol-system RT Persei, by R. S, Dugax.

2) According to a statement on the same page these values are much less for the PD, viz, 0m)84
and 02059.

DuGAx gives in the Contr. from the Princeton Un. Obs. 5, 20 (1920) for the probable error of
a single observation of full weight in the case of U Cephei, RT Persei, Z Draconis, RV Ophiuchi and
RZ Cassiopeiae an average of about 0704
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TABLE 10.
1 D) 3 4 5 6 7 8
e —
a 8m91 | 42°07 8780 A =l 42°13 | 8m8(
b 9.39 | 33.86 9.48 Se2l S T <
. . : e A .39 9. 64
¢ 9.92 28.70 10.04 5 99 =lor 29.59 | 10.18 |
d 10.42 | 23.48 | 10.58 o o 18 | 2454 | 10.72 |
¢ 11.18 | 21.28 | 11.12 | o 6 60 | 22-36 | 10.96
. 80 .8 11.79 ' ’ 5 ‘
| f 11.8( 14.80 | 11.7 1480 | 15.76 | 15.76 | 11.68
| k 13.79 0.00 13.64 | 0.00 13.40 1‘

obtained in the above way;see also Fig. 15, (p.4) (the magnitude-scale is given
at the top). In this case a step-value of 07109 is found for the median magni-
tude (11™0). The magnitudes of column 8 are those mentioned in the fourth
column of table 3 (p. 10), with which a new light-curve has been derived.
As already stated (p. 10) this curve gives much better values of % (see table4).




CHAPTER II

Tue THEORY OF RUSSELL.

§ 5. On the physical cause of the light-variation.

Two theories have been given which might explain the light-variation
of this group of variable stars:

1 The spot-hypothesis.

This explanation has first been treated by ZGLLNER ') and afterwards
fully by Bruns?) and by HARTING?). BRUNS found that it is always pos-
sible, in an infinite number of ways, to assume spots on the body of a star
located in such a way, that by its axial rotation the light-variation agrees
within arbitrarily chosen limits with the observations.

2°)  The eclipse-theory.

This explanation was originally given by GOODRICKE *). About a
century later E. C. PICKERING ) based upon this explanation a theory which,
with various restrictions, enabled him to deduce the elements of the system
3 Persei from the light-curve. His example was followed by HarTING?),
WiLsoN ¢) and Brazko 7), who expanded the theory and were able to drop
some of the restrictions. BLAZKO even went a little further by introducing
into his considerations the possibility of a diminution of light from the center
towards the limb of the star’s disk, an idea which had been previously #)

suggested already.

1) ZOLLNER: Photometrische Untersuchungen 1V, § 71—80. Leipzig 1865,

2) 'W.Bruxs: Bemerkungen iiber den Lichtwechsel der Sternevom Algoltypus. Akad. Berlin, 1881, S .48,
3) Jon. HARTING : Inaugural-Dissertation ; Miinchen 1889.

4) JonuN GOODRICKE: A Series of Observations on, and a Discovery of the Period of Algol, Phil.
Trans. 1783.

5) E. C. PickErING : Dimensions of the fixed Stars, etc. Proceedings of the American Acad, of Arts
and Sciences : Vol, XVI, 1881,

6) H. C. WiLson : Variable Stars of the Algol-type. Pop. Astr. 8; 113 (1900).

7) S. BrLazko: Annales de I'Observatoire Astronomique de Moscou. 5; 76 (1911),

8) Ropicer: Untersuchungen iber das Doppelsternsystem Algol; Konigsberg, 1902,



After the spectrographic observations of VOGEL in the year 1889 1),
it became at once evident that the true explanation of the phenomenon should
be sought in the direction of the eclipse-theory. Finally in the year 1912
H. N. RussiLL published an analytical method by which the orbitai elements
may be deduced from the light-curve. A brief summary of this theory is

given in the next paragraph.

§ 6. Swummary of RUSSELL’'S method.

A. Notations.

RusserLL has considered two extreme cases, viz.:

[. The star-disks are supposed to be ,uniformly” illuminated. This
case will be called the ,,U-hypothesis’’.

I[I. The light of both disks is gradually decreasing from center to
limb (where it has an intensity zero). This case will be called the
,,D=hypothesis’’.

The cases actually observed will lie between these two extremes.

In explaining the theory we shall assume that the smaller star moves

in a circular orbit around the larger. The radius of the orbit is taken as the
unit of length and the total light of the system as the unit of light.

RusstELL uses the following notations:
&

9.6.

P period of revolution in days ;

¢ inclination of the orbit, i.e. angle be-
tween line of sight and normal to the
orbital plane. As a rule this angle lies

between 75° and 90°;

)

time in days, measured from primary
minimuin ; :

 angle 2'!;[ ¢, mean anomaly of smaller
star in its orbit (see Fig. 3);

8 apparent distance of centers ;) Unit :

r, radius of larger star ; radius >

S U

7, radius of smaller star ; of orbit.

1) AN, 128, 289 (1890).
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#
V2

ratio of radii = ;—";;
ratio, in the case of circular star-disks, of &—n (distance from the
center of the small disk to the circumference of the larger one) to k7,
(radius of the small disk) ;

densities of large and small star respectively ;

surface-brightness of larger star ;

surface-brightness of smaller star ;

the ratio if, in the case of the D-hyp. 1 represents an average ;
light of larger star ;

w.

light of smaller star ;

Unit :
Tioht nt S E=/sthegl :
11g1 Efltl-alllz TI;EIOZIPI: ; henct:t & ) total light of the system :
s of light at that mo : T

% the loss

light at minimum ; hence 1

of light at that minimum ; !

N.B. The subscript 1 to the latter two quantities refers to the eclipse
of the small star by the large one ; the subscript 2 to the other

eclipse.
loss of light at any moment expres-
a1) U-hyp.: sed in terms of the loss at the mo-
o D-hyp., small star eclipsed at ment of internal tangency (total or
primary minimum: . annular eclipse) ; this does not imply
o' D-hyp., large star eclipsed at that internal tangency actually oc-
primary minimum: curs in the eclipse under considera-

| tiOIl.

It is to be remarked that 2 and o« must be = 1, whereas 4" may also

be = 1

Obviously the units in which the quantities a, o and o are expressed

have different values, according to the cases considered, as is shown
by the following table :

1) Properly speaking RUSSELL defines a as that part of the surface of the disk of the 1
star, which is at any moment eclipsed by the larger. Obviously the two definitions are equivale tbma e
nt,



CABIEE 1]

I Hypothesis Eclipse i Loss of light { Unit

| RETET 'l | P CE

i U Smaller star eclipsed | o } TEA '
U Larger |, e o | k2 L,
D Smaller ,, 5 o’ T
D Larger ,, Y,

i
|
i
f

a,,0,and o the values of a, o and 2" at the middle of the eclipse.
Since we have supposed the orbits to be circular, the values of
a, are in the U-hyp. the same for the two minima. In the D-hyp.,
however, this is not the case; here o« and «; are connected by
the relation (12) of p. 35.
2, — 1 if the eclipse is total or annular and < 1 1if it is partial ;
o, — 1 if the eclipse is total and < 1 if it i1s partial ;
ao > 1 if the eclipse is annular and < 1 if it is partial.
n fraction of greatest loss of light in partial eclipses;
X coefficient of darkening ;
a, and @, semi-major axes ;
b, and b, semi-minor axes ; In the case of
& excentricity of meridian-section; : ellipsoidal stars,

the quantity e*sin®s ;

- 4
]

B. U-HYPOTHESIS.

RusserLL has first treated the problem in its simplest form?), sup-
posing the orbit to be circular and the disks to be uniformly illuminated
according to the cosine-law. In other words, he tried to solve the following
problem : Two spherical stars with uniformly illuminated disks, revolving in
circular orbits around their common center of gravity, eclipse each other ; how
to find, from considerations based upon the observed light-variation, the relative
dimensions and brightness of the two stars and the inclination of the orbit ?

1) See for this Q-function p. 35.
3 M, N. RusseLL: On the determination of the orbital elements of eclipsing variables, Ap. ]

35, 315 (1912).



In this problem we may distinguish four cases :

1°) Both primary and secondary light-variation have been observed
and show a constant minimum-light.

2°) The primary light-variation shows a constant minimum-light ;
the secondary minimum cannot be exactly determined or is im-
perceptible ; at least the observations have not revealed it.

3°) Both primary and secondary light-variation have been observed,
but show no constant minimum light.

4°) Only the primary light-variation, showing no constant minimum
light, has been observed.

In the first and the second case we have to deal with total or annular
eclipses ; as a rule we cannot decide between these two before a value of
k& has been found. '

First of all we shall have to pass from the light-curve to the intensity-

curve (p. 5, note 2). If at any moment / represents the intensity, m the mag-

2

nitude, m, the magnitude at the minimum, € and ¢ two constants, we have -

[ G512 0
| e bl
L, == 2.5127”;0:‘;"
whence : log. I = 0.4 (m;—m).
This formule enabl ;
: ‘ es v
g«bglf. ables us to con

struct a table giving the loss of light corres-
ponding to an increase A m in stellar mag-
nitude (Table A at the end of this paper&.

The part of the disk of the smaller
star, obscured at any moment, is the

_ sum
of two circular segments (Fig. 4)
In A AM, M, :
_ 12 | 42—y 2 2.1 A2
cos B ==2——"——L and cos g =M+ —rn?
2 '.3 rl l§
and further we readily find -
. 1  f =y 1 e 2 | £ i
__ 180 ~r_"2 7 7 rg?mn‘lﬁ T 1o "N — Y2 r2sin 2,
A
or :
f £
7 k2 ) ity
a:{??jk + 180” 1,3)‘.'251:12;,_ 1, sin 2 ¢

mt k2
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These formulas are not given by RUSSELL; we insert them because
we shall have to refer to them later on. It at once appears, that the ratio

a only depends on the ratios of the quantities 7, » and 3, for instance on

72 6 ] 5 ] o 1‘
— e 0P relore we may - =
5 k and 5 1 + kp. Therefo . y \\Ilt.L o 7 (&, ’1)'
For any given value of & we may invert this function and write

0 — w(k,a) or: 14 kp = «(k,a).

"

Thus p becomes a function of £ and g, which has been computed and put
in a tabular form by RusseLL?') (Table I at the end of this paper). For every
set of values of % and « this table gives a value of $ and therefore of the func-
tion «.
Further we derive from simple geometrical considerations :
d2 — oStz - SIN2Z SIMEW oottt ettt et ettt (la)

whence _
cos?sz + sin?z sin?d} = 72 {o (R, a)¥}......... SR Mo (10)

An equation of this form may be deduced for any value of a—conse-
quently for any point of the light-curve. From several equations of the form
(1) we now must derive the three unknown quantities &, 7 and ¢. This
appears to be rather complicated ; RUSSELL gives the following method :

Let ay, s, a; be any definite values of & and 1, ¥, ¥, the correspon-
ding values of #, which may be found from the light-curve. From the three
corresponding equations of form (Lb) we derive :

v A 18 _—SJam(k 2
sin? 0, —sin2dy __{p (b a)f —{p b @)} o e X
= ‘ — = b — 4 Ayalde ) ivsasarn 2k e Mint rat Sy p
sin® iy — sin® g {‘]' (&, “2):,.- —{’}‘ (%, "3):2 ¢ v, Uy, Ugy Oy yoaTs (A-f)

The first member of this equation contains only known quantities.
Now choose once for all two fixed values for a, and «,, viz. a, = 0.6 and
2, — 0.9, corresponding to two fixed points @ and & on the light-curve.
Thus ¢ becomes a function of 2 and &, only, and may be tabulated for suit-
able intervals in these two arguments. If, for shortness’ sake, we put
A — sintf), and B = sin®*i}, — sin® i,
equation (2) may be written :

Si112 ”] o fi _{ B '_}) (k’ 01) R LR R BLRESUN W36 % ST le sl 4 s (3)

1) Ap.J. 85, 333 (1912).
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The value of % is now determined as follows : for several — say 12 —
values of g;, corresponding to as many points on the light-curve, we may
read off from that curve the corresponding values of {;,, which by means
of equation (3) furnish as many values of 4. Then the {-table gives a value
of k£ for each set of values ¢, #,. By taking a suitably weighed mean of
these values of k1), a theoretical light-curve can be obtained which passes
through the fixed points @ and b, but will deviate more or less from the other
points of the observed curve. By slight changes in the assumed positions
of @ and b (i. e. in the corresponding values of 0, or of = and therefore in
those of A4 and B), it is possible to obtain a computed curve which fits
the whole course of the observed curve as well as possible. The criterion
of this is that the upper (above a), the middle (between a and &) and the
lower (below 5) parts of the observed curve will sensibly yield the same mean
value of £2). The values of & found with the different values of 4, may of
course differ among each other to a certain extent.

This point and the possibilities which may arise from it will be more
fully treated in § 7.

When once & has been determined, we may with the aid of equation
(3) find values & and §” for the moment of the beginning of eclipse (4, — 0)
and that of the beginning of totality («, — 1). These computed values are

more accurate than those estimated from the observed curve?). Since at these

phases of the eclipse & =7 +7 =7 (1 + k) and 3" = »,—y, — r (1—Fk)
respectively, we may derive from (la) :

1) The individual determinations of % are of very different weight. Between a and b (that is for
values of a; between 0.6 and 0.9) wy changes very slowly with k. At the beginning and end of
the eclipse the stellar magnitude changes very slowly with the time, and hence
The corresponding parts of the curve are therefore ill adapted to determine 4. ].‘,)r' the first ;tp]\m’\-
imation it is well to give the values of % derived from values of a; between (.05 and 0.00 '”;d
between 0.4 and (.2 double weight (provided the corresponding parts of the curve are wv.l]‘ “'“‘1
by observation). The time of beginning or end of eclipse cannot be read with : .

by (3), with .

even approximate

accuracy from the observed curve and should not be used at all in finding £, T 1'”' T
. > beginning or

. | ‘ . but does not deserve

weight as the neighbouring points on the steep part of the curve, (Ap.J. 85, p. 499

- 7 . 35, p. 329).

2) If further refinement is desired, it can most casily been

end of totality may sometimes be determined with fair precision,
45 much

obtained by plotting the light-c

obts : urve
I'his will rarely be neces

for two values of %4 and comparing with a plot of the observations.

a | : sary
3) The latter values played an important part in the older treatment of the probl 1 .
¢ problem by W {
and others. RusseLn too has used them — though he gave them less weight in the d 4 e
— 1€ determination

of % from various points of the light-curve.



72 (1 +4+k)?2 = cos?z + sin®z sin*i)’
r? (1—k?) = cos®s + sin®*z sin*d”
These equations finally give the elements » and 1.
Moreover, when % has been found and the depth of the secondary
minimum is approximately known, it can be made out whether the eclipse

at primary minimum is total or annular. In fact, we have :

[lzl—sz; 2: '_'"kqul
ors asHLi* i =]
1ee e
Cl — 1_11 _}_ ,‘r_; =
consequently :
i 1 3 | l""l
0![, —_— —!‘l “§ —/‘.2 .................................... (4’)

As has already been remarked on p. 22, the subscript 1 to the quant-
ities / and A refers to the eclipse of the smaller star by the larger; the
subscript 2 to the other eclipse. If at primary minimum the smaller star is

eclipsed (case Ej) we, therefore, have the equation. :

I ;-Sll'-
_____ VL.
gy = T=dgy o ImRm s L L iy ames (1a)
and when at primary minimum the larger star is eclipsed (case Ej):
1—dpr
(Il) —— ]_)\&qc ‘}" A TR UG CEEQU D OGO F U TG O OGS O U & A0 8 G o (4{))

In the following chapters we have always used the equation connect-
ing the depths of the minima in the form (4a) or (44).

If the principal eclipse is total or annular we have respectively :

)\5!6 e 1_162 )‘f)f ............. R A S e P R S S A I R (4 C)
or 1o lar
Asee = !.-:'-1 ........ FR LR S B Y L bpalnkn st ein sl kle nls ot (4d)

Since A must be less than 1, the first case is always possible. The second
case is only possible if £* > 1—hp.

If, then, & has been found, (4¢) and (4d) give the depth of the secund-
ary minimuin corresponding to cach case, and now it can be decided whether
the principal eclipse is total or annular. For either (4d) gives A, > 1 and
then an annular eclipse should be excluded, or, if (4d) gives k. <1, the
depths according to each hypothesis are likely to differ so much ) that the

1) - dsee — Apr = 1 — dpr (1 4 &%) if the principal eclipse is total,
gt g k" .:| — Apr (1 +k')} if the principal eclipse is annular,

The latter hypothesis therefore gives rise to the shallower secondary minimum,
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choice is easily made — unless % should be near unity, but then the question
is of little importance.

If the primary minimum has a great depth, the eclipse at this mini-
mum can as a rule be directly said to be total, unless the value found for

k is large. In dubious cases equations (4¢) and (4d) must decide.

In the case of partial eclipses (cases 3° and 4°) the method just des-
cribed should be altered. A new unknown quantity is added, viz, a,, the
maximum obscuration (which is equal to unity in the case of a total or annu-
lar eclipse). RUSSELL finds that in the case of partial eclipses the problem
of deriving orbital elements solely from the light-curve of the primary mini-
mum is indeterminate. For any value of &, comprised within wide limits,
it is possible to find an assumed percentage a,, and hence a set of elements,
such that the interval from the middle of eclipse, at which any given mag-
nitude is reached, as calculated from any of these systems of elements, will
be the same within a fraction of 1 percent ; in other words, such that nearly
the same light-curve will be found. If, however, the depth of the sccondarv\,
minimum has also been observed, RUSSELL has succeeded in solving thi‘s
problem ; in this case the results may however be rather doubtful,

For various values n — (:l he finds the corresponding values of <
(and therefore of #) from the light-curve. In a way similar to that followed
in the case of a total eclipse, he arrives at a function ;

sin2  (n) __ (R, nag) — vy (k,ap) | 75
sinZ ¢ (}) = y (&, dag) —y (]c, rto) = /- ( vy, o, ”) ................. (."])

The first member contains only known quantities. The second is a

function of &, o, and n, which may be tabulated for any convenient values

A table for y (k, 2,, }) is constructed, and since it appears that the relations

between any pair of the y-functions, corresponding to different fixe values

of n, is very nearly linear, we may write in general :
Y (R, a0, n) = w, (n) + w, (n) 7 (R, oy, 1)

and construct tables for the empirically determined functions w
= 1

; (n) and
w, (n). From (5) and (6) finally :
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=}

sin? ) (n) = w, (n) sin*$ (3) -+ w, (n) sin®d (3)
or, putting sin*{ (}) = C and sin* (3) = D, this becomes
ST == CAE) SR PR o nona bt oo EoHaS T a0 B as (7)
If the value found for D — sin® ¥ () 1s preliminarily accepted, equation
(7) yields a value of C = sin? {} (}) for any value of n. If these values agree
sensibly for the upper, lower and middle parts of the light-curve, the mean
value of C is taken. If this agreement is not obtained — which is not infre-
quently the case — an attempt at improvement is made by changing the
value of D a little, which is again equivalent to slightly changing the point
on the light-curve (i.e. its value for =, or ) corresponding to n = }. See
further § 7 on this subject.
This being accomplished we get from (5):

i C
}[ (k; aﬂ’ 'lf) w—— ]) ................................. ...(8)

Unless the secondary minimum has been observed, we can proceed no
farther. But if we know the brightness at both minima (4) gives a second
relation between & and g, and values for & and ¢, may be derived by
means of the table for v (%, a,, 4). The value finally adopted for y (%, «,, 1)
by means of (8) may, however, be very uncertain — the separate values
of C showing large discrepancies — so that the same may be the case for
the values of & and «, derived from it. Moreover the solution may occas-
ionally be indeterminate, and sometimes two solutions are possible, between
which it may be hard to decide.

Finally the elements », and ¢ are determined in the same way as in

the case of a total eclipse.

RusserL has also considered the case of ellipsoidal stars (Lyrids)1).
The distance between the components of such a system is very small and
the period of their revolution most probably equal to that of their axial
rotation. Since in consequence of their strong mutual attraction the com-
ponents have an elongated shape, the longest axis lying in the line of their

centers, and since on the other hand the rotation gives them a polar flattening

1) ‘Ap.j. 36, 60—067 (1912).
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(shortest axis perpendicular to the orbit plane) they will be as a rule ellipsoids
of three unequal axes. For the sake of simplification RUSSELL assumes them
to be similar and similarly situated.

In the light-curve the ellipsoidal shape of the components is revealed
by the continuous light-change between the eclipses, the brightness reaching
a maximum value midway. Strictly speaking this 1s the case with every
eclipsing binary. In most cases, however, the brightness between the eclipses
may be supposed to be practically constant if the distance between the com-
ponents is not very small. If, however, there is a distinct deviation from
a constant maximum light, we speak of a Lyrid (so-called after the best-
known representative, 3 Lyrae, of this group).

The ellipsoidal shape of the components, however, is not the only
cause of a continuous light-change between the minima. If the distance of
the components is so small, that they are nearly in contact, the light-curve
must also on this account present the same characteristics, a constant maxi-
mum light being either absent or of so short a duration that it can hardly
be observed.

The Lyrid-curves therefore differ from the Algol-curves -

1°) on account of the ellipsoidal shape of the components ;

2° on account of the very small distance of their centers, the disks

being nearly in contact.

Either of these two circumstances will make the light-curve pass
continuously from one minimum to the other, without constant m

aximum light,

The polar flattening cannot be determined from the light-curve, but
it may be approximately estimated with the aid of plausible relations between
the three axes, based on DARWIN’S studies, when the elongation in the
equatorial plane has been found. Therefore in his inve

[ E &) ) )

ave got the

‘ | with the line
joining their centers ; for if the dimensions of the ellipsoids in the

admits the case of two stars which by their mutual attraction h
shapes of similar prolate spheroids whose longer axes coincide
K direction

erpendicular to the orbital plane are modified i tant ratio, t '
e I f1-a constant ratio, the ratio
main identical. If 15

ht of the two components,

of the eclipsed part to the surfaces of the two disks re

and L, represent the maximum values of the lig
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i. e. the values for % = 90°; / and /, the amounts of light which would
reach us from each component if there were no eclipse; 4, and 4, the appar-
ent lengths of their major axes at that moment ; 4, and @, the maximum

values of these axes, we have

whence, if / is the actual amount of light received by us at any time :
— — -2 2127 co<e § f
=1 + (1—a)ly = (1—=*sin®z cos* H)} {L, + (1—a) L,}

= (1—=z cos? {})‘5 :Ll + (1—a) L:} ....................... 9)

When
formula for spherical stars. The second factor of (9) is constant (— 1) when

m

— 0 (and therefore z = 0) this reduces to the familiar

there is no eclipse (z = 0) ; this means that z may be determined graphic-
ally from the light-curve outside of eclipses (near 90°) by plotting for various
points the values of (1—#) against the corresponding values of cos? . The
resulting points will lie on a straight line, whose slope gives the desired value
of z. When eclipse begins the plotted points fall above this straight line and
lie on an ascending curve. This method might seem to fail when the stars
are in actual contact because in that case the stars continually eclipse one
another more or less, except when i = 90° so that the curve above described
has no rectilinear portion. But the eclipsed surface is very small, varying,
as can be easily shown, approximately as cos® 1. The tangent to the curve
determined by the plotted points at the point for which cos = 0 can be
drawn, and gives the value of z for this case.

Having found z, the light-curve may be rectified”, removing all
apparent influence of the ellipsoidal shape of the components by subtracting
from the observed magnitudes the computed variation due to the latter
cause. We then obtain a light-curve of the ordinary | Algol”-form, with con-
stant light between eclipses, which represents the variations in brightness
due to eclipse alone.

For the rest the solution runs parallel to that for spherical stars, only
slight changes being necessary in the formulas, since 72 is replaced by

A E— o, (]—‘3 cos* ).



32.

When the orbital elements have been determined, we may eXpress

the density of each of the components in terms of the sun’s density, putting

= 1)
P37

p = 001344 55 5 p = 001344

The mass of the larger star is represented by my and that of the
smaller star by m(1—y), the total mass of the system, expressed in terms
of the sun’s mass, being m. The actual densities cannot be computed unless
the ratio of the masses of the two stars, and consequently y, 1s known. As
a rule this is not the case. But for a number of visual and spectroscopic bina-
ries the brighter star has proved to have nearly always the greater mass, which,
however, does not much exceed that of the smaller star (4: 1 being the
maximum ratio that has hitherto been found).

Therefore in the above formula v is supposed to be %, i. e. the masses
of both components are supposed to be equal. At any rate the order of
density is found in this way, for which we find

~ 0.00672
e e ke T e (10).

This formula is likely to give too high a density for the faint star
and too low for the bright one, but in neither case the error is at all likely
to exceed 50 per cent of the computed values, or to be in the opposite
sense from that stated.

When the stars are ellipsoidal, our formula obviously becomes
0.00672 : ‘

P = i, Where a, b and ¢ are the three axes of the ellipsoid.

Finally RusseLL has considered the effects of an eccentric orbit and of
veflexion. These effects are usually so small as to be detected only by the
most refined observations from the brightness between the principal ‘(‘Clip

ses. We shall not discuss these possibilities %), since we have not taken them
into account in the examples of chapter IV.

C. D-HYPOTHESIS.

The hypothesis of uniformly illuminated disks is most
1) Ap.J. 86, 73 (1912).
) Ap.]. 38, 54—60 and 67—69 (1912).

probably
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incorrect, since most stars, like our sun, will show a decrease of brightness
towards the limb. RUSSELL assumes it to obey the following law :
Ls— il 8 (I—x3=k: xicosiop)!

in which 7 is the surface brightness and ¢ the angle between the line of sight
and the normal to the surface. The coefficient of darkening x has for uni-
formly illuminated disks (U-hyp.) the value zero and for complete darkening
towards the limb (D-hyp.) the value 1. Only these two extreme cases are
worked out ; in the cases occurring in practice, x is a fraction which is very
difficult to estimate, because we must then have a precise determination
of the whole light-curve (including the non-eclipse portions as well as the
secondary minimum) of either a star with a conspicuous constant phase at
principal minimum (the shallower the better), or a star in which the sum of
the losses of light at the two minima (after correction for ellipticity of the
components) is nearly equal to the whole light of the system.

In the D-hyp. we shall no longer be able to distinguish by Inspection
of the primary minimum between annular and partial eclipses, because in
the former case a constant minimum light is absent. Moreover the relation (4)
no longer holds good on account of the dependence of the depth of the minima
upon the darkening-coefficient as well as upon £ and the arca obscured.

" First the case of a total eclipse at primary minimum has to be
considered. By mechanical quadrature RusseLr determines values of o
for various values of p and % From this tabulated material curyes, repres-
ented by equations of the form o' = f (k,p) were drawn for fixed values
of k. Having assigned definite values to £, it is possible to invert the
2-function just determined and read off from the curves p» as a function
of o and k. Thus he gets the p-table for this hypothesis (Table IT at the
end of this paper) and with the aid of this table he derives the other
tables, the method being for the rest the same as in the U-hyp. 1)

From RusserLL's closer mvestigation of systems with total eclipses
it appears that, if darkening really exists, the solution made without regarding

¢

it (U-hyp.) will lead to a density too low for the large (and usually faint)

1) Ap.J. 86, 230 (1912). H. N. Russert and H. Suartey: On darkening at the limb in eclipsing

variables, I,
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component and too high for the smaller (and usually bright) one. The most
important effect is on the computed density of the smaller star, which on
the average will be about twice as great in the U-hyp. as in the D-hyp. These
densities are computed on the assumption that both components have equal
masses. As it is well known that the brighter component of a close double
star is regularly’ the more massive, this component will generally be more
dense, and the fainter less dense, than computed on the above assumption.
It is probable then, that the computed ,uniform” densities very nearly
represent the real conditions — the unequal masses being compensated for
by a considerable degree of darkening toward the limb.

As to the partial eclipses?) it appears that besides equation (4), the
empirical linear relations between the /-functions which fortunately saved
the ,uniform” partial eclipse problem from a long trial and error process,
likewise fail to hold for darkened stars.

The question whether an eclipse 1s annular or partial can arise only
when the larger of the two components is considerably the brighter, and
the smaller one is in front of it during the principal minimum, for other-
wise the minimum at which total eclipse is possible will be deep enough to
make it certain whether or not it shows a constant phase. When this cannot
be definitely decided upon, the partial and the annular eclipses have to be
treated as one problem.

By using new tables, viz. :

1°) a table giving the value of p for various values of & and o' —
this latter quantity may now be greater than unity —;

2°) a table for the function ¢ (&, o7);

L+ - .
. 'S > ons 7 (k, ay, n =3 <
3°) tables for the functi v (R, a0, n) for n =3, n=1andn =

and by using a ,trial and error” process, RUSSELL has succeeded ip siving
- : : 5
solutions for the following cases :

la) partial eclipse at primary minimum, with larger star in front -
)

1 b) 1 3 3 %) 3 3% smaller n
2) annular eclipse at primary minimum.

Y8

1) Ap. J. 36, 385 (1912). H. N. Russerr and H. SuarLEY : On darkening

variables, I1. at the limb in eclipsing
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Sometimes, however, two solutions present themselves, between
which there is no choice.

The relation connecting the depths of the minima with % and «, is
now more complicated than in the U-hypothesis (equation (4)) for if the
stars are of unequal radii the intensity-curves of primary and secondary
minimum are no longer connected by the simple relations 1—/ — « L, and
1—I, — k*aL,; and one may show a constant minimum light when the
other does not. If «, (as stated on p. 23) denotes the fraction of the light of
the smaller star which is lost at the greatest phase of its eclipse behind the
larger, RussELL calls the fraction of the light of the larger star which is lost
at the corresponding phase during the other eclipse o, Q (%, «) and gives
a table for the new function Q (%, =;)') (Table C at the end of this paper).
Further we have as before :

I —\S==Ra DM == =N} IO (2 ag)]

whence, since L, + L, = 1:
1—4q

AN, 3 U"ﬂ:o') .............................. (11)

0

(For uniform disks the (-function reduces to £2).

In the following chapters we will use this equation in the following forms:

P c - 1- -;..wr - i ~ 4 . e g -/
- — ] - - =3 ot - . ‘Y . L g * ) "
o6 =1—hpr+p (f\‘-”:;)(]dlg(l star in front at primary minimum;case £)). . Alla)
or
; 1 st itat p ,- . case K
0y =1—hsec+ 57 ”n,}(g-nm]lu starin frontat primary minimum; case £7). . (1 10)

As has already been stated (p. 22), the loss of light when the large
star is eclipsed at primary minimum 18 expressed in the loss of light at the
moment of internal tangency as a unit. At the corresponding moment in
the other eclipse the smaller star would be totally hidden, and «, — 1.
Thus, according to the above formulas, we have: 1—\, = [, Ok, 1)
and this is the unit to be used in measuring the maximum obscuration /.
We have therefore the relation:

GR0 el i au0d Qi 2 as) B mmrimedr i fhe e e L e (12)

which gives the value of oy for each pair of values of % and aj,

1) Ap.J. 86, 304 (1012).
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If we have to deal with ellipsoidal stars, the quantity Zis determined from:?)

[ =1—Z cos*i,

48y, 16
where Z :( 22 S0 NSO

5 " 176 -
by plotting for various points on the non-eclipse portion of the light-curve
(% near 90°) the values of 1—/ against the corresponding values of cos?i).

With the aid of the value found for Z the light-curve is | rectified”
by subtracting the change in stellar magnitude due to ellipticity from the
observed magnitudes. Next the quantity z = ¢* sin*z, appearing in the
formulas, is determined by

Zz

=252
and the rectified curve treated in the way already described.

The rectification-factor Z is often (especially if the stars are nearly
spherical) almost equal to half the corresponding factor z from the U-hyp,d;
consequently the factor z to be used in the formulas of the D-hyp. is about

; of the value of z in the U-hyp.

1) Ap.J. 36, 400 (1912).




C HEAIPS[F ARSI TS

REVISED METHOD OF DERIVING THE ELEMENTS OF ECLIPSING BINARIES.

§ 7. Objections to RUSSELL'S Method.

After new magnitudes for the comparison-stars had been obtained,
so as to bring them into closer agreement with the step-estimates (see § 4),
it was curious to see how much some of the most unmanageable light-curves
improved. But there remained some difficulties, which could not be due to
erroneous magnitudes of the comparison-stars. Their origin obviously lay
in the method employed and it soon became evident, that they chiefly arose
from the fact, that the elements — especially the fundamental ratio » —
are based on the choice of two fixed points (¢ and b).

1°) The determination of & from points of the light-curve near and
between the fixed points @ and b appears to be very uncertain (see also p. 26,
note 1), small variations in t bringing about large changes in % If, for
instance, we change the values of t belonging to a = 0.50 ; 0.70 ; 0.80 ; 0.95
for ‘the curve II (table 12) from 07168° ; 07140 ; 09124 and 02087 into 04168 ;
091400 ; 091245 and 090868 respectively, the corresponding values of 4%
0.20 ; 0.17 ; 0.00 ; 0.11 become 0.12; 0.00 ; ?; 0.05. And if = 09124 for
the point belonging to o = 0.80 is changed into t == 0.123° the correspond-
ing value of & changes from 0.00 mto 0.11.

Now, the part of the light-curve between the points corresponding
to o — 040 and « = 0.95 1s that, which the observations can determine
with the greatest precision ; hence we should prefer it in deriving reliable
values of %k But for the reason mentioned above RUSSELL is obliged to
attach less weight to the values determined from 1it.

Likewise slight changes in the values of < for the points ¢ and » may
cause great alterations in the values of & especially for the above mentioned
points near and between a and b. Therefore slightly discrepant values of <

for the fixed points @ and b may be responsible for the above mentioned
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systematic deviations which the series of values for k often present (see p. 10).

These systematic deviations, however, may also be due to the fact that

usually the observed light-curve is less reliable between o = 0.00 and o — 0.40

and again between o = 0.98 and o = 1.00.
The choice and the position of the fixed points @ and b have there-

fore great influence on the results.

]

2°)  Generally : by slightly modifying the light-curve we may obtain

curves, which, though they still fulfil the conditions of § 1 (p. 5), may yield
in RUSSELL’S treatment of the problem values of & varying to a wide extent.
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Table 12a contains the coordinates of various light-curves of SW
— V23 Cygni. Curves I and II are the curves mentioned on p. 11, while
I1a, 110, Ilc, I1d and Ile have been obtained by slight modifications of
curve II. The curves Ila, 116, IIc and IId represent the observations al-
most as well as curve II, whereas curve Ile is not quite so satisfactory.

Table 120 gives the values of &, deduced after RUSSELL’S method,
for various values of a.

Finally for each curve the value of % has been given (last column of
Table 125), obtained by a modified method, to be discussed in § 8. The first
six curves practically yield the same value for %; only curve Ile, which
represents the observations less satisfactorily, gives a somewhat deviating
value. The original curve I, from which a value of % could not be derived
after RusseLL’s method, now gives about the same value as the other curves.
It may be pointed out, however, that the theoretical curve, based on the
elements derived from curve I (2 = 0.25; » — 0312 ; ¢ — 77°42") dif-

fers somewhat from this observed curve, as is shown in Table 13.

TABLE 13.

0.154°

—0.000°4-0.000% 40002 0.000—0 004 1
| | | ;

L0001 i—u 001 —0.0015

Since the differences O—C usually are very small for the points from
g — 025 to o =— 0.95 (from 0'00 to 0!01), the above differences suggest
that, by some cause or other, curve I does not give the real course of light-
variation for this system.

At the same time we see here again that we ought to be very careful
in changing somewhat the value of < for points on the light-curve ; very
small changes having a great influence on the results.

3°) The chief objection to RUSSELL'S method lies in the fact, that,
in order to get a suitable k-series from the quantities 4 and B (see p. 25),

RusseLr is obliged to shift the points @ and & by modifying =, while the

)
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values 0.6 and 0.9 for « are retained. The | corrections” sometimes amount
to 09003. Since this process alters the course of the curve, the neighbouring
points should also undergo a change ; but for these RUSSELL retains the
original values of z. Anyway, the curve which had been previously drawn
so as to represent the observations as exactly as possible 1s changed, in order
to adapt it to the theory.

To this we may add that the introduction of slight modifications
in the quantities 4 and B often requires a rather long time and may be
worked out with success only when the observed curve is a very good one.
If this is not the case, even if there are but slight deviations from the real
light-variation, this process cannot be followed at all with good success, or
there is a great uncertainty in the value to be adopted for % and in the values
of the other elements.

4°) In the case of a partial eclipse similar objections arise. The series
of values for C, determined with the value of D = sin*§ (1) as derived from

the light-curve, is usually very unsatisfactory ; the differences are as a rule

great and frequently show a systematic character. As in the case of tota]
eclipses they may of course be caused by a systematic error in the light-curve.
These differences in C usually cannot be smoothed over satisfactorily by
changing the value of D. Here again the objection remains that the light-
curve, as it has originally been drawn through the normals, will be vitiated

by RussiELL’s method, since the change in the value of D ST | T s
) 3 means an alteration

in the value of t for the point of the light-curve corresponding to n — 1
C J = .

At any rate the function y (&, 2, }) = p Temains usually very
uncertain. Even more so the values of & and g, since they may be po,.c‘,];
tibly changed by insignificant alterations in the value of v (k .a 1). Thi

- b} 0y 4+ S

: a partial eclipse,
even if the value of y (&, a,, }) has been determined fairly

again may result in a very unstable solution in the case of

well,

In practice it appears that in the case of a partial eclipse it is as a

rule impossible to follow the process of varying the valye of D in ord ‘t
\ - aer to

get a somewhat reliable series of values for C, and therefore to obtain values

of a, k£, 7 and 2 which give a theoretical et At -
9% ' curve agreeing with the observed

curve.
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The question now arises whether the method can be modified so as
to use the whole light-curve for the determination of % and the other elements,
instead of two fixed points playing the leading part. We should also satisfy
the requirement that nothing shall be altered in the light-curve as it has
been drawn after careful considerations, according to the principles men-
tioned on p. 5. But then it is desirable to use only the steeper parts of the
curve, which as a rule have been determined with greater accuracy and
which yield more sharply determined values of 2. An error e. g. in the mag-
nitude'of a comparison-star may cause a fairly great error in = in the upper
part of the light-curve, and may consequently give greatly deviating
values of k. Moreover this part of the light-curve may be rather uncertain
in consequence of the fact that it contains a smaller number of observations
per unit of time. Obviously for the part of the light-curve very near the
minimum, similar objections hold good. These parts of the light-curve may
aftorwar(lé point out whether the observations yielded a discordant light-
curve. If the light-curve is a very reliable one, they also might give a decision
between the U- and the D-hypothesis.

These considerations have led us to suggest the following revised

method. in which RussgLL’s p-tables have been retained.
)

§ 8. The primary Light-variation shows a constant minimum Light (u, — 1.00).
The following cases may now occur :
I. U-hypothesis
1°) case U, : total eclipse at primary minimum ;
2°) case U,: annular eclipse at primary minimum ;

I1. D-hypothesis ;
case D, : total eclipse at primary minimum.

! - 3 ;'3 '_*t > =Y 3 ;-S oy "-..
On page 25 we have found for the apparent distance of the centers of the disks :

3 = costi + sin?7 sin*% and 8 = (1 4 kp),
hp 2. . .‘!-_-..251_;_ ;0 g 2
whence : costs + sin®z sin® 55 1 = 1 (1 + kp),
- ol oo B2 aruemder 4 -
or, putting sin® =, v==4:

(1—A) sinté + 1t +2pkn + PR = 1.oooiiiiiii L (1)



If we take, say, m values of «, the corresponding values of 1—/ are

given by o = % and then the corresponding values of t by the light-

curve; this ena’éles us to compute the quantities A. If, as a first approxim-
ation, we choose for £ a certain value k, — for further particulars on this
choise see p. 43 — the p- tables I or II (for U- en D-hyp. respectively) 1)
give the values of p for each value of 2 and the chosen value of £ We thus
get m equations of the form (1), which contain three unknown quantities,

viz. k, r, and 7 ; they may be combined into three groups.

Suppose m = 15 and a = 0,25 ; 0.30 ; QX3 DV BN Iy, e L s 0.95
respectively and let group I contain 6 equations (& — 025........ . ... 0.50);
group II 5 equations (2 =0.50............ 0.75) and group III 4 equations
(R0 BOER AP 0.95). Since the curve is steeper for increasing

values of g, this choice will make each group represent about equal lengths
of the light-curve. Moreover less weight 1s now given to the upper part of
the curve than to the lower, steeper part, which furnishes more reliable
values of <.
Taking the means of the equations of each group, we get :

(1—A4,)sin?t + 2 +2 P, k2 + P2 B2 = 1

(1—A,) sin?i + 72 + 2 p, kn? + b2 ke = 1 {

(1—A;)sin?t + 72 + 2 P, kr® + P k2 =

from which %, #» and 7 must be solved. Subtracting the second equation

from the first and third respectively :

(d,—4,) sini + 2 (h—p) kit + (P —pa?) ka2 =0 |
(A,—A,) sin?i + 2 (ps—p.) kr? + (f);{"—-f’n*") Bapg =g | T (2a)

¥ 11 acp P 1 c ¢ TnenTr <
and. regarding these equations as 2 linear homogeneous equations with
sin®#, kr* and k*7® as unknown quantities, we find :

L Bt (A (h—p) — (A—dy) (p—p,)

hr? g (111_/12) (P —p.%) — (“132.——,:12‘.') (/)lz"f)g:) ........... (3)

The value of & thus found will be regarded as a second approxi
- =P approxima-

. i J x taken from tables I or I1
and then a third approximation will be obtained. The proce

tion, the first being &,. The new values of 4 will be

$S 1S to be repeated

(1012),
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until no further change is found. As a rule it converges remarkably quickly,

but we may still shorten it by taking a value of % lying between %, and &,.

Practice has taught that the exact value of % is not far from & th ko
It is remarkable that this way of proceeding, though nearly independent of
the choice of &, always leads to good results.

Substituting now the final value of £ and the corresponding values
of $ and p?, in the first and the third equation of (2):

(1—A4,) sinti + (1+2p k+ 5 &) rd =1
(1—A,) sin*i + (1 + 2p & + p* &) n* =1

we get sin? 7 and #*, hence i and 7,. It will be clear that the first and the
third equation have been chosen because here the coefficients of sin® 7 and
re are differing most widely. If required, the solution may be facilitated by
using a table which gives the coefficients of »* for various values of £.

A first approximation of k may be found from the supposition that
the eclipse is central. If ¢ is the semi-duration of the eclipse and /4, that of

the constant minimum-light we get:

AN by
S1n P ST 1—k
—_— == == ]
nt r '%"’3 lj“}\'
sin },‘ -
hence el
t{-{ - l}, 2
S i)
te mhath
E . T
{
3 Y 3 3 S — 1
for which we may also take the somewhat larger value &2 — 45 :r . Approximate
values of # and £, may be taken from the observed light-curve. A graphical

. 4 L!‘

construction will easily show that if the total eclipse i1s not central, & ¢ (e
171"

The expression for &, just found, is therefore an upper limit.

It is to be remarked that even with a fixed initial value of &, for
instance & = 3}, the process described will, by the use of equation (3),
lead to a good result.

The process may be accelerated by a table, which ;‘wvs for various

values of & the corresponding values of py, ps, P25 i3, D2, /;l . see for this
table at the bottom of tables I and II.
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It remains to be decided whether in the U-hyp. the primary
minimum is due to a total or to an annular eclipse. This may be done with

the aid of the equations of p. 27:

ay, = 1—dpr -i*]—*k’;i ...... (caseRFs ) S (5a)
and
ay = 1—hsec + 1—7,;” I T (CaseNFs) s e i et (5b)

which enables us to see which of the two suppositions gives the closest

approximation of g, to unity, and thus to make our choice.

By the above method the elements of the system have been derived
in two suppositions ; the U-hyp. and the D-hyp. respectively. These, how-
ever, represent two extreme cases, neither of which is likely to occur in
reality ; the actual cases lying as a rule between these two extremes. There-
fore the question remains how the degree of darkening towards the limb is
to be found.

In order to answer this question we might have recourse :

1°) to that part of the light-curve which as yet has not been used
in deriving the elements ;

2°) in the case of a total (annular) eclipse, to the depth of the second-
ary minimum, which as a rule will come out pretty differently according
to the hypothesis (U or D) which served as a base in the computation of the
elements.

Unfortunately our knowledge of the secondary minima is as vet very
small. Our purpose would be best secured by a system with g sh;u‘pl.\r
determined primary and a deep secondary minimum ; the computed “

depths
are then very different in both hypotheses and the observed depth m

a.\?’ gi\!(\
some information.

If for a system of this kind, e.g. V9 = Z Herculis the

were determined with great accuracy for both minima, we might

light-curves

also in another

way expect to get some insight in the interesting question of darkenin
. . . » . ] - .‘ g
toward the limb. For in this case the minimum at which the eclipse is annul

se 1s annular

cannot have a constant minimum light.
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As to the extreme parts of the light-curve, they are as a rule rather
inaccurately determined, while the theoretical curves based on the U- and
D-hyp. respectively do not differ much for the parts under consideration.

Summarizing we find, that only with the aid of light-curves enjoying
the highest accuracy along their whole course, it will be possible to make
a tolerably reliable estimate of the degree of darkening.

How then are we to interpolate between the U- and the D-hyp. for
intermediate degrees of darkening (e.g. 0.1 ; 0.2 5..... ...0.9) ? It is obvious
that the values of p can be interpolated directly from the tables I and II.
In the way described the value of % 1s now to be found ; it appears that
this value may be interpolated directly between those for the U-hyp. and
for the D-hyp. Then we have to determine that degree of darkening, at which
the parts mentioned sub 1°) of the theoretical light-curve coincide as well
as possible with those of the observed curve.

It appears in practice that we might as well interpolate directly
between the coefficients of 12, as they have been found in the U- and in the
D-hyp. But this method may be a little risky when the degree of darkening
toward the limb amounts to about 0.5 ; in this case it would be better to inter-
polate between the values 9, P1, P2 ; /’;2, Pty P, found i the two hypo-
theses and to calculate the new coefficients of »* with the aid of the inter-
polated value of .

There is still another case in which we can state something concern-
ing the darkening. It may occur in systems that gave rise to total eclipses
that sin®s comes out ) 1. This case deserves special treatment, as it may lead
to an upper limit for the darkening, since it appears that the D-hyp. for
such systems gives a greater value for ¢ than the U-hyp. We may distinguish
two possibilities :

1°) the value sin® ; > 1 presents itself in the U-hypothesis.

In this case the D-hyp. need not be considered. We are at once forced
to put sinti = 1, so that, according to (2), we get three equations with
two unknown quantities, and 7, ; these equations lead again to the formula
(3) for k. Next, adding the three equations (2), in which sin*7 = 1, and

substituting the value of k just found, we derive »,.
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2°) The value sin?¢ > 1 only results in the D-hypothesis.

This is more likely to occur than the former case. Since, then, a dar-
kening 1.0 (D-hyp.) gives an imaginary value for 7, whereas a darkening
0.0 (U-hyp.) gives a real solution, we may interpolate between the two
hypotheses (in the manner described on p. 45) so as to make sin*z equal
to unity. This degree of darkening (D) will evidently be an upper limit,
consistent with the observed light-curve.

In cases of high refinement of the latter, the possibility subsists of
interpolating between the D’- and the U-hypothesis, according to the method
explained above.

Finally », may be ccmputed as sub 1°).

§ 9. The primary Light-variation shows no constant manimum-Light.
The following cases may now occur :
I. U-hypothesis ; the eclipse at primary minimum may be :
1°) partial, with larger star in front (case Up) ;
3 oosmallerigst 5 s i (case Ups)i;
II. D-hypothesis ; the eclipse at primary minimum may be :
1°) partial, with larger star in front (case Dyi) ;
7 ., smaller ,, , , (case Dys) ;

3°) annular (case D,).

25)

U-hypothests.

According to p. 27 we have :

- 1—/se >
tg = 1—Npy + ’:_; 3 - Ei (case 'Ej)'v. v caal L (ba)
or .
1'— v 3 Py
to = l—hsec + — h;" ........ (CasewlD)) P wi el st SRIT o Ao (50)

The depth of the secondary minimunmi, which was not made use of
in the case of total (annular) eclipses, 1s now supposed to be known,

From equations (5) limits for o, and & may be easily derived for both
cases (Up and Ups). The upper limit for o is 1.00 and the lower limit
is that which corresponds to & = 1.00. Conversely, the upper limit for

is 1.00 and the lower limit is that which corresponds to 2, = 1.00,
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We shall consider 15 fractions n — :0 of the greatest obscuration
ergi ViZ B =R (12 5 R 013 0 - IR e 0.95. For a known or adopted value
of #,, these fractions give 15 values of «, which allow us to write down 15
equations of the form (1). Reducing these to a system of the form (2) we
again find for £ the expression (3).

Here again we may start from some initial value of &, provided that
it lies between the limits just found. Equation (5a) or (5b) gives the correspond-
ing value of g, and then formula (3) yields the value of Z, following from
the light-curve. The initial and the final values of % will in general not agree.
With the new value of % we proceed in the same way, while this rather
rapidly converging process may be shortened as in the case of a total eclipse.
In working it out we shall soon be able to discriminate between the cases
Upl and Uy ; it appears that if we hit the right case in computing the value
of o, from (5), the resulting value of 2 will fall somewhere between the two
last approximations ; should it fall outside, then the other case is to be taken.

In practice the best way of proceeding is the following: Adopt,
between the limits found, a value of «, and find with formula (3) the
corresponding value of & from the light-curve. The equations (5) give the
ralue of & for both cases Uy and Ups. The three values of £ will in general
not agree. Repeat the process with another value of #,. It will soon be clear
whether we have to deal with Up or with Uy ; and only a small number
of repetitions will be wanted in order to get a value of o, for which the light-
curve and one of the equations (4) yield the same value of .

In order to accelerate the process we have derived a number of tables
b g [¢ from table I for various values of o, (0.90......0.50). These
tables will give at once the values of p,, p., ps; D2, /) P for different
values of k. For intermediate values of a, these quantities may be obtained
by interpolation.

The numerical results may be checked by computing 7 from equation
(96) or (105), § 11. The value thus obtained must agree with that yielded by the
depth of the minima. For in the U-hyp. the ratio of the losses of light at
both minima will be equal to y. We may also compute the quantities

. (el i T i
Liy= = and L, = ¢ (case Up) or L, = P oand L, — 1M
2 g ¢ 1 ay k2 ag Ak - i
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* (case Ups) (p. 27) and examine whether the condition Li+L, = 1 has
been satisfied.

Finally the elements 7, and ¢ may be found from equations (4) in the
same way as for total eclipses, substituting the value found for & in the first

and the third equation of (2).

D-hypothests.

The case Dy, which we shall first consider, may be treated in the

same way as case Up. Instead of (5) we must now use the relations of p. 35 :

1—Zsec

a; = l—).Pr —|'— Q(_f:u";) ...... (CaSC El) ...................... (6(?)
or !
/ J.—q- i 1
QU r— 1 _)‘SE'C + Q_(k,_)(il;l;) ...... (Case E"‘) ...................... (G b)

We may start with an initial value of o, arbitrarily chosen, but
lying between the limits which may be derived from equation (64) and are
the same as those given by equation (54) in the case Uy Formula (3) gives
the corresponding value of % from the light-curve, after which Table C furn-
ishes Q (k, op) and then (6a) a new value of 5. The latter gives with (3)
a second approximation of % etc.

In practice, as in the U-hyp., it is easier to proceed as follows - Adopt
a value of o;. Then equation (6a) gives Q (k, o) and Table C the corres-
ponding value of k. The light-curve gives, by means of (3), also a value of k.
These two values of £ will in general not agree, but after some tri

als the

value of 5, for which the required agreement is obtained, will be easily found

Here again it seemed convenient to accelerate the process by deriving
from table IT new tables Ila .. .. Ile, for different values of 4 (0.90 0.50)
They give the values of p,, p., Ps; B2, P2, $,* for any value of k. F

mediate values of g; these quantities may be obtained by

or inter-
mterpolation.

' we have to discuss the cases .
Finally the cases Dps and D,. As has been said

nt of internal contact
lation of p. 85 .

on p. 22, we now take the loss of light at the mome

as a unit ; oy and oy are then connected by the re

% Q (k1) = 4 Q(k, o)
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Table IIT1') gives the values of p for every pair of values of 2 and «”.
If the eclipse is central, put a; = 1 + x;if it is annular, such values of
@’ as exceed unity may be taken 1 402, 1 + 04 x....1 + x.

With an arbitrarily chosen value of , we get the corresponding
value of & from (64) and table C, and then equation (7) gives the correspond-
ing value of 4, from which, by the aid of the light-curve and formula
(3) a new value of £ may be found. The two values of % will in general not
agree. The process must be repeated until the required agreement is
obtained.

Here again we have, in order to accelerate the process, derived from
table III new tables Illa..IIle for different values of «; (0.90... .0.50),
though the cases Dps and Da do not occur very frequently.

The numerical results may be checked by computing the quantities

1y P e (1D, 1 Pyl . L—hse
=T = ¢4 = 1) =01 =y — and [ ===

L= @ and L 'y Q (K, ag) ( p) : .1 ao 2 (&, ay) ind L, @y
(case Dps) and examining whether the condition L, + L, =1 has been

satisfied.

Summarizing, we may treat the D-hyp. in the following way : From
equations (6) we learn whether at the primary minimum the smaller or the
Iargvr star is eclipsed. In the latter case, in order to know whether the eclipse
at primary minimum is partial or annular, we start from a; == 1.00 and proceed
as described for the cases Dp and Da. A further criterion might be found
in the remark on p. 34. Except for this preliminary question, both cases
may be treated along the same lines. If in the case D, the observed light-
curve is of high refinement, the points of the theoretical light-curve, found
for 4" — 1 + 02 x; etc. might again give some information about the
degree of darkening toward the limb.

Finally the elements 7, and 7 will be found by means of equations (4).

§ 10. Ellipsoidal stars.
In the case of a Lyrid the light-curve has to be rectified by the factor

= ¢ sin*7 (see p. 31).

1) Taken from RusseLL: Ap.J. 36, 390 (1912).



Let at any moment d, and d, be the apparent major axes of the two
stars and 4, and g, their maximum values, then :

dp — a2 (1—=z cos*d),
and we get:

3 — costi + sin2d sin?§ = dg2 (1 + kp) = a&° (1—=z cos* ) (1 + kp).
If we put again sin*) = 4 and 1—=2 cotde=15 (1 =A) 5 =B, (we
now obtain, instead of (1), equations of the form:

(1—A) sin’s + B a? (1 + kpp =1

or
1

1 AN asat s 9 1 ¢ 2 apaly s —ss
{B_ﬂ-B_]Sln2z+al—_2pkal“—{—pk G1 ——-"B'_ ................ (].*)

Taking again, say, 15 of these equations and combining them into
three groups, as before, we obtain three equations of the form :

o, sin?4 + (1 + 2 Plk L Pl?kz) = by )
ay sinzi + (1 + 2 Pk + PR it B bl e e i (2%)
oy sinzz + (1 + 2 Pk + pik?) a = B S
in which liishg i
B (1;1 —ﬁf); B = 11,1 ; etc.

We may solve sin*? from the second equation and substitute this
value in the first and third equations :

fag (1 + 2 ok JJ; B2) —ay (1 + 2 ';sg E+ P2k a? = g,
{'12 (1 - 2 fjak + P4 k) —ag (1 + 2 ‘Psk + P kz)} at = a, B, = o ﬁ;‘.

Dividing the first of these equations by the second and putting 1=/

ity ﬂﬂ — g P.: - IO

we get, after some reduction :

’IgPJ —ay f’z + (ag pg — 22 P3) © k4 g — ay +- (g — ay) 0
agpy® — oy pa® - (ag Pa® — 2 Pa’) € aypr — a1 P+ (agPg? — agpy?) o 0....(3%)

k2 42

If we start with a certain value of 2 and the corresponding val
: — . . : - values
of $ and #*, equation (3%) gives a better approximation ; the process is repeat
> o . Deat-

ed as above (p. 41), until the required agreement has been arrived at
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When % has been found, the other elements g, and i are determ-
ined by :

o, sinzi 4+ (142 P k + P2 k2) a?
ap SIN2E 4 (14 2 Py k + ps B2) a2

L D
Py -
e

It is evident, that the method of p. 42 can no longer be applied to
the case of ellipsoidal stars, on account of the appearance of the quantities
B ; the second members of the equations (1*) being no longer equal to each
other, we cannot derive the peculiar equations (2&) nor the simple formula (3).

It is obvious that the general Lyrid-problem, here considered, will
be reduced to the ordinary Algol-problem with a constant maximum light,

by putting B = 1 and consequently § = 1.
We then have p = :::—:: and o, = 1—4, etc. Substituting the

value of p in (3%), the numerator of the third term becomes zero and we

obtain for %:
ag Pr—ay P2 -+ (fja,-{’usz Pg) o
ag P12—ay Pa? 4 (ag Pa? —ag Pg?) 0
o _lag—ag) (ag Pr—ay Pa) + (ag—ay) (a5 pa—ag pg)
~ (ag—ag) (a2 Py2—ay pa?) -+ (ag—ay) (ag pp?—aq Py?)
__ o _(a—ag) (P3—2) — (ag—ag) (Py—ps)
" (ay—ag) (P —Pa?) — (a5—0ag) (Py*—py?)
e (Ay—Ayg) (Pa—p2) — (Ag—da) (py—py)
o T (Ay—dg) (Pt —Pe?) — (Ag—Ay) (P12 —P2?)

kh=—2

This is again the formula found on p. 42.
> Q

With a high degree of approximation a similar value of 2 may be
derived from equation (3%). Substituting the value of p, we get :

(ag fy—ag fa) (ag Pr—ay Pa) - (ag fiy—ay Flg) (ag Pa—ay py)

k4 2 .

= (ag Py—ag o) (ag P12 —ay P2*) + (ag flr—ay fia) (ag PoP—ag—py?) s

{_

(ag—ay) (ay Fy—ag 1) + (ag—ay) (a3 fy—ay fa) -
g (ag fg—ag Pa) (ag Pr2—a1 Pa*) + (a2 f1—0ay Pa) (ag Pa*—ag P4?)
or, after some reduction :

} (g flg—0rg fl'l) (f’a_f’n) — (g fa—ag fi3) (Pr—Pa) — P2 {(”l —ag) (fy —fg) — (u‘.‘——ua) (Fy —fg)
b'.! e ©) = i g a a o i Q2 i y

[ (ay flg—ag 1) (Pg*— pat) — (ag fa—% fa) (Pr1*—Pa*) — Po? ‘:(”l ~ag) (f3—fy) — (ag—ay) (8, —,’)2]} )
(ay—ag) (By—Be) — (a5—as) (Br—fa)

, 3 : . 2%k
pa?) — (ag fa—azPa) (Pr*—P2%) —pad{(ay—ag) (Fy—fla) — (ag—ay) (- fla)} 0 (3%%)

(g 1 —tg f1) (Pl —
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o =5 ==0 this equation reduces to the equation, which yields
the value of k given by (3) of p. 42.

If we put
o B2 — 2 5 =Ry ; g3 B — Js = Ity ; (2 — ) (["33#;3’2 — (o3 — a2) (}1i—Pe) = R,

in which the quantities R are constants, easily obtainable, equation (3%%*)

becomes :
Beoao  Falba— —p)—Rolbr—ta)—Fats _p % = 0.(5%)
Iy (if’a" _7527) — R, (=Pt = Ry py? 1y U’s“‘/’ )“ R;, (Pr—j? -)fha po
Finally :
e By il T—__"Il _l ) L A; 1 - Az 1 A
Ry =0 Pz —apr = "B;['Ij'l Bl] 31(1’2 Ba) B D, O Blv) i}ll

With a high degree of approximation we may write for this value :

=" | s
R, = 42— 41 Tn the same way: R, == fa i
B, B, B, B, .
Ay —A; AI—A =]
LIy s I s et iy
& 3 5.8, = B B, B, By

Substituting these values in (5%), we finally find :

By (Ay—A5) (P—P2) — 1 (As—45) (P —fg)—{By (4;—47)

Bs(”: Ay) (pa>— o) — Ba(Ay ) (br>12%) — IB'-.'(_AI Ag)
By (A;—Ag) + By (A3—4;) + By (A3—4,)

T By (A Ay (pata?) — Ba (s A2 (i pe?) —{Ba(Ay—Aa) - By (dyity) By (4 g~ (6%)

+ By(Ag—A )4 B (Ao—i
m s [ aldg—d,)+ B, (4, "2)}'1"2],

By(dy—Ay) 4 By (dg—Ay) fpa? \

For an Algol-system B, = B, = B, =1 and then this Biation
reduces to the equation, which yields the value of % given by (3) of p.42
Should it appear that the expression

B, (Ax__As) + B, (A‘.!_'Al) i B, (./13-——/{,_,)

is very small — which may be examined before and always seems to be
(6*) may be written in the same

for stars with constant maximum light, viz. :

form as obtained

kL2 By _(_{’1_—%) _(fa—f’z) — B, (A5—A3) (py—pa) e i
By (A1—43) (Ps*—19%) — By (Adg—dy) (py2—pg2) = Y
or :

By (Ay—Ay) (pg—pe) — B, (Ag—4y) (Pr—15)

By (Ay—4y) (Pg*—p9?) — By (45— 4,) A R A AR R S (7%)

= —2



In the same way equation (5*) may be approximated to

Ry (p5—P3) — Ra (Pr—pa) b

. =={f]
Ry (pg—po®) — Ry (P12—Pa%)

k42

Dla:
b= o F1(a—Pd) = R (br—pa)
¢ = Z
Ry (pg2—pa*) — Ry (P1>—13%)
Since the quantities « and 38 are required when we want to get ¢ and a
from equation (4*), the best way is to use (8*) instead of (7%).
The approximated values from (7%) and (8%*) appear to be virtually

the same as those yielded by the rigorous equations (5*) and (6%),
§ 11. Determination of theoretical Light-curves.
The elements 7, 1, £ and 7 are supposed to be known. From the

relation :
- bl s 2"[ , 9 9
cos?t + sin®z sin® "5 t=1n* (1 -+ kp)?

we get :

e 9xl L rd (1 ,1 k fl)‘-'--—{t)s? f. ‘
sin® 5 T il EUE il s A0 ol B st (8)
Let /, = 1 be the maximum light of the system, ¢ the light at a

certain moment and A the light at minimum ; let S and s be the surfaces
of the disks of the larger and of the smaller star respectively ; a the eclipsed
part of the disk of the smaller star at a certam moment and 4, the eclipsed

part at minimum.
Then we have for the case E:

! x S-4-sy—asy
T S 4 sy
or, since | = k* and il
l a k2 ' 4 ‘
] =1 — EIE gt R R R R ClA T T re. gL ot g (Da)
so that :
‘ 3 ”ﬂ -’l- F, (
j'pr — 1 — ITIIAS Fy i SR O i pr e Tk o R . (l)[;)

And for the case Ls:
Sdsy—na kS

-_

or

so that :
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The formulae (95) and (100) appear to be the same as formulae (4a)
1 —l?)?‘

and (44) on p. 27. From (9b) it follows: o =1 — Mpr + —, OF, since in
y IE=10r R s 1 — lsec
that case 7 = [ —5.., We get: qp = 1 — ApA S =
i = ) "
And in the same way from (108): @y = ~—— + (1 — hpy) 7 and, since
1—4 : : 1=
now 7 = —]—_-_;:;’_“, we find: o =1 — hsec + — k;p’-

When 7 > 1 we have the cases Ut (D¢) or Upi (Dp1) at primary minimum.
\Vhen i < 1 ) Ua_ (Dd) or Ups (DP‘;) 1) y) 1
When 7, - cosi < 7, the eclipse is partial.

) 1) S5 |

a) Cases Uy and U,-

Here ¢, is equal to unity.

In the case U (y > 1), equation (90) gives: hpy = Hfl]ﬂ-

For different values of « Table I yields the corresponding values of p,
after which equation (8) gives the corresponding values of z. From equation
(9a) we derive the loss of light of the system, which is readily translated
into a difference of stellar magnitude by means of Table A. The light-curve
can now be plotted.

In the case U. (v < 1), equation (100) gives: hpy =1 — 1_-1:‘1-:‘;‘.-

For the rest the procedure is as described in case U, equation (9a)

now being replaced by equation (10a).

b) Cases Up and Ups.
In the case Up (7 » 1), the relation
32 — cos?i -+ sin®¢ sin*i
chows that at the middle of the eclipse 8 = UU, = cos i (Fig. 4 p.24). At

that moment is, according to p. 24 :

I 2 2 1 b2 cirn © A 1 ciny 9
T 4+ — m—3+RESIN2pP —4 S &€
- __130‘]'3 o } k* sin 2 }
g = — — 3 R T
T }e‘a ..... (l])
¥o2 - cos? { — 1,2 . 2 L cos? 4 s
where cos § — ‘“—J‘r -1 and COS e — DT CosT s — rt
= ¥g COS 1 2y cos i
1 i

Further, according to (96), the light at the middle of the eclipse is :
ag k* y = =

).Pyzl—" 1+k2?-
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The maximum obscuration g, is found by means of (11). The values
of p, corresponding to the different fractions 7 of the maximum obscura-
tion gy, are easily derived from Table I. E. g. for ¢ = 0.80 and n = 0.40
we enter that table for the argument « == 0.32. Equation (8) gives now the
corresponding values of z. The corresponding losses of light, expressed in
magnitudes, are derived by means of (9a) and then the light-curve can be
plotted.

In the case Ups (7 < 1) we have, according to (108)i2 Ny =it K

1+ A2y
For the rest we proceed as in case Uy, equation (10a) taking the

place of (9a).

¢) Cases Dy Dpr; Dps and D,.

In these cases, instead of « (%), we use the quantities o« (o) or o
(af) i. e. the losses of light expressed in the loss of light at the moment
of internal contact (p.22/23). In case Dt , = 1. In the cases Dy and Dy
we may first compute, by means of (11), the eclipsed part o, of the smaller
star and then by the use of Tables I and II — respectively I and IIT —
the corresponding values of «, and «,. For the rest the procedure is the
same as in the U-hyp., provided that the values of p in (8) are derived
either from Table II (case Dy), or from Tables Ila....l1le (case Dy), or
from Tables ITla....1IIe (case Dps).

Since, finally, in case D, we have o' — 1 at the moment of internal
contact, we may proceed as in case U,, provided that for p in (8) we use
the values from Table III. We now may also use values of «” > 1, until

(8) yields for t the value 0. Then «, has also been found.

d) In the foregoing pages we have described how, in general, theo-
retical curves of eclipsing binaries may be computed. As a rule, however,
the elements &, », and ¢ have been derived from an observed light-curve ;
we often want to compute the theoretical light-curve with these elements,
both to compare it with the observed curve and to check the computations.
In this case the process described above may be shortened, as now the

magnitudes corresponding to each « or n are available ; in fact they have
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already been determined and used in the course of the computation of the
elements and we have only to compute the corresponding values of < by
means of (8). In other words : the quantity 7, which determines the amount
of light at minimum, is not taken into consideration, since the range of light-
varation is given by the observed curve and i1s used for the derivation of
the elements.

In the case of ellipsoidal stars the values of = are computed by means

of the relation. :

costi - sin?z sin?f) — a2 (1—z cos* V) (14 kp)?,
whence
25 1— a2 (1 4 kp)?
Ca b E e e et GRS e S
Costvl = COS* 5T — g e A A o B et s o (12)

Between the points 2 (n) = 025 and « (1) = 0.95 the theoretical
light-curve will sensibly coincide with the observed curve, provided the latter
is tolerably accurately observed. This, however, will as a rule not occur
with the extreme parts. These differences and the consequences to which
they may lead, have been previously discussed (p. 44).

We may conclude this paragraph by drawing attention to a pecul-
jarity which we have met with while investigating the system V12 — RT
Persei (See § 15). The light-curve, as drawn through the normals dj
show a constant minimum light ; so far as it was used for the detl(iilndii:ltlil:ltl

of the elements, it led to an eclipse, either just total (U-hyp.) or nearly so
(D-hyp.). But the theoretical light-curve began to systemetically d(*\;iatc
from the observed curve after the point for which n — 0 .90 M e swed A
stationary minimum of short duration. Since the plotted observations did
not contradict this eventuality, the lower part of the light-curve was aliphtle
altered and the elements of the system were again derived. They nzllnmll.\’
differed but very little from those found before and vielded a Ulf‘()l‘('tica;l
light-curve which showed a perfect agreement with the observed curve.
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APPLICATIONS.

§ 12. General Remarks.
We shall now apply the preceding theory to a small number of ob-
served light-curves.
An explanation of each of the columns in the following Tables 14 ;
16 ; 17, prefixed by the heading of the column, is first given :

b
%, or in the case of a partial eclipse » : the fraction of the greatest

15 ;

loss of light ;
1—1 : the corresponding loss of light, computed from the loss of light

at mid-eclipse ;
m : the corresponding stellar magnitude, derived from the data in

the preceding column by means of Table A;

0 o 43 neo 1 < - .
e “I.)T <+ Degr. : the corresponding phase, in days, radians and
degrees respectively ;
~ A: the quantities giving Ay, Ay, A; which appear in the formulae

(3) and (4), from which the elements k, r, and 2 are computed as explained
in Chapter III.

Finally the theoretical light-curve has been derived :

z, : the corresponding phases of the theoretical light-curve ;

O-C: differences between the observed and the computed curve,

The preceding theory was based upon the light-ratio 2.612. All the

magnitudes of the cmn])m'i5(.)11—5turs used in the derivation of the light-curve

were either directly taken from the HP or reduced to the Harvard-scale.
Of late years, however, the exactness of this ratio has been doubted.

. - ’ e - N AN 1 ' 2% a'e wwicte -~ e T - o
Accor(hng to investigations of Nijranp!) there exists a striking difference
1) A.N. 205, 233 (1917): Uber die Schgrenze des Utrechter Zehnzollers und die photometrischen
Skalen von E. C, Pickering und J. A P
See also : Hemel en Dampkring 14, 00 (1016).

ARKHURST.
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between the photometric magnitudes of faint stars as given by E. C.
PrcKERING and J. A. PARKHURST, though both assert having used the ratio
9 512. When PICKERING is right, PARKHURST'S ratio must — according to
N1JLAND — be 2.05 ; on the other hand if PARKHURST has used the ratio
2512, the Harvard scale 1s based on the number 2.94.

The question is most important since the results of many investiga-
tions in stellar astronomy depend on the exactness of PICKERING'S magni-
tudes of faint stars. VAN DER BILT made some investigations with the polar-
izing photometer of the Utrecht Observatory, which invariably seemed
to point to the exactness of PARKHURST'S scale. Later, at the suggestion
of KapTEYN and SEARES, a wire-gauze SCreen was placed before the objec-
tive, when the brighter of two stars was measured. The obscuration caused
by the screen was accurately known and applied to the small difference
in brightness measured with the photometer ; the light of the faint stars
now agreed fairly well with PrcKERING'S values. An extensive investigation
following both methods and a detailed knowledge, for a large number of
individual cases, about the way in which the magnitudes of faint stars have
been obtained at Harvard, seem necessaly before a definitive judgment
can be obtained?).

Since, therefore, a decision in this question is impossible for the
present, we have decided to use both scales in deriving the intensity-curve
from the magnitude-curve. If we should have to adopt PARKHURST'S scale,
we might keep the light-curves already obtained, introducing now the ratio
2.05 (Table B).

In the following examples, therefore, the elements will be determined
according to four suppositions successively :

A Light-ratio 2.512.

a) U-hypothesis ;
b) D-hypothesis.
B Light-ratio 2.05.
a) U-hypothesis ;
b) D-hypothesis.

1) J.v.Dp. Bir: Note onthe photometric scales of PICKERING and PARKHURST, B, A, N. 30. 167 (109¢
- NL o, 167 (1922).
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If we had a well-determined light-curve with a deep and sharply
determined secondary minimum at our disposal, such a curve might give
some valuable information as to the controversy between the two light-

- o

scales. For, according to formulae 5 (p. 46)

. 1— i
dop = 1 — hpr + "

o 1 —dpr
k2

The combined loss of light at the middle of the two minima has
unity for its upper limit ; should the variable be a Lyrid, the light-curve
must first be , rectified”’, which lessens the depths of both minima. According
to Tables A and.B the above limit will sooner be reached with PICKERING'S
ratio than with PARKHURST'S.

If 2 < 1, the combined loss of light is less than unity; the limit
1 will only be reached in a central eclipse of equal stars (k — 1). If,
moreover, the two components should have the same surface-brightness,
the loss of light at the middle of the two minima is 1—hp, = 1—hsc = 0.5,
This value corresponds to a depth of 0775 in the case of PICKERING (Table
A), but of 0796¢ (Table B) in the case of PArRknursT. If the eclipse is not
central, the two equal minima are shallower. Should we, therefore, meet
with a light-curve which shows a primary and a secondary minimum of
nearly the same depth which (if necessary after a correction for ellipsoidal
form of the components) exceed 0775, this fact would support the validity
of PArkHURrsT'S scale. It should be borne in mind, however, that if the
minima are of equal depth, we ought to make sure first whether they are
really primary and secondary and not both primary, the secondary minimum
not being observable. For this purpose we may have recourse to spectroscopic
observations. In the first case the period is twice as long as in the second.
If the light-curve has one pronounced maximum midway between the minima
the second supposition must be rejected.

A light-curve fulfilling the crucial conditions has not presented itself
as yet. Various light-curves have been found to have equal or almost equal
minima — for instance V 4 = U Ophiuchi, V16 — RX Herculis ; V 19

— SS Carinae; V31 = IX Herculis; V11 = RS Scuti — but the am-
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plitudes are always less than 0775, with the possible exception ol 1 — RS
Scuti. Tt is true that so far as a rectification of the curve has been applied,
this more or less uncertain process may be as our judgment to a certain degree.

V11 — RS Scuti and V12 — RT Lacertae are systems, the accu-
rate determination of whose light-curves would be, in this connection, of
the highest interest. SHAPLEY has tried to derive elements for these stars?!),

based upon observations of ¥ 11 = RS Scuti by IcHINOHE and of V712
— RT Lacertae by Luizer and Exepo. But these observations are not
accurate enough, especially in the case of V' 11 = RS Scuti, to yield a

reliable light-curve. For this star SHAPLEY, from observations at maximum
light, decides upon an ellipsoidal form of the components. Though such a
form really appears to exist, it probably has not such a pronounced character
as SHAPLEY presumes. Removing the influence of this ellipsoidal form on
the brightness, he obtains a ,,rectified”’” curve with minima 0775 deep.
According to PICKERING'S scale this is at the very limit of possibility.

As to V 12 = RT Lacertae, observations of LUIZET and ENEBo
make it highly probable that the brightness remains constant between the
eclipses. The depths of the two minima are found to be 1706 and 0761, so
that according to Table A the loss of light at these minima reaches the va-
lues 0.6233 and 0.4298 respectively, their sum exceeding therefore unity.
The introduction of an ellipsoidal form of the components proved nccessary
to allow of a solution of the problem ; though, as we pointed out before,
this form is hardly compatible with the light-curve at maximum?). In PARrk-
HURST'S scale, however, the total loss of light is only 0789.

Tables A and B show that the combined loss of light at both mi-
nima comes out greater in PICKERING'S scale than in PARKHURST'S. The
quantity g, therefore, will sooner attain the value 1.00 in the first case than
in the second, so that & must lie between narrower limits (see p. 46) when
we use PICKERING'S ratio. Hence we should expect that the possibility of

1) Contr. from the Princeton Un. Obs. 3, (1915); 86, 88, 101, 104, 157, 171.

) N1jLAND's observations, A.N. 211, 857 (1920), however, showed a very pronounced Lyrid-char-
acter, the depths of the minima being 14 and 1%0, respectively. There remains, it is trye
doubt as to the constancy of the brightest of the comparison-stars during the years I'.!I(L—-l‘.!ﬁl.-
however, cannot have affected the shape of the light-curve to any appreciable amount, ,

S50I1mne

this,
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deriving elements for the system would be greater when we use PARKHURST'S
scale. Nevertheless the examples which will be treated below strongly point
to the superiority of PICKERING'S scale.

PARKHURST'S scale sometimes yields no set of elements at all or no
satisfactory one. See V' 9 = Z Herculis (§ 14); V 48 —= WZ Cygni (§ 16)
and V 12 = RT Persei (§ 15). It should be borne in mind, however, that
a change in the light-curve or in the range of the light-variation resulting
from new observations, may materially influence the results.

Such systems as present a total or annular eclipse at primary mi-
nimum and an appreciable and reliable depth of the secondary minimum,
may be regarded as suitable to investigate the question. For the derivation
of the elements the depth of this minimum 1s not wanted and its theoretical
amount may be computed afterwards by means of the value found for %,
and compared with the observed value. From the formula for #, and the
Tables A and B it follows, that the computed depth is much greater when
based on PaArRkHURST'S scale than on PICKERING'S. The observed depth,
therefore, may also be used as a criterion. Such variables are for instance
V9 — Z Herculis (§ 14); V 9 = Z Vulpeculae; V 27 = TT Aurigae;

Ve =W Crucis.

As to the following examples, we have always assumed the orbit to
be circular — the observations do not give any indication of ellipticity —
and likewise we have assumed the brightness between the eclipses to be
constant ; except for the Lyrid 17 48 = WZ Cygni, where this is obviously
not the case.

The densities have been expressed in terms of the solar density and
are based on the supposition of equal masses of the components of the system.

For every variable the coordinates of the comparison-stars have been
given, besides their magnitudes taken from the HP, or reduced to it. The
magnitudes printed in italics have been derived from the limits of vision of
the instrument used.

The magnitudes in the column headed H', used in deriving the light-

curve, are those found with the step-estimates after the method of § 4.
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§ 13. \Y 7 CYGNI.
‘ s — — — i e — — T —
| Compan:on -stars . ' T Light-curve
|‘ (1900) .H A.14 H Normals I S
i o o | i i
| 20%3= 5° +45°9'5 | 8791 | 8780 | 01240 9T53* +09218 9758 07000 17’“11
5 1 45 584 | 9.39| 9.64 | 0.203 9.78 0.183 9.‘)2~ 0.058 12.1
3 39 46 2.7 | 9.92110.18 || 0.176 10.03 0.160° 1().2:). 0.060 1‘?.10 '
331 46 32 10.42[10.72 | 0.158 10.20  0.140° 10.58 | 0.080 11.79
L 2 53 45 58.8 | 11.18 |10.96 \ 0.136 10.62 0.125 10.83 | 0.100 11.38
3 30 46 1.3 |11.80 11.69 | 0.114 11.12 0.1095 11.22 | 0.120 10.95
491 45578 | — |12.46| 0.097 11.44 0.0975‘11.43| 0.140 10.56
! 4 28 45 58.9 | 13.79|13.40 i 0.076 11.86 0.082 11.68% 0.160 10.23
y | | 0.049 12.10  0.064° 10.025|U.ISU 9.97
| | . 0.016 12.12 0.041 12.10% 0.200 9.77
. | ! 0.014 12.11 | ‘0.2-20 0.61
| \ 1 0.240 950
| | 0.256 9.45
} N 0.260 9.45
Maximum 9¥45. Primary minimum 12%11. Secondary minimum 9751,
Depth  2766. Depth 0706,
Semi-duration of eclipse : £ —= 07260 ; of constant minimum ¢ —
0%060. Upper limit of % about ‘;‘1{;2 — 0.62. Hence it follows immedi-

ately (see p. 44)

that the eclipse at primary minimum is total.
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§ 14. V 9 — Z HERCULIS.
Compal ison-stars Hp | H Normals Ll‘c{h]t:cu-r\'v
(1900) LD nd
e
| 17854™15° +14°51.3 | 7710 | 7720 —0%165 742 10°154 7746 0.000 7998 (8™01)
| 5348 14 31217.27 | 7.43 | 0.144 7.46  0.123 7.57 | 0.034 7.98 (8.00)
53 32 15 25.1 {S.U’i 7.87 0.127 7.54 0.08G 7.68 (0.040 7.95% (7_95)‘
| 53 50 14 37.4/8.50 '8.50 | 0.113 7.56  0.047 7.87 | 0.060 7.85
| 0.103 7.66  0.013 7.995 | 0.080 7.745
0.089 7.69 (0.198 7.34) | 0.100 7.65
» 0507781575 0.120 7.56
' 0.066 7.83 0.140 7.48°
0.050 7.91 0.160 7.42
0.041 7.95 0.180 7.37
0.030 7.98 0.200 7.395
‘ 0.008 7.98 0.220 7.30
- =l 0.230 7.29

In this case it is possible that the eclipse at primary minimum is an-
nular. In the U-hyp. this minimum will show a constant brightness ;: whereas
in the D-hyp. there is no standstill, the light-curve being indistinguishable
from that of a partial eclipse. In tracing the light-curve both possibilities
have been admitted near the minimum, the observations being not contra-
dictory to one of these possibilities.

Maximum 7%29. Primary minimum 7798 (8%01). Secondary minimum 7750

Depth 0769 (0772). Depth 021
Semi-duration of eclipse £, = 0.225 ; of constant minimum ts = 0%035.

Upper limit of & about ;" : = 0%73. Whether the principal eclipse is

total or annular can on]\ be determined when the final value of & has been
found.
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TABLE 15.

2 stical ; ‘Theoretical
I)ICKERING. U-hyp. 1.11('01‘( Atd D-Hyp. .1u11uu 1
x Light-curve : Light-curve. |

2x 2
| « 1=—1 " 7 5 Degr. A Te 0—C 0 | 1—! m T p° Degr. A To =G
—_ LT e S 1 = e e L — - . = o —
L 0.00 0.0000 720 04230 0d227 04003 0.00  0,0000 7129 04230 ; 04250 —04020
0.10 | .0470 | .342 | .192 [ 0.190 0,002 N 0.10 | .0463 .341  .192 “ 1 0.195 —0.003
| 0.20 L0041 .397  .169 0.168 0.001 0.20 | .0926| .395 | .170 | = 0.170 0,000
f 0.25  .1176 .426  .158%0.2495 14°17',50.06094 0.25 | .1156 .423 | .159 0.2510 14°23" 0.06171
‘ 0.30 | .1411| .455 | .149 | .2345 13 26 L05307 0,149 0,000 0, 30 L1389 .452 | L1560 { .2361 13 32 | .056476 | 0.150 i (0,000
‘ 0.35 | .1646 .485 | .140 | .2204 12 37,5 04777 0.3 2 IG:II)‘ 489 | (141 | .2219112 43 04846 !
0.40 | .1881| .516 | .131%| .2070 11 51,5 .04223 0. 132 —0.000° 0,40 L1852 .513 | .132% .2086 11 57 L 04287 00,1320 0,000
0.45 | .2116! .548 | .123% .1944 11 8 . 03729 0.45 2084 544 . 124% ,196G0 11 14 03795

0.50 | 2352 581 | .115* .1818 1025  .03269 0.116 —0.000° | 0.50 .2315 .576 | .116° .1834 10 30,5 | .03326 0.116° 0,000

0.55 | .2587| .615 | .107* .1692 942  .02839 0.55 L2546 .609 .10 .1716| 950  .029017
0.60 | .2822 .650  .100 .1574 9 1  .02456 0.100  0.000 0.60 | 2778 .643 .101° .1508| 9 9 |.02520  0.101° 0.000
L 0.65 | 3057 .686  .092° .1456 8205 .02105 0.65  .3010 .679 | .094 | .1480 8 28,5 | .02172 "
0.70 | .3202| .724 | .085 | .1338] T 40 01780 0,085 0,000 0.70 .32411 .715 _(}s(pl .1:56'1" 7 48 |'”w42 0.086" 0. 000
0.756 | .3527| .762 | .077 | .1212| 6 57 | .01464 0.75 | .3472 .53 | .079 | .1244 |7 7,5i 01538 |
0.80 | .3762 .802 | .069 .1086 6135 .01176 0.069 0.000 0.80  .3704 .792 | 071 .1118 624 |.01243 0.071 | 0.000
0.85 | .3008 .844 .061 .0960 530  .00019 0.85 | .3036 .833 | .063 .0992 5 41 00981 '
0.90 | 4233 888 | .052%| .0826| 444 |.00681 | 0.053—0.000%/| 0.90 | .4167  .875 | .055  .0866| 4 57,5 .00747 0.055 | 0.000
0.95 | 4468 .933 | .044  .0693 358 | .00479 0.043 0.001 0.05 | .4398 .019 .046° .0732 4 11,5 .00534  0.045 | 0.001°
0.98 | .4609  .961 | .039 0.036  0.003 0.98 | .4537| .946 | .040° ! 0.039 | 0.0012
1.00 | .4703 .98 | .034 0.028 0,006 1.00 4630 .965 0,035 0.034 0,001
x =0.006
140.2 x 0.4719 7.983 0.029 0.026 | 0.003
14+0.4 x .4808 8.002 | .018 | 0,015 0.003

1 4+0.49x 4848 8,01 000 0.003 —0.003



1—1

44 5 b1
0.00 0.0000 7220
0.10 .0391| .345
0.20 | .0782] .403
0.25 .0977 .433
0.30 1 L1173 .464
0.35 | .1368 .495
0.40 | .1564| .527
0.45 | .1759! .559
0.50 1 .1954 1 .593
0.56°1 .2150 | . 627
0.60 2345 .0662
0.65 | .2541 | .0698
0.70 | .2736| .735
0.76 1 .2032] .T73
0.80 | .3127| .812
0.85 | .3323| .852
0.90 | .3518 .893
0.95 | .3714 .936
0.98 | .3831 _963
1.00  .3909 .98

0d 230
. 191
. 166*

166 00,2455 14° 4

147
. 138
<129
o1 20
. 1123
105
L0978
L0940
,082%
075
067
059
L0510
.043%
.038
034

L2314
2172

L 2030

L1806
17372
L1653
L1535
L1417
. 1208
L1180
L1062
L0936
L0811
LGRS

TABLE 16.

Theoretical
Light-curve

Degr. A & 0—C

04226 04004
0188 0,003 |

10,166 0.000°
0.05907 | |

13 155 .05260 0,147 ¢ 0,000
12 27 | .04848 | '
1138 | .04066 |0.129° —0.000% |
10 52 | 03554 . | ;
10 9 03106 0,113 —0.000%|
928 | .02705 | '.
8 47,5, .02336 ic).nms_ 0.000
§ 7 |.01993 | ,
7 26,5 .01677 M».osa 0.000°
646 | .01388 | | '
6 5 | .01123 0.067 @ 0.000°
522 | .00875 ; '
439 | .00657 0.051° 0.000
3 55,5 .00469 j().m:s L 0.0008
0,036 0.001°

10.030 | 0.004

|

D-Hyp.
« ; 1—1! m T 2I;Tr Degr. |
0.00  0,0000 7m29 04230
0.10 | L0463 .341 102
0.20 |} .0926| .395 | .170
0.25 | .1158| .423 | .159°0.2510 14°23'
0.30 | .1389| .452 | .150 | .2361 13 32
0.35 | .1620| .482  .141 | .221912 43
0.40 | 1852 .513  .132% .2086 11 57
0.45 | .2084| 544 1245 .1960 11 14
0.50 | .2315| .576  .116° .183-1%10 30,5
0.55 | .2546| .609 | 100 .1716 9 50
0.60 | .2778| .643 | .1015| .1508 9 9
0.65 | .3010| .679 | .094 1480 8 28,5
0.70 | .3241| .715 .086%| .1362 | 7 48
0.75 | .3472| 758 | .079 | 12447 7.5
0.80 | .3704|.792 | .071 | .1118| 6 24
0.85 | .3936| .833 | .063 .0992 5 41
0.90 | .4167| .875 | .055 .0866 4 57,5
0.95 | .4398 | .010 .046% .0732 4115
0.98 | .4537|.946  .040¢
1.00 | .4630| .965 .035°
seo= N, :
1+0.2 x 0.3894 7.977 0.032
1+0.4 x .3948| 989 .026°
1+0.6 x .40018.001 .019 .
U 140.74x .4039 IS.UI .000 ‘

|

|

Theoretical
Light-curve

A n | 0=C
04240 —04019
0,192 —0.001
0,167 0.0008
0.06171
05476 | 0,147 0.000
04846 ! ﬁ ;
| 04287 0,130 E 0.000
.03795 |
03326 0.114 | 0.000
.02017 | '
02529 iu.uﬂﬂ - 0.000
02172 | |
01842 0.084 | 0.000%
01538 f |
01243 0,069 0.000
00981 | ;
00747 in.osi - 0.000
00534 | 0.046 0,000 |
| 0,040 | 0,000
i0.036 —0.000¢
! 0.031° 0.000% |

0.027 —0.000%
0.021 —0.002 [
0.009 —0.009 |

|
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In the supposition Ab) a total eclipse at primary minimum is still
much less probable than in the U-hyp.; %k coming out about 0.90, so that
4, remains far below 1.00. We, therefore, assume immediately an angular
eclipse and, in accordance herewith, we alter the light-curve near minimum,
because now there cannot be a constant minimum light. As we have remark-
ed already the observations are not at variance with this possibility. The
magnitude at primary minimum is now gm(1 and the range of variation 0%72.

In this case the loss of light at internal contact is to be chosen as unit
of light. Supposing the semi-duration of the annular eclipse to be at least
as long as that given by the U-hyp., we find for the magnitude at the mo-
ment of internal contact 72965 and for the loss of light at that moment 0.4630.

The same value would result from the following consideration : In
order to determine the ratio v of the loss of light at internal contact to that
at mid-eclipse, we divided a circle with radius 1, into 10 % 32 parts from which,
according to the adopted law of darkening, equal amounts of light would
be received!). Upon this circle we superpost¢ a circle with radius %, whose
center passes the center of the first circle at the distance cos? ; now the divi-
sions covered by the second circle are counted, fractions of divisions being
estimated. Probably a good approximation for the values of £ and cos? may bé
furnished by the U-hyp., since the changes in k and 7 caused by the D-
hyp. have, as a rule, opposite effects on the values of v. Repeating the
procedure for the case of internal contact, v comes out to be about (J“,E).-“):E,
from which «/ — 1.047. Since the loss of light at minimum is 0.4848 the
loss at the moment of internal contact is therefore about 0.4620. We have
adopted in Table 15 the value 0.4630.

Computing, in the same manner as above, but now with the derived
values of 7,, k and 7, the fraction v, we get v — 0.949 and therefore the
loss of light at the moment of internal contact 0.4600.

[f the light-curve of the secondary minimum is well-determined, the
cemi-duration of total eclipse at that minimum and, therefore, the moment
of internal contact at primary minimum, the magnitude and the loss of
light at that moment can immediately be found.

In the supposition Bb) for the magnitude at the moment of internal
contact we also take 77965 ; hence the loss of light at that moment amounts

to 0.3840 and z, — 1.052.

1) See Ap.J. 36, 241 (1912).
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Loss of Light corresponding to an Increase Am in Stellar M agnitude.

TABLE A TABLE
| (;1 == b2k 1()g =, 4) (p.::?.(_)ﬁ; 1-Og {J.T(J.:%lﬂ)
‘.‘ A m 0 2 | 4 6 8 A m 0 2 4 6 8
0.0....0.0000 0.01830.03620.05380.07100.0....0.00000.01430.02830.04220.0558
1.... .0880 .1(,,)46" .1210| .1370] .15628|| .1.. L0693 L0826, .0957 .1086 .1213
2.... .1682| .1834| .1983 .2130| .2273| .2.... .1338| .1462| .1584 .1704 .1822
| .3....| .2414 .2553| .2689 .2822| .2953|| .3....| .1939 .2054/ .2167 .2279| .2389
| .4.... .3082 .3208| .3332 .3454 .3573| .4....| .2498 .2605 .2710 .2814/ .2917
| .5....| .3600 .3806 .3919 .4030| .4139/ .5.... .3018 .3117 .3216| .3312 .3408
.6.... .4246| .4351| .4454) .4555| .4654|| .6....| .3502 .3594) .3686 .3776 .3865
| 7.... .4752| .4848| .4942| .5034 5125 .7.... .3952 .4038| 4124 .4207 .4290
| .8....|.5214| .5301] .5387| .5471| .5554 | .8....| .4371 .4452| 4531 .4609 4686
| 9....| .5635| .5715 .5793| .5870| .5045|| .9....| .4762| .4836| .4910| 4983/ .5054
11.0....] .6019] .6092| .6163| .6233| .6302(1.0....] .5125| .5194| .5263! .5330! .5397
| .1....| .6369| .6435) .6501) .6564| .6627|| .1....| .5463| .5527 .5591| .5654 .5716
| .2....| .6689| .6749| .6808| .6867 .6924|| .2....| .5777 .5837 .5897 .5955 .6013
| .3....| 6980 .7035 T089) 7142 .T195 .3.... L6070 .6126 .6181 6236 .6289
W el i o .7246|.7296 .13403.7394’.7441 4....| .6342| .6395| .6446| .6497 .6547
| .5....| .7488) 7534 .7579) .7623 .7667 | .5.... .6596 .6644 .6602 6740 6786
| L6.... TT09) 7751 7792 7832 L7872 .6.... 6832 6877 .6022 .6966 .7009
J7....] L7911 .7949| .7986| .8023| .8059|| .7.. | L7051 .7094| 7135 .7176 .7216
.8....| .8095| .8129| .8163| .8197 .8230|| .8....| .7256) .7295| .7334| 7372 7409 |
.9....| .8262 .8204] .8325 .8356 .8386 .9.... .7446 .7483| .7518 7554 7589
25025 2] .841.':)‘ . 8444 .847:} .S.’).I.HI .8.'):.38 e 0005127623 .76.":71 J7690| .7723 .7756
J1.... .8555 .8581| .8607 .8632 .8657 .1....| .7788 .7819 7851 7881 7911
i '8(.;82.' L '87\29‘ STH qﬂ_’ ‘3 i 7941 79710 8000 L8028 8056
-i-----iéﬂi -:332 -::jéi-:gzi .:E:f .i....l.ing .ﬁtlli.HlBH 8165 .8191
5| L0000 -9018| 0036 9054 9071 5. .| ‘8340 sses| ooo7| -8202) .8318
..... | | | h 51;3 ;:ﬁi' ':';?,‘ 'ﬁ“fl,“ “1‘1\
" A. For values of_Am grvutcl‘ than 2“.‘5:! iLs . 8563 :85;:‘{ MI,(:: :(:l; l:‘::;
the loss of hg'ht 1s 0,9000 p!us 10 .8. 8662 . 8681] .8700 .8710 .8737
| of the l(-)s%s of light corresponding to 9., .8755| .8773 "8700| _8807| 8824 |
I =00 3.0....] .8841 8858 8874  .8800 .8906
B. For values of Am greater than 37205 1 8922 8037 8052 .8967 .8082
. the loss of light is 0,9000 plus 2., L8996 011 .9025 .9039 . 9052 |

of the loss of light corresponding to

Am—37205.

|
I



TaBLE C

Values of Q(k, ).

0.410 .

426 | .29
. | .438 | .302
T () | RS 00 605 446 310
2 s ] i 805 | .614 [ .453 | .316

Uy 1.00 0.76¢ 7
STO > 777 | .585
8 59

YO () WA -

B0

| .814 624 | .461 .321

TG0 S| S 823 | .634 470 . 328
0. | i .832 . 646 .483 .339
661 | .499 .352

| 844

19054 4 i 861 | .685 | .522 | .37l

| .g72 | .704 | .538 . 384

190 ST n o (< |
| 3 Q " o d ‘ ,."-.‘-: .:(‘.‘

98.... > .880 | .zii | :3. | 3)?
$98. .. . | -890 28 .H63 .405
[ 087 | 427

$00, st ol i i e |
i et | 84 | .636 = .488




0.00..../+1.000
0.01.... 0.919
0.02....| .868
0.05.... .755
0.10.... .610
0.15....| .488
0.20.. .374
0.25....| .267
0.30....  .168
0.35....|+0.075
0.40....—0.015
0.45....| .106
0.50....| 194
0.55....| .280
0.60.... .364
0.65....‘ 447
0.70....| .528
0.75. ; 607
0.80. . . 686
0.85. 765
0.90. .843
0.95. 022
0.98.... .967
0.99... 0,983
1.00. ... —1.000

TaBLE I.

Values of p. (U-hyp.).

P

000 —1, 000

| 0.9 | 0.8 . 0.7 0.6 0.5 E 0.4 0.3 0 2 0.1
| 5 | ' ! iy -
r | ' : ‘
|+1.000 | +1.000 | +1.000 |+1.000 |+1.000 |+1.000 |+1.000 +1.000 +1.0C0
| 0.921 | 0.922 | 0.924  0.925 | 0.927 | 0.929 | 0.930 | 0.932 0,034
| .s711| .s73| .s76| .s79| .881| .8s¢| .87 | .so00| 802
| 759 | .764| 760 | 774 .779| 785 | .m0 | 705 | 800
618 | .624 | .631| .638| .645| 653 661 670 | 678
| .496| .s04| .513| .523| .533| 544 .554| .565| .576
] e ' 308 | .408 | .419| .430| .443| 456 .469| 481
| .28¢| .207| .310| .322| .335| .348| .363| .378| 301
| .1s6| .200| .216| .230| .244| .28 .o72| 88| 303
| 004| .10 .127| .143| 160 175 190 | .207 | 999
+0.005 | +0.024 +0.041 | +0.059 (+0.077 | 094 | 109 | .126 | 143
—0.081 —0.061 —0.042 —0.023 —0.004 |+0.013 +0.028 +0.045 +0.062
l 166 | 145 | .124 | 103 | 084 —0.067 —0.051 —0.034 —0.017
|20 ! 226 | .204 | .184| .165| .148| .131| .113| .06
332 | 306 .284 | 263 244 | 226 209 192 175
‘ 413 .386 | .363 ; .343 | 323 306 | .288 | o971 255
402 465 441 420 401 383 | 367 | .350 | 336
| 571 | 544 | 520 | 498 | 481 463 | 448 432 419
| .649 | 622 600 080 | 563 546 | 532 517 |  poq
728 | 701 | .680 | .663 | .648| .633| 620 607 | .poe
807 | 783 764 | 749 | 738 | 5| 75| 705 606
890 | 872 858 | 847 | g3 } 830 | .823| .817| .sn
045 | 035 028 922 015 910 905 00 | 896
0.967 | 0,960 | 0,955 | 0.951 | 0.948 | 0.945 | 0,040 | 0.939 | 0,937
—1.000 (—1.000 —1.000 —1.000 —1.000 —1.000 —1.000 1,000 1.

Pree

.| +0.0325 +0.0537 +0,
Pae...—0.4452—0,4116—0.
P oo —0.8040—0.7685—0.

P 0.0257  0.0264 0.0276  0,0206
pote... 0.2116 0.1823 0.1612 0.1438
bq?. 0.6541 0.5986 0.5630 0.5356

0708 +0, 0880 +0,
3854 —0. 3624—0,
74450, 7255—0),

0.0310
0, 1200
0.5136

1047

+0. 1213 40,

3416—0 3228 ).
7098 —0, 6062 —t),

0.0350  0.0386
0.1166  0,1054
0.4952 0.4783

1368 +0,
305010,
68350,

|
0.0420 ()

0,00458
0. 4640

1518 40,
28860,

6725 —(

L0480
(0, 0864
0, 4500

1683 40,
2716—0.
L6150,

0. 0531
0,0787
00,4378

1840 40,
2062 10,
G518 -0,

+1.000
0.935
.895
. 805
. 687
585 |
.492
L4056
.321
. 239
L1569 |
+0.079
000
L0779
. 169
. 239
. 321
L 405

.492

0,934

2005
2406
6422

0503
0.0711
00,4201

0.




TABLE la (zo = 0.90).

39

1
“k—Jlolo.g 0.8’( !0010.’ los'o '011(;_(. H
ISR BTN PR e 5 0. 1847|+0.1 3| 9 1 9 Al ’I
| P |+0 1023 +0. 1"1:|+n 137; +0.1535 t+” 1688 +0. 1847 |+ |+u 145I+0 2307 +0 2457/ 40. 2613
| P2 [—0.3378—0. ';no_vl_u "818‘——0 ‘J-Lt-—(i 2300 —0, ‘719(‘)'——0 °n°°r—0 1806|—0 mso_o 1518—0.13 SG
| 74 ‘—{) Gﬁbalr—ﬂ 6298|——4) 6028 —0. .)b(n‘—n 5608 —0. ! )MO:—O 5270 —0.51: !UI—O 1082 _4, 487 ,(,| 2 0. 4730,
L pi2 0. 0314 | ﬂ 0351 { 00,0384 ‘ 0.0423 | J 0.0466 | 0.051.’) 0.0567 | 0.0628 | 0.0699 | 0.0766 | 0.0843

f ps2 | 0.1254 ' 0.1044 | 0.0898 | 0.0776
” pe? | 0.4506 | 0.4029 | 0. 3606 ' 0. 3431

' |
|

pr | +0.1738 40,1013

H B ] 1.0 ] 0.9
|
\

P —0.227"|—n 1088

: |
J Py - —0.1 5272l-n 4020
! P 0.0477 | 0,0538
| Po? 0.0611 | 0,0485
l Pa* 0.2832 | 0.2472

0.8

+0. ‘){).»q!
I

0. 0588
0, 0395
0.2214

0.9 ‘ 0.8 0.7 | 0.6 ‘ 0.6

—{). 1760—0. lﬁ.»:!-—-ﬂ 135
(). 4650 —0, 4415

| 0.0674 | 0.0584 | 0.0509
0.5212 ro 3024 0.2848

|
|
0.0445 | 0.0383 {o 0334 | 0.0286 ||
0.2706 | 0.25060 ’0 2431 | 0.2318 H

TABLE Ib (2, = 0.80).

0.7 0.6 0.5 0.4

|
400, ‘“’(r.n\-m 2315£+0 “N{)‘«H) 2037(4-0, ETHU?H) "9.3?r+0 3080
20,1162 0, 0090 —0, 0828 —0. (1(3.:6—4) 0486 —(

0. 4-m°: |
|

0.0643 | 0,0700 | 0.0764 !0.0838 0,0013

0.0324 | 0.0264 | 0.0218 | 0,0180

(0, 1000 | 0,1814 | 0, 1664 0. 1624
\

TABLE I¢ (2, = 0.70).

| 0.4

9708!40. 0807 +0. '!n“s’+n nnn|+u 3207

1 [+0.2475 +0.2633|+0. 0.0114]+0.0052.
Pa [ —0.1134 - 41,11388{-- 0,0686-0. "Wi'—‘: t:;l'::'-—n 2035 ). 2458
| Ps —0. 3845 .l"ﬂl '4"-:‘2""f_""‘ 8038 | o ™
I‘ ME 10,0762 | 0.0830 | 0.0809 | 0.0060 | 0.1040 | 0.1119 L 0,1206
.I 25| 0008 | 0-0180 ’ 0.0116 | 0.0092 | 0.0075 | 0.0065 0. 0066
l Pa* 10.1520 | 0.1280 | 0.1101 0.0058 | 0.0840 | 0.0735 | 0.0041

—{, 4(]18-——0 'NI(}‘—O J678-—10, 'i.:l"——ﬂ 33700, 8220

0.3

+0, 3232
|
). 0318

0.1000 | 0,1081 | 0,1170
0, 0150 ill.(lliN 0.0104 | 0, 0000

0. 1402 | 0.1288 | 0.1189 | 0.1002

0.3 0.2 0.1 0.0

40, 3432 +0.3533:+U.3717 +0, 3862
+0,0208 40,0378 40,0550/ 4-0.0714

—0, 2290' 0.2118—0, 10.)...|-——0. 1702

L
0. 1203 | 0, 1308 ; 0.1490 | 0, 1506
0.0067 | 0,0076  0,0002 | 0.0113
0.0502 | 0.0488 | 0,0421 | 0.0362
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TABLE Id (2, = 0.60).

0.6 | 0.5

0.0

1
!
+0.4505|
+0. 1752

0.2112
0.0354
0.0042

HES

0. ":l?.’%
+0, 2804
40,0002 ‘

0.2738
0,0821
0.0118 |

[
| %= | 1.0 0.9 ‘ 0.7 0.4 0.3 0.2 ‘ 0.1
i ' 3 - —
1 |+0.3240 0. 3383 +0. 349o|+0 3615 +0. 3733 +0.3853 +0. 3080 +0. 4112 +0.4248 +0. 4377
by |+0.0030 +0.0240/+0. 0413 40,0504 +0.0766 +0.0944 +0, 1104 +0.1254 +0. 1422 +0.1584
by —0.2368 0. 20:8'—0 1330}—0 1638 —0. 1435 —0. 1245—0. 1072,—0.0908—0.07350. 0365—0.0395|
| 72 '0.1170 0.1258 | 0.1330 | 0.1410  0.1493 01382 01670 | 0.1783 | 01894 | 0.2002
52 | 0.0059 00062 0.0072 | 0.0087 | 0.0111 | 0.0139 0.0168 | 0.0206 0.0249 | 0.0296
| p | 0.0592 0.0462 | 0.0371 | 00298 | 0.0235 | 0.0185 10,0144 | 0.0109 | 0.0082 | 00059
TABLE Ie (20 = 0.50).
1 k= 1.0 ’ 0.9 0.8 | 0.7 0.6 | 0.5 ’ 0.4 ‘ 0.3 ’
1 _ i | o
i |+o0. 4048 +0.4172] +0. 4270/ +0.4370| +0. 4475 +0. 4585 +0. 4705 +0. 4827 +0. 4052 1+u mm.)'
Py |+0. 1226 +0. 1410/ +0. 1560 +0.1724 +0. 1872 +0 2028|+0,2172| + 0. 239 +0, 0434‘“, 9639
| #s ‘—0 08"8-—-0 0395—0.0395—0. 0210 —0. 0022/ +0 0162I+U 0335/ +0. 0482 40, ()6.)8‘ ). 0822
| #:® | 0.1731 01826 | 0.1905 | 0.1980 | 0.2080 | 0.2177 | 0.2287 | 0.2400 | 0.2518 | 0.2630
| g2 | 0.0195 | 0.0242 | 0.0284 ' 0.0337 | 0.0388 | 0.0449 | 0.0509 | 0,0573 | 0.0652 | 0.0797
h pa* | 0.0094 | 0.0058 | 0.0039 | 0.0028 | 0.0020 | 0.0022 0.0032 | 0.0045 | 0.0062 | 0,089




[§

k
s 120
4

TaBrLE II.

Values of p. (D-hyp.; larger star in front).

0.9

+1.000
0. 800

. 689
Lool)
437

L 338

169

L0801
+0.017

|
), 055

0.00....  +1.000
0.02.... ! 0.796
0.05.... . 685
O8]0 %% . .043
OR1D., .428
O F2 () .928
012815, .241
s e . 160
(235 081 |
0.40.... | +0.004 |
0.45.... | —0.070
0.50. ... 143
OB, . 214
0.60, ... . 284
0.65.... L3683 |
OSI0% e .424 |
0.75.... L4956 ‘
0805 .570 |
0.85.... LG50
0.90.... J9T
0.95.... 837
0.98. ... 010
0.90,...  —0.045 |
1.00, ... | —1.000 \

Pyovee | 40,0455

Pag ... |—0.3540 -
P3g.... |[—0,0085 -

... | 0.0108
Ped.... 0, 1352
Pat.... | 0.4978

1

. 120
196

. 265

Ladd

403
L4756
L0l
L0628
LT716
818
. 889
0, 930

—1.000 |

40,0578

), 6778

00,0198
0,1216
0, 4604

0, 3340 -
=111

0.8

+ 1. 000
0,804 |
694 |

, 008
447
. 049

.263 |

181

o4

+0.032
—0,039
108
176
. 245
.al4
. 983

404

3]

o )t
L607
L6497
800
876
0. 917
000

1
i
—

+0,0722
), 3144

0.0212
0, 1085
0,4432

0.7

+1.000

0. 808

L 608

RiliE!

455

. 359

.273

192

116

4+0.045
—0.025 |

093

161

. 229

208

. 367
438 |

513

, 602

682

.84

L8656

(), D07

—1.000

40,0847
1), 2086

o800 —0, G428

0, 0227
0. 0987
0.4234

+1.C00 \

0.812
703
569
462
569
283
1203 |

128

|
40,057
~—, 011
078
. 140
.2n;‘
282 |
361
423
498
578 |
68
770 |
865
0. 808
1,000

+ 00,0070
—{), 2828
), G258

0,0245
0. 0806
0. 4053

0.5 0.4 0.3
+1.000  +1.000 | +1.000
0.816  0.820 i .823
708 | M2 | 717
576 583 | 501
471|480 402
379 | 380 | 402
205 | .306 : 320
216 220 | 244
142 156 ‘ 172
072 085 101
+0.003 | 40,018 | +0.033
—0.064 1——0.049 ‘——0,n3+
130 160100
197 ’ 182 | 167
265 | 249 | .235
334 | .318| .304 |
406 .390 | Sy
482 | 467 | 454
563 | .549 .538
656 ! 644 | .035
761 .83 | 147
850 | .846 L840
0.804 0,802 0,888
1,000 | —1.000 | —1.000

40,1107 40,1242
—{, 26064 —0. 2508
—0. 061565 —0. 6032

1
L0272 10,0300

0
0.0805 0,0723

0.3807 | 0.3752

C40.1393 40, 1547 |
0, 2366 —0. 2218
—0. 5935 | —0. 5845

0. 0340
0. 0655
0.3642

+1. 000
. 827
.121

99
.003 |
415 |
L334
. 259
187 |
Ak

+0,049

—0.,018
L084
151
.219
. 200
365
L4433 |
. 528 [
L6206
L4l
. 836
0. 885

—1,000

[ B |

0. 0384
0. 0590
0.3540




TABLE Ila (2, — 0.90).

T | T | I [
| &= 1.0 0.9 | 0.8 0.7 | 0.6 0.5 0.4 0.3 0.2 |
| e e ! SeEt — el e

. | | |
1 £0.1037 401148 +0.1283 | +0.1402 | +0.1505 | +0.1650 | +0.1770 | +0.1918  +0.2067 |
Py |—0.2624 |—0.2438 | —0.2246 | —0.2088 | —0.1932 —0.1778 | —0.1624 —0.1478 | —0.1318
bs !—0.5538 —0.5328 | —0.5118 | —0,4962 —0, 4818 —0.4655;—0.45{)2 —0.438()i—0.4265 |
> B ] ool e | . i |
‘ 712 0.0254 | 0.0273 | 0.0304 | 0.0332 | 0.0361 | 0.0401 | 0.0442 | 0.0494 | 0.0553 ||
| 0.0768 | 0.0672 | 0.0580 | 0.0512 | 0.0448 | 0.0390 | 0.0337 | 0.0203 & 0.0247 !
‘ P2 0.3122 | 0.2898 | 0.2678 | 0.2522 | 0.2380 | 0.2228 | 0.2088 | 0.1982 l 0.1886 \
TaBLE 116 (2, = 0.80).
: . S | | et |
k= | 1.0 0.9 | 0.8 0.7 | 0.6 0.5 0.4 | 0.3 0.2 ‘
1 ‘ ‘ I R o | | i
T [7; . l ‘ il
1' Py | +0.1627| +0.1732 | +0.1858 | +0.1970 +U.2(l80i+().2208 +0.2332 | +0.2477 | +0.2623 |
;\ pa | —0.1704 —0.1536 —0.1350 4.1202;-—0.10501_0.090() —0.0752  —0.0600 | —0, 0440
II pa | —0.4242 ._9_4042‘—{)_3338 —4).3678i—-().3522i-»(}..‘l:h“ﬂ —n.msi—o.:suss —0.2920
1 A 4_4i e — —— — ————— — |
£ | 0.0385 | 0,0420 | 0.0463 | 0.0502 | 0.0645 | 0.0597 | 0.0650 1 0.0718 | 0.0792 |
. pa? 0.0356 | 0.0300 | 0.0243 | 0.0204 L 0.0168 | 0.0137 | 0.0113 | 0.0094 | 0.0077 |
" gt 0.1840 | 0.1676 ] 0.1512 | 0.1302 | 0.1281 | 0.1165 | 0.1061 | 0.0075 ().()SBGJ
TABLE Ilc¢ (2, — 0.70).
| | ; . ]
Il = \ 1.0 0.9 0.8 ‘ 0.7 0.6 0,5 0.4 0.3 | 0.2 ‘i
| PR i R o A= T ]t |
J pa | —0.0764|—0.0616 | —0.0448 —0.0310 | —0.0174 | —0.0030 | +0.0144 +0.(‘»2n3l +0.0498 ’
" ba \—0.30101—0.2322 —0).2622  —0. 2465 | —0.2305 | —0, 2142 | —0, 1988 —0.1342!—-{'.1032 .
| — —_— —_ e —t— ] |
(. | = ; al
i! pi* | 0.0608 | 0.0652 0.0708 | 0.0758 0.(}809 0.0872 | 0.0932 | 0.1017 | 0.1102 |
| pe? | 0.0112 | 0.0088 | 0.0068 | 0.0054 | 0.0047 | 0.0047 | 0.0044 | 0.0053 | 0.0064 ‘|
H bat l 0.0038 | 0.0826 | 0.0718 | 0.0638 | 0.0560 | 0.0489 | 0.0422 | 00360 ‘ 0.0314 |

I




TABLE IId (a5 = 0.60).

93

J k= J 1.0 0.9 . 0.8 0.7 0.6 0.5 0.4 0.3 t

. | ! _ - I
. | | o

| £ |+o.2sou +0.2085 +0.3007  +0.3195 +0.3290  +0.3400 | +0.3507 +0.3643  +0. 3775}
: Fz | +0.0204 40,0326 40,0472 +0.0598 | +0.0724 40,0866 | 40,1004 +0.1162 | +0. 1'118;
ps “—0_1789‘—0.1610 —0.1420 —0.1270 | —0 1115 | —0.0970 | —0.0820 —0. 0670 | —0. 0510{
|- | 0.0920 | 0.0975 | 0.1042 | 0.1102 | 0.1161 | 0.1232 | 0.1303 | 0.1309 | 0.1404 |

| po® | 0.0046 | 0.0050 | 0.0059 | 0.0072 | 0.0088 = 0.0109 | 0.0134 & 0.0170 | 0.0209
Py J 0.0341 | 0.0282 | 0.0224  0.0181 i 0.0145 | 0.0115 | 0.0088 | 0.0064 | 0.0045 |

: : | | ‘

TaBLE Ile (o5 = 0.50).

k= 1.0 } 0.9 ] 0.8 0.7 0.6 ‘ 0.5 0.4 0.3 0.2 “
2 +0. .msl +0. .}67() +0.83775 | 40,3867 | +0.3053 | +0,4052 | +0.4148 | 40,4273 | 40,4303 1
Pa +0. l"nb +0. 1‘308 40,1434 | +0. 1648 | +0.1664 | +0,1800 | 40,1930 | 4+0,2084 | 40,2234 l

Pa —0.0.)]:-3,—0.0368!—4).0"1",—4).0()72 +0.0062 +-().(]E{'I8J+l_b.('l348 +0.0502 | 40,0662

[ P i g ] ] e S R

e SIPER St | |

X 0.1348 | 0.1415 = 0.1492 0, 1561 | 0,1624 I 0.1703 | 0.1779 | 0.1884 | 0.1986 ||

pe* | 0.0178 | 0.0201 | 0.0236 0.0270 | 0.0304 | 0.0352 | 0.0400 | 0.0460 | 0.0526 ‘

pit | 0.0042 | 0.0028 | 0.0020 | 0.0016 | 0.0014 | 0.0019 | 0.00256 | 0.0039 | 0.0050 l




TABLE

Values of $. (D-hyp. ;

.0 0.9

III.

smaller star in front).

0.8 0.7 0.6 0.5 0.4
.00 .000 | +1.000  +1.000 | +1.000 +1.000 | -+1.000 | 41.000
.02 796 | .786 | .778 | .772| .768| .765| .762
.05 . 685 660 644 635, .628| .624| .620
.10 543 511 495 | .485| .479| .473|  .468
8IS .428 .390 | .370 | .357| .350| .344| 338
).20 328 287 263 250 |  .240| .232| .99
.25 .240) 195 |  .168 150 .142 .134 127 |
.30 158 109 | +0.079 | 40.060 | +0.049 | +0.042 | +0.036
).35 080 | 40,029 —0.003 |—0.024 —0.036 |—0.043 | —0.048 |
40 004 —0.048 .083 104 117 124 .129
.4.-; .070 .125 | .162 | . 182 .196 204 .209 ||
.50 .143 .200 237 257 .272| .280| .285
). 55 214 271 .308 | .329| .343| .351| .356
.60 284 | 341 | 379 | .401 .413|  .421 . 427
.Es .354 | 411 | 450 | .472 .483 491 497
.70 424 . 482 521 |  .542 .553 561 567 |
75 496 | 554|592 612 .623| 631 637
.80 570 | .627 .663 | .682 693 700 706
.85 650 | .704| 736 .754| .763| 770|776
.90 S7S TR NINTBT 814 .828 .835 . 842 847
.95 .837 |  .880 899 | .907|  .913| .g18 .90;'
0.98 910 i 043 |  .955| .959| .962| .o64 067
.00 000 | —1.000 | —1.000 —1.000 |—1.000 |—1.000 |—1. 000 |
14-0.2x .000 1 —1.014 | —1.030 —1.047 |—1.070 |—1.100 |—] 145 '
14+0.4x | 1.000 | 1.030  1.062 | 1.099 1.147 1.216 s
140.6x| 1.000! 1.048| 1.100| 1.163| 1.241| 1.355 i
1-1-0.8x 000 1.069 1.146 | 1.246| 1.361 | 1:555 l';lh
I +x .000 | —1.111 | —1.250 |—1.429 |—1.667 |—2. 000 __9';h”
| |
X .000 0.015 0.047  0.084  0.143 0.220  (.399
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TaBLE IIT (Continued).
T;:_ T S ESERE e
=i 1.0 0.9 | 0.8 7 |
| } ’ | 8 ‘ 0.7 F 0.6 0.5 i O
5 | +0.044 57 | | B |
| A | 40,0448 —0.0067 —0.0395 —0.0595 —0.0717| —0.0792 |
b | —0.3542|—0.4118 —0.4500 —0.4712| — el il s 3 087
by | —0.6985 —0.7495 —0.7780 —0.792 SR (I e 4 S R
< i Uk 7928 —0.8010| —0.8075/ —0.8128|
| | === . = _
e | 0.0190 | 0.0181  0.0206  0.0228 | 0 T
3 A ).0228 | 0.0250 | 0.0262 | ol
P | 0.1353 | 0.1796 | 0.2126 | 0.2320 ‘ 0.2431 | © 0535 : gggg? i
p2 | 0.4978 | 0.5706 | 0.6130 | 0.635 - a2 DI 2000
il-_1 i | b | IBHE: ‘ 0.6483 | 0.6586 ’ 0.6670
TaBLE IIIa (o — 0.90).
i—"- — e ——— — = . _
;= | 1.0 0.9 ). Caa
f il ‘ #____(_fé__ 0.7 } 0.6 | 0.5 0.4
1\ | | - a= —_—
| I 2 '-+0.1028|—%U.U533 4-0.0215| +0.0025] —0.0088
| )2 ). —0.0163( —0. 0
| p. |—0.2628 —0.3198 —-0. 3580 —0.3788 —0.3916/ —0 4uﬁ3 H'gﬁ?u
b | —0.5540 —0.5852 —0.6460] —0.6650, —0. 675 i o e
J” b | ___7)1#_ 385 | 6460, —0 bﬁoul 0.6755 —0.6830 —0. 6890
| p2 | 0.0251 ! 0.0184 | 0.0169 | 0.0169 | 0.0175 o
! = S . * UU]” )
| p2 | 0.0791 | 0.1102 o 1364 | 0.1617 | 0.1614 | 0 105? 3'?;33
| he | 0.3103 | 0.3780 | 0.4226 | 0. ' 3. e
‘-‘ P | 4473 | 0.4612 | 0.4714 | 0.4796 |
TasLe 1116 (2, —= 0.80).
| % 1.0 0.9 0.8 0.7 0.60 | o.5 A
] S .60 1 0.5 0.4 |
| o : e ul
| p | H0.1622 0. 1143] 40,0848 4+0.0663 +0.0555 +0.0483| |
P \*~0.17n4:_~n.2268 —0.2638 —0.2846 ——0.2934(—~u ?nﬁj | x'gffgl
el o 4828 —0.5210 —0. 5420 —0. 5530 —0. 5610 —0 . |
b (I.I_uU' 0.4828/ —0.5 lli 0.5420 —0.5530/ —0.5610/ —0. 5670
s | | o |
. 385 | 0.026 02 L01¢ 3 -
| 7 “'”fff 0 U_Ql 0 (H{} | 0.0190 | 0.0180 | 0.0171 | 0.0164
| Pt 0.0336 | 0.05681 0.0763 | 0.0879 | 0.0958 | 0.1006 | 0.1039 |
| AT | L) O 5 o) . . - = . e |
| 0.1847 0.2372 | 0.2754 | 0.2977 | 0.3008 | 0.3186 | 0.3254

|




TABLE Illc (a2 = 0.70).

—— b ) U5y 0.8 | 0.7 0.6 0.5 0.4

by | +0.2237 4+0.1778 +0.1503| +0.1332 +0.1232 +0.1158 -+0.1098
py | —0.0762 —0.1316 —0.1678/ —0.1878 —0.2022 —0.2096 —0.2146
by | —0.3015 —0.3585 ——0.3968i4ﬁu.4185 —0.4305 —0.4385 —0.4442

2 0.0602  0.0427 | 0.0344 | 0.0301 | 0.0278  0.0260 | 0.0246
| p2  0.0111 | 0.0229 | 0.0339 | 0.0389 | 0.0467 @ 0.0498 | 0.0519 |
| P2 0.0939 | 0.1315 | 0.1605 | 0.1782  0.1883  0.1953 @ 0.2009 |

|| I | — = L Tl T il

TABLE IIId (a5 = 0.60).

ik = 1.0 ‘ 0.9 0.8 - 0.7 ; 0.6 0.5 0.4 1

| 5 | +0.2880] +-0.2448 +0.2195 +0.2038| -+0.1948! +0.1875 +0.1813
py | +0.0198 —0.0324 —0.0666 —0.0870 —0.1000 —0.1072 — 1199,
‘ ps | —0.1782 —0.2350 —0.2720 —0-2028 —0.3070 —0.3150 —0.3200

i e - |
7"12 ‘ 0.0014 0.0691 0.0580 0.0518 ! 0.0484 0.0457 0.0434

pet | 0.0045 | 0.0054 | 0.0090 | 0.0121 | 0.0147 | 0.0162 0.0173
Dat } 0.0340  0.05875 0.0763 - 0.0881 | 0.0966 | 0.1015 | 0.1047

TaBLe IIle (4 = 0.50).

| | |
23] e | .U ‘ AL ‘ .8 7 3 5
| k | 1 | 0.9 | 0.8 0.7 | 0.6 0.5 0.4

= pu | +0-8068) +0.3165) +0.2037) +0.2707| 40.2717| +0.2645) -0, 2582
| »f)z | +0.1196 —f*U.UfJ.)S‘ +0.0388 - 0.0190 40,0074 +0.0004 —0.005

_ . , 62
Dy ] —0.0515 —0. l(}58: —0.1420| —0, 16'22; —-0.1760| —0.1835 —0 . 1885

| - .
b ‘ c

]‘)12 ! 0.1342 | “.1070 | ('.(_}942 ‘ ”.”8(;5 (I_(_)SQ:; ”-“78“ () ”7:',_;

| Po? |‘ 0.0174 | 0.0081 | 0.0049 | 0.0039 0.0037 | 0.0037 | 0.0036

| Pt | 0.0044 | 0.0130 - 0.0220 1 0.0257 | 0.0329 | 0.0356 (::0375 |
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SUREISIBINIEGEN

I

De waarnemingen en theorieén van SHAPLEY leveren geen grond voor de
opvatting dat er geen selectieve absorptie van het licht in de ruimte zou Zijn.

IT

' Zondcg de kg]lllls van de absqlute helderheid van eenige kort-perio-
dische Cepheiden mist de kromme, die het verband tusschen lichtkracht en
periode voor deze sterren aangeeft, een vasten grondslag.

[11

De afleiding door SHAPLEY van de afstanden de
hoopen berust op onjuisten grondslag.

H. SuarLEY: ,,Studies based on the Colors and Magnitudes in Stellar ¢ s, (C
e O RO stellar Clusters™. (Contr, Mount

r bolvormige sterren-

IV

I'egen (Ic_opvattmg van een Cepheide als een pulseerende ster Z1n
verschillende bedenkingen aan te voeren. | '

Vv

J 'K 1 ST - x|y pye
I\a.mx-l\ulrlg bepaalde lichtkrommen van sommige Algol- (of 3 | Tae)
veranderlijken kunnen een oordeel geyen omtrent de juistheid I ‘-1-‘ '
" - . . 1« e » Y
bruikte photometrische schaal. van de ge

VI

Lichtkrommen afgeleid met be

hulp van gra;
_ _ raadw;
niet onder te doen voor lichtkromme 5

el o) aarnemingen, behoeven
i algeleid uit photometrische bepalingen.



VII

Toge{]’ PERrOT’S opvgttmg, dat. hij het EINSTEIN-effect geconstateerd
heeft voor één der Magnesium-lijnen in het zonnespectrum, bestaan ernstige

bedenkingen.
A. Ptror: Journal de Physique, April 1922, C. R., Maart 192].

VIII

In de  fijnstructuur” van het Helium-spectrum mag men geen bewijs
zien van de juistheid der Relativiteitstheorie.

A. SOMMERFELD: ,,Atombau und Spectrallinien”, 1922 (8. Kap, § 7).

[X

De hypothese van SILBERSTEIN, dat de twee electronen in het Helium-
atoom elkander niet zouden afstooten, is eerst dan gerechtvaardigd, als men
die afstooting op grond van de gebruikelijke quantentheoretische eigen-
schappen van het He-atoom niet kan verklaren.

De goede overeenstemming van de meeste der waargenomen spec-
traallijnen met lijnen, die volgens de hypothese van SILBERSTEIN mogelijk
zijn, kan a prim‘i' verwacht worden.

L. StLnersTEN: Ap. J. September 1922,
N
De serieformule van MARSHALL WATTS heeft geen beteekenis. Ook die

van RAMAGE bevat te veel constanten.

Phil, Mag. 18, 411 (1909).
Proc. Roval Soc. 70, 1 en 303 (1902).

X1
In tegenstelling met EINSTEIN komt BECQUEREL tot (h.'. gevolgtrekking,
dat een waarnemer in het middelpunt van een draaiende schijf de verhouding
van den cirkelomtrek tot de middelliin <= vindt.
Deze gevolgtrekking 15 aannemelijker.
M. ]. BreguereL: . Le Principe de 1a Relativité et la Théorie de la Gravitation,” 1922, Errata
et Additions 1-1_ VIIL,
AN
intensiteit, die een lichtbundel ondergaat bij
¢ water, moet, buiten het gebied der absorptie-
ls niet aan ware absorptie worden toege-

. De vermindering van
zin doorgang door een laag]
banden, waarschijnlijk grootendee
.\'(.‘hl'(‘\'(ln_
Roval Soc. 87, 126 (1894).
: der Physik und Chemie 55, 401 (1805).

Tios, Ewax: Proc.
E. Ascukinass : Wied, Ann,



XIII

De oplossing van een differentiaalvergelijking van den vorm

dny

ny Ay ey o
dxm

i =T MLm= 3 Sk i e’ dx T9y=0

voert volgens de bekende behandelingswijze tot de u-vergelijking::
wur +aqur1 + b2+ . .. ..+ pu + gi=—.10

Heeft deze gelijke wortels dan bestaat er een methode dje vlugger en
eenvoudiger tot de algemeene integraal voert dan de drie gebmk‘ikb“jke
methoden.

X1V

De juistheid van de formule die PAUL HERTZ afleidt voor het aequi-
valentgeleidingsvermogen mag, voor het geval van geer groote en van
oneindige verdunning (1), door de toetsing van LORENZ niet als bewezen

worden beschouwd.
Ricuarp Lorexz: Zeitschrift fir Anorg. Chem. Bd. 114 und 114
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