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T H E
- PoRCE-R-A G,

HE fubjedt of the following bock is Alged

bra, a [cience of univerfal ufe in the Ma-

thematics. Its bufinefs and ufeis to jolve
difficult problems, to find out rules and theorems. in
any particular branch of fcience s 1o difcover the pro-
perties of fuch quantities as are concerned in any [ub-
jel? we bave a mind to confider. It properly folloms
thefe two fundamental branches, Arithmetic and
Geometry, but is vaftly fuperior in nature_to both,
as it can folve queftions quite beyand the reack of eis
ther of ikem.

TH1s is an art truly fublime, and of an unlimited
extent 5 for if the conditions of a problem be never fo
complex, and though the quantities concerned are never
fo much entangled with one another, yet the Algebraift
can find means to diffolve and feparate thems or if
they ke ever [o remote, bis art can furnifb kbim with
wiethods to bring them together and compare them. . It
is true, be is often obliged to traverfe by many round-
about ways, to get the relation of the quantities con-
cerned 5 yet by certain rules be can purfue the computa-

 tion of bis problem through all thefe intricate turmings
and windings ; and by bis ffill and fagacity can hunt
it through all thefe labyrimtbs, il be arrives fafely
A2 ai




iv The PREF ACE.

at the end of ithe chace, viz. the Jelution of the pre-
blem.

THE extent of this curious art is [o great that it
bas gained the title of Univerfal Mathematics; and
is called by way of eminence, The Great Arts and bas
been eftcemed the very apex of buman reafon. It is alfo
called Specious Arithmetic, Univerfal Arithmetic,
The Analytic Art, The Art of Refolution and
Equatlon ;  with a view to fome or other of its pro-
perties or operations,

Tue nature of this excellent art is fuch, that it may
be applied 1o any fubjest, provided the principles of
that fubjedt, it is 4 pﬁed *o, be underfiood. Iis great
beauty is, that it deals in generals.  For whilff other
branches go no farther than their own particular
Jubjei, and can only find folutions in particular cafes
this art finds out general folutions, gencral rules, ge-
neral theorems, and general miethods.

Trus noble feience has alfo this peculiar property,
dbat it not only invéftigates rules in all the other parts
of the Mathematics; but by the moft fubtle art and in-
vention, it finds out its own rules, models them ac-
cording to any form, and varies them at pleafure, fo
as to anfwer any end propofed. It would be i1 vain
20 attempi to enumerate all the ufes of this admirable
art.

By making ufe of letters infead of numbers, it bas
one great advantage above arithmetic, viz. that in
the feveral operations of arithmetic, the numbers are
loft or fwallowed up, and changed into athers: but
kere they are preferved difting, wvifible, and unchang-
ed. By which means general rules are drawn fram
particular folutions, to anfwer all cafes of like nature,

By




The PREFACE, v

By belp of algebraic tharallers, geometrical de-
monfirations are often rendered more fhort, compendi-
ous, and clear. So that by this means we avoid the
tedioufnefs of  long verbal procefs, whith otherwife
we fhould neceffarily be involved iny and which mever
fails 1o darken and obfeure the fubjesi.

It is bighly probable the ancients made ufe of fome
Jort of analyfis, wherehy they found out their noble
theorics,  For it is bardly poffible fo many fine theorems
in Geometry, fbould be groped out or fiumbled on, with«
out fome fuch method. But as it was then only in its
infancy, it muft bave been far Jhort of the perfeliion
we bave it ip at prefent.

As to the Reader’s qualifications, it is abfolutely ne-
ceffary that be underftand Arithmetic and Geometry, as
the keys to all the reff.  And it is alfo neceflary that
be underfland the principles of every branch of [cience,
b0 which be would apply algebraic caleulations 3 other-
wife it would be in vain to attempt the folution of any
Problems therein, by the belp of Algebra.

THEN as to the method I bave followed, it is this.

I bave gathered together the moft valuable rules and
precepts, which lie feattered up and down in all the
beft books of Algebra 5 and whar was deficient, I bave
Jupplied as well as 1 could. Then I bave thrown all
thefe precepts and rules of working, into [o many pro-
blems y which 1 bave reduced into as fbort a compafs,
and expreffed in as plain terms as poffible, [o as they
may be clear and intelligible. And the method I bave
taken 1 fuppaje will appear to be very fimple and eafy,
and will readily be apprebended by [uch people as bave
Sound confufion and diffculty in ctber methods. I be-
lieve I have omitted nothing that is furdamental ; and
if any thing of lefs moment is paffed by, it is either
becanfe
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becaufe it is of little ufe, or is fupplied by fome othes
method or vule. And all the rules and problems are
in fuch order, that the eafieh appear firft, and lead
on to the barder, which follow in due courfe after-
wards : thefe make up the firf} book. And the fecond
book contains the application of dlgebra to all forts of
problems, of which there is great variety, and many
of them perfeflly new; others that are not fo, have
generally new folutions to them. So I bope I bave
delivered both the principles and the praitice at large,
and yet bave not clogged the Reader with any fupers

ﬂﬂi’.}’t

W. Emerfon.
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A LGEBRA.

DEFINITIONS.

1. LGEBR A4 is ageneral method of com-
puting Problems, by help of the letters of
the alphabet, and other charadters. It is

of the fame nature as Arithmetie, but more gene-
ral, and therefore it is cailed Univerfal Arithmetic,
as likewife the Analtic Art. The peculiar pradtice
of this method is, to affume the quantity fought as
if it was known, and proceeding to work by the
tules of this art, till at laft the quantity fought, or
fome powers thereof, is found equal to fome given
quantity, and confequently itfelf becomes known.

2. Like quantities, are thofe thar confit of the
fame letters; as @, 4a, —3za.  Allo b, 35,
—11; alfo 24b:, 15abc, —abe 3 &c.

3. Unltke quantities, are thofe confitting of dif-
ferent letters, or of the fame letters, differently re-
peated. Asa, b2, —3d.  Alfo o, 240, — saaa.

4. Given quantitics, are thofe whofe values are
known,

5. Unknown quartities
are not known.

6. Simple quantities, are thofe conlifting of ane
term only ; as 55, 34%¢, qdeey, &e.

7- Compound guantitics, are thole confi fting of fe-
veral terms, as 242, 2¢—3¢, a+1b—3d, &c.

B 8. Pgfirive

are thole whofe values

3




DEFINITIONS.

8. Pofisive quantities, are thofe to be added.

9. Negative quentities, are thofe to be fub-
tracted.

1o. Like figns, arceitherall 4, or all —, (See
the Characters.)

11. Unbike fions are 4 and —,

12. The Cocfficient, is the number prefixed to any
letter or letters in any term. As 3 is the coeffici-
ent of zaa. If no number be prefixed, then 1
muit be underftood, as @ 2 fignifies 1a4.

13. A Binoinial quantity, is one confifting of sw
termis, as 2@ 4+ 3 b A Trinomial of 3 terms, as

a4+ b — o A Buadrinomial of four, &e. A
Refidual is abinomial, where one of the quantities
is negative.

14. Power of a quantity, is its fquare cube, bi-
quadrate, &e.

15. An Eguation, is the mutual comparing of
one thing with another, by the fign of equality put
between them.

16, A dependent Eguation, is an equation which
may be deduced from fome others.

17. An independent Equation, is one that cannot,
by any means, be produced from the others.

18, Pure Equation, is an equation containing but
nne power of the unknown quantity; as a fimple
Equation, a pyre Quadratic, a pure Cubic, &c.

19. An affeifed Equation, is that which contains
feveral powers of the unknown quantity 5 and is de-
nominated according to the higheft power in it; as
an affefled Duadraticy an affeéted Cubic s an affeiied
fourth Power, &c. Thus a fimple equation con-

mple quantity itlelf. A quadra-
tic, a quanticty of 2 dimenfions ; a cubic, a quan-

ail

tains only the fi

tity of 2 dimenfions; a biguadratic, of 4 dimen-
A 2 3
fions, &'«
20. Ind:x or Exponent, is the number fet aver

; hete

a lerter fhewing wiat power it is: as 4';

3
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DEFINITIONS. 3
fhews it is the third power; or that &* is equiva-
lent to saa. And thus g+ is the fame as g2 @ 253
as the fame as aaaaa, &c. the index always
thewing how oft the letter is repeatad.

21. A Fraftion, confifts of two quantities placed
on¢ above another, with a line between them,
a
as 55 the upper (a) is called the numerator, the
lower (&) the denvminator.

22. A Surd, is a quantity that has not a proper
root, as fquare root of a (y/ a), cube root of
L s
bb (\/'l,',)’ &c. roots of compound quantities that

contain other furds are called, Univerfal Surds.
23. Aratiopal quantity, is a quantity that has no
radical fign,

Charadlers ufed in Algebra.

+  more, to be added, being the fign of ad-
dition, This is called an affirmative
fign. Thus a + & fignifies 4 added
o a.

—  lefs, abating, the fign of fubtrattion.
This is alfo called a negative fign.
Thus a— 3, fignifies & fubtracted
from a.

Thefe figns always affect the quan-
tity following ; and are always 10 be
interpreted in a contrary fignification,
It + fignifies upward, forsua
mereafe, obove, before, ad
then — is to be interprere
ward, backward, lofs, decreafe, below,
bebind, [ubtraBion, 8cc. And if 4+ be
be underftood of thefe, then — is to
be interpreted of the contrary.

f

B 2 < 0] .f."{"ﬁ_




' 4 CHARACTERS.
! v differences as @ v b, fignifies the differ-
ence between @ and 4.
X multiplied by 3 as a X b, fignifies 2 mul-
tiplied by 4. Likewife a4, fignifies
. a multipiied by 4. All letters ]4)'md
| trwethcr hnmﬁes a multiplication. For
bre Vity's fake points are often ufed
. B—1 #—2
inftead of X, as #.——. o fig-
n—1 #n—2
nifies ¥ x —— %——,
< divided by, as a -—Zz, fignifies & divided
by 4, and b I".rfmﬂea the fame.

=  equal to, as a 4 b = 2d, fignifies @ and
b equal to 2d.
C  greater tham, as atT b, 15 a greatet
than &.
leffer than, as a c_ b, is a lefs than 4.

‘ =
| - 3
; v/  aroot, a8 1/a, is fquare root of a. \/a,

cube root of 2. 4/a, fourth root of 4,
&ec. it is called a Radical Sign.
‘ © involved to, as @ 2, involved to the
j fguare 5 @3 involved to the cube,
? €c.

. lw  extrafted. lw 2, {quare root. lw 3, cube.
: root, e,

a4-b4c¢, a line, or winculum, drawn over feveral
quantities a, &, ¢, denotes them to be
elteemed a compound quanticy.

F‘-{‘-’I ANATI1ON.

aa—bb -|- } ¢ d, fignifies ) 4 fubtracted from
aa, and 2¢4d ed.

44— by — cd-—dd, fignifies, that ¢ c—dd is
I {ubtracted from' @ s — 44,
aa -+ 2480



EXPLANATIOQN. g
@aa+42ab 9N ry—gyy, lignifies the difference
between aa + 24§ and 71— s
abec figpifies the produét of aand 4 and ce.
a4t xaao, fignifies the fum of ¢ 4+ ¢ muld-
plied by aza.
. @+ b Xaa, fignifies the produdt of 4 into a4
15 to be added to 4.
48— 2ab , fignifies the fquare of the.com-
pound quantity za— 2 4 b.
V'bb e fignifies the fquare rootof 4 4 c &
R TR
V' 2 ab — ¢, fighifiesthe cube root of 2ab—cc.

aa
a—3» fignifies 44 divided by a— 2.

a’
J ———— {ionifi e root of & di-
¥7— 25 lignifies the fquare root of 4

vided by #x — s a.
ash* lignifies aaax b b, or the cube of & mul-
tiplied by the fquare of 2.

3ax— x x V5 a x, fignifies the fquare root of
5ax multiplied by 3 2 x— x x; and fo of others.

Quantities that have no fign prefixed, muft be
underftood to have the fign < ; Jeading quantities
feldom have the figns put down, when they are af-
firmative.

If AB and CD betwo lines; then A B xC D,
in a geometrical fenfe, fignifies the reftangle made
by the lines AB and CD.

AB : " 2
Alfo D fignifies the ratio that A B has to

NOTATION.

1. In the computation of problems, putthe firft
letters of the alphabet, 2, ¢, 4, f, g, b, &c. for
known quantities, and the laft letters of the alpha-
bet for unknown ones. Yet fome put vewels for

B 3 unlknown




6 AAX I O M S
unknown quantities, and the reft of the alphabet
for known ‘ones.

2. For general forms, put the capitals A, B, C,
D, &e¢. for the general quantities.

3. Or in univerfal forms, let the quantities be
denoted by the Greelk capitals, 1, A, 7, @, A, IT, 5,
T, &, ¥, @, and indices, coeflicients, &¢. by the
{mall ltLl";l":‘., fj, g5 Ha B 2 s Uy Ty Ty O

4. Incafe of neceflity, make ule of any other fort
of letters, or of any characters, that have names,
as b, Wy &5 Os5 Ty ¥y Dy Eg S, F, 3, &c,

A 3O LTS

1. If equal quantities be added to equal quanti-
tics, the fums will be equal.

2. If equal quantities be taken from equal quan-
tities, the remainders will be equal.

3. If equal quaniities be muldiplied by equal
quantities, the produéls will be equal.

4. If equal gquantitics be divided by equal quan-
ties, the quotients will be equal.

5. The equal powers or roots of equal quantities,
are equal,

6. If to or from equal quantities, unequal ones
be added or {ubtradted; the fums or remainders
will be unegual.

7. 1f equal quantities be multiplied or divided
by unequal quantities 3 the prodults or quoticnts
will be unequal.

8. Quantiries feverally equal to' a third, are
equal to one another.

9. The whole is equal to all the parts taken to-
gether.

10. If a quantity be addeds and the fame guan-
tity fubtracted, they deftroy one another, and are
both reduced o nothing,




7.4

B0 & K. L

The fundamental Principles of Algebra.

§ECTE
The primary Operations of Aigebra in Integers.

PROBLEM L
To add feveral Quantities together.
1 RULE.
F the quantities are like and have like figns

add all the coefficients together, for the coef-
ficient to that quantity, and prefix the fame fign.

Ex. 1.
to + 54 to —16 2 & to 4+ 4a4—3%

add + v@ add— 54é add 54— &
—iee. gdd — 22 add4+ a—s5x

Sum 412 4 R WS, —

i —23ab Sum410 a—gx
Ex 2.

to + 135ab — 202 ¥ ¥}

add 4+ 174bd — 105 %X )}

o 3abd — 1jxx)y

4 abb L

—_— — 424 ¥

Sum -+ 1554bs
2 R U LE,

If like quantities with unlike figns ; add all the
affirmative coeflicients, into one fum ; and all the
b 4 nega-




8 ADDTT10N. Bk
negative ones into another; fubtraét the leffer fum
from the greater, and to the ditference prefix the
fign of the greater, with the proper quantity.

Ex.

2
3
to - Ga e 16 36— 9b
add — 3 4 + 3d —zat 85
Sum -} 2 a — 134 G - b

Ex. 4

125 a b + 34 &%

— 25ab — 8avy

e ab — Xy

+ 9gab + g2 ¥y

— 16245 .

= 1004 & +120 &%y

Sum — 62 s
el e -+ 50 &%y

j'.Q.-‘\'. B
— 22~ Qbcd J dd 4 a¢
+ 728 —20 bed— dd + 5
+ s3aa+4 q4bed

St [ ¢ - = ¥
aUMm = 0 & da _"?‘."" 2 ¢.a _l,- 7 e

3 RULE.
Set dy

own all the unlike quantities with their pro-
per ligns.

6.




Set. 1. ADDITIQN. 9

¥y 2.
4 1304 =24
ks 4_(;,]}-—'-3(3
e be 4+ 5a
— 2dd+4 6d

Sum -+ 1388 —4ab +bc—2dd + 6 4.

Ex. 8.

2 ee 4 g of =l fif+ 17
— 3¢t + sef +2ff — 11
+ 6ee— ef + ff— 3

Sum 4 see + gef +2ff + 3

The reafon of this rule is evident for like figns
and in unlike figns, it follows from the nature of
affirmative and negative quantities, that the diffe-
rence ought to be taken, to make up the total. As
if 2 man owes 10/. then 10/, ought to be deduct-
ed from his ftock to find his real worth.

Cor. 1. When frveral quantities are ta be added 0-
gether, it is the [ame thing, in whatever oraer 10¢y
are placed,

Thus ¢ + b—¢ —=a—c+b=—c+at+b
= b + a—¢, &ec. for all thefe are the fame.

Cor. 2. Hence the fum of any mamber of affirmative
quantities, is affirmative 5 and the fum of any nunber
of megative quantitiesy is negative,

PROBLEM IL
To fubtratl quaniities from one anotber.

R U L E.

Change the fighs of all the quantities to be fub-
trafled ; and then add them all together by Prob. I.

and their fum will be the remainder fought.
Ex,




SUBTRACTION, B. L
By 1,
4+ 8@ 16 4 —11¢
+ 34 — 50 +ige
Rem, 82— 34 166 454 — 11 ¢3¢
or 5 4 or 21 & or — 14 ¢
— 20
g
- 204+ 6
or — 14
Ex. 2.

from 6a—3x+ 6y—7

take 4+ 8a 4 44 4 6y 4+ ;5

eM, — 24— 7% 4 0 — 12
a3

from a 4 & a +

__.g._ll.

take ¢ — &

Rem. 4+ 2 & 2a
Ex: 4.
from aa 4 2ab 4+ bb
take +4ab
Rem. aa—o2ab 4+ bb

Bai 5
from aa— 50 %
take ¢ ¢ — dd
Rem. aa— bb—cc+4-dd

Ex, 6.
from 23d6—2834c:d—4dd st T

take — 248 — g8 —a,b — 2 dd

Rem. 544 4 34 4+ cd 4 ab 4-dd —ff

Cor.




Seftl. MULTIPLICATION. It
Cor. 1. Hence, To fubtrafl one quantity from ang-

ther, is the fame thing as to add them together, when

all  the _ffgm r-'j’ the J}"b:f'riil"'f‘.f.‘-j are ('f"a::.:g‘f"d.

G — -0 = g -} b

For it is the [ame thing to fubtra® —, as to
add 4 ; and to add —, as to fubtra® 4. For
fuppofe a2 man to owe 10/ becaufe it is adebrit
muft be writ —10 /. therefore it any body would
take away this —10, it is the fame thing as if he:
added - 410 to his ftock : but before it is difcharg-
ed, this —10 is the fame, .as 410 deducted out
of his ftock.

PROBLEM IIL

To multiply one quantity by anailer,

Rt

. Mu]ti;ﬂ.y every particular term (or fimple quan-
tity) of the multiplier, into every term of the mul-
tiplicand, one after another ; {o that the coefficients
be multiplied into the coefficients; and the letters
into the letters, by placing them all together, like
lr_atrers in a word. And prefix 4 to produéls of
!l]it: figns, and — to unlike ones. The fum of all
1s the produét foughr.

M R
¥ a —a 3 — 4
+ & — b —a b + 5d
- ab -k —Gakb —=200¢ d

a + b a b

]

a4+ b a8 —b

— ek ape Rl
¢a +ab aa +ab
4 ab+bb ek

a6+ 2abtpp  aa—bd Ex.




MULTIPLICATION.
E 3.

ga—2zb

58440

1564— 108 &
4 12 ab—8%4%

15aa-4 2 ab—8b6 )

Ex. 4,
aa+ab—bb
a—ib

a’ -+ aab—abb
—aab—abb + b

ai —a2a bl 4 b
Ex. 5.
6b—3cd 4 rs
sr—7ud

srab — 15red4- prrs — yabd + 21cdd — 7 rsd.

Ex. 6.
gaa—z2ab+;
aa + 2a8b—3

3at—2ba' + 5aa
G 6bat— 4aabb + 10ab
—9aa — 6ab—1;

3 a* + 4ba>—sbboa—ypaa + 16 ab— 15

Ex.- 7,

aa 4+ bb
eL —dd

ccaa cchb
—ddaa—ddbb

ccaa—ddaa +ccbdb — ddbb




Seét.l. MULTIPLICATION. 13

9
' Ex. 8.
a3 4 &
a* — 3 b5
& . — 1247

That every term in the multiplicand muft be
multiplied by every term in the multiplier, is thus
made evident. Ict e 4 & be multiplied by ¢ 4 4;
it is plain, @44 muft be raken fo often as there age
fuppofed upits in ¢ and 4, that is, as often as there
are units in ¢, and alfo as oft as thereare units jn 4.
Therefore the produé@ will be 244 % ¢4 a+6 xd.
Bur for the fame reafon 2 4+ bx¢ —ac + b,
alfo 2 + bxXd =ad + bd Whence the pro-
duct will be ¢ ¢ 4 b¢c + ad + bd; that is, the
fum of all the produéts of every term multiplied
by every term.

That like figns give 4-, and unlike figns —, in
the produét, will appear thus.

Cafe 1. Let + a be multiplied by + 4. Then
fince this multiplication {fuppofes, that 4 4 is to be
fo often added together as there are units in 4 &4
and the fum of any number of affirmatives is affir-
mative, therefore the whole fum is affirmative, that
15 +ax+4+b= 4 ab.

Cafe 2. Let + @ be multiplied by — 4. Now
fince this implies that + 4 is to be as often {ub-
tracted as there are units in 4 ; and the fum of any
number of negatives, is negative, therefore that

whole fum, is negative, that is, 4+ ax —£& =
~— a b.
Cafe 3. Let — g be multiplied by 4= 4. It i3
lair hiere ha 5 i £ S e
piain here, that — 2 is to be {b often raken as

Lhere are units in &3 and the fum of any number
OF negatives being negative, therefore the whole
fum is negatiye; thar )

15, — @ X b =—ab
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Otberwifz, Let d—a be multiplied by + 4 ;
then (Cafe 1.) the produ& will be &4 together
with — ax 4+ 2&: but 44 is too big, as being
the product of 4 by 2, infiead of d—g by 4
(d — a being lefs than d); therefore 44, being
too much, the produét — 2 x 4 # muft be fub-
tracted ; thatis, the true product will be db — ad;
and confequently —a b = — a2 x + 4,

Czfe 4. Let — 2 be multiplied by —2. Here
— a is to be fubtracted as often as there are units
in £ : butfubtracting negatives is the fame as add-
ing affirmatives (Cor. 2. Prob. 2.) ; confequéntly
the produt is 4 4 4.

Or thus. Since a — a = o, therefore ¢ — a x
— 4 = o, becaufe o multiplied by any thing pro-
duces o3 therefore fince +v —ax—54 =0 ;
and the firft term of the productis — b (Cafe 2);
therefoge the laft term of the produét muft be
-+ azv,‘?o make the fum o, or —4d $+ab=o0 3
thatis, —aex—b = + ab.

Otberwife, Let d—a be maliplied by — 2.
Then (Cafe 2.) the produ& will be — 3 4 toge-
ther with — ax — 435 but — 44 the quantity
to be fubtracted is too big, being the produét of 4
by — &, inftead of 4 —a by — 4, (d—a being
lefs than d); therefore the quantity — 24 to be
fubtratted being too much, fomething muft be
reftored, that is — ax—/ muft be added ; and
the true product will be — 4 4 + 4 &3 and there-
fore 446 = — 4 3x— 5.

Cor. 1. If feveral quantities are to be multiplied
togetber 5 it is the fome thing in wbatever order it be
done. Thus abc=acb=cab =bca, &ec. for
all thefe are equal.

Cor. 2, The powers of the fame quantity are
multiplied togetber, by adding their indices.  Thus
: . 3 ¢
@R =a “=a\

Cor.
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=

s 4

Cor. 3. Any odd number of —, multiplied togother

produce — ; and amy even number of —, pio-
duce 4.

SCHOLIUM.

In the multiplication of compound quantities, it
is the beft way to fet them down in order, accord-
ing to the dimenfions of fome. of the gquantities.
And in multiplying them, begin at the left hand,
and multiply from the left hand towards the righr,
the way we write, which is contrary to the way we
multiply numbers. But this will be moft expedi-
tious, and the feveral produéts will by this means
be foranged under one another, that like quastities
will fall in the fame places, which is the eafieft way
for adding them up together.

In many cafes, the muliiplication of compound
quantities is only to be performed by writing
their fums, each under a vinculum, and*putting
the fign ( %) of multiplication between. As if
the fquare of 44 —» ¥ was to be multiplied by
ag —bb, and that by a¢ 4 &d, it may be writ-

ten thus, ax — .f-.'.ncL x:zgw—_b bxac-+ bd.

PROBLEM IV.
To divide one quantity by another.

=T LR

In fimple quantities, which will divide without
a remainder; divide the number by the number,
and put.the apfwer in the quotient. Then throw
out all the letters in the dividend which are found
in the divifor, and place the remaining letters in
the quotient., And like figns predoce 4, and un-
like figns —, in the quuti_tn[.

2R,
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By, 1,
aayaab (b gab)isaabed (50cd
aab 1saabed
o o
Ex. 2.
—aga)aab(—b|—3a8b)—15a8bcd(5acd
gab —15aabcd
o :
Ex, 2.
—32¢dd)—6c¢ccdd(+2¢
—bccdd
o
Ex. 4.
+ 6a0t) —18badic (—3abeds
— 18 Ba‘dse '
o
y o
—s5ah) 10oa*bbd(—2bd
10a*h b d
o
Ex. 6.
9 ¥y)— 9 &yb (—yb
— g xy%b

¢



Sect, I DIVl § TP ON. 17

Ex. 7.
—8xx)—16x (4 2«
— 106 &3

o

2 R U L E.

In compound quantities, range the terms of the
dl\’l_f()l‘ and dividend, according to the dimenfions
of fome letter. Then, by Rule 1, divide the firft
term of the dividend by the firft term of the divi-
for, placing " the refule in the quotient. Multiply
the whole divifor by the quotient, and fubtract it
from the dividend, to which bring down the next
term of the dividend, call this the Dividual

dual.

Divide the firft term of the dividual by the firft

term of the divifor ; then multiply and fubtract as

before, and repeat the fame procefs till all the quan-
00 o A

tities be brought down, ‘This is in effect the very

3

fame rule as is ufed in arithmetic.

Ex. 3.
a)ab 4 ac—a (b4c—1 the quotient
abd
E——
4 ac
4+ ac
— (T
—a

o

Ex. 9.
2b~3¢)2bra—73¢
2baa—3caa




DIVISION.

Ex. 10.

¢+ b)act+betad+bdc+d
cc 4 be

+ ad 4+ bd
+ ad 4 bd

Ex. 11,

Yy=)y—33y=—4y+12(y=3
b s — 4

et 2.4 Y
s B9 Y + 12

o}

Bz, 12,
€« +b)aa—bb(a—b
aa + ab

—ab—10bb
—ab—bb

(o]

Ex, 13.

3a—1b) 3a'~=12aa—baa 4 10ab~—2bb (aa—44-+20
3a} —baa

—1244 <+ 10ab
—12a4 + 4ab

+ 6ab—2bb
+ 6ab—obb

o
3 R UL E.
When the divifor does not exactly divide the di-

vidend ; place the dividend over the divifor, in
form




Sed. L DIVISION, 19

form of a fraction ; throwing out fuch letters, as
are found in all the terms of both the dividend

and divifor.
Ex. 14.
a .
a—x) a the quotient.
G—u
Ex. 15.
axtax ax
ax=—XX ) ax x( —— f
) axtaw (————=_—" quote
Ex, 16.
I—x)1  (14xdaxtut4x+ + &c. fine fine.
1—x
+x P
x—x  (OF Thnuw a1
ax
XN
+x
e
4+, &c,
Ex. 7
#a—te) -
—t¢) aae
: (6’+ + + )
aae—-e?
et
&3
& ——
aa
.
aa
& e’
+ aa a+
ée7
-I—;; Rem.

Ca2 This
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This and fuch like examples will be better under-
ftood after the next fection.
Ex, 18.
245
&) 24° (% =ga%
Ex. 19.
—a2b) 1845 —I—E—?j = — gb*,

£x. 20,
3

S e 5
@(E_—-;»'.x‘) aa4— Xx ({!8—'.’\:%’

.

aa w %

o

That like figns give 4, and unlike figns —;
in the quotient, will appear thus. The divilor
multiplied by the quotient muft produce the divi-
dend. Therefore, 1. When both are <4, the quo--

tient is -+, becaufe then 4 X 4
1. +)+(4 mult produce 4 in the dividend.
2. —)—(+ 2. When they are both —, the
2. 4+ )—(— quotientis - again, becaufe J-}—
4. — )4 (— muft produce — in the dividend.

Again, 3. When the divilor is 4
and the dividend —, the quotient is —, becaufe
— % 4 muft produce — in the -dividend. 4.
or is —, and the dividend -,
> —, becaufe — x — produces

e a n’d-'—'-'."-'."":"-'. 15 t'-".;"'.‘.:(fc‘ﬂ’ !l‘\v

by fublrailing the index of
j .
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Cor. 2. Hence any power of a quantity wmay be ta-
ken out of the denominator and put into 1hé numerator,
and the contrary 5 by changing the fign of the index.

£
By -
L=z

Thus —= A
s T " e And a— — 0%

Cor. 3. Homes — dvided by =, or + divided
by —, give the fame quotient, viz. —, That is,
- % g

——— %]

PR b —_— "Z N
PROBLEM V.
To involve @ quantity to any power.

_ s ags < ! R
Multiply the quantity fo often into itfelf as the
index denotes. And where the root is +-, all the
powers are 4.  And where ‘the root is, —, . all

the odd powers are'—, apd all the even pow-
€rs. o=,

Boerit,
& robt a* Toot
& a {quare a+ fquare
a¥ cube a® cube
@t 4th power a® 4th power
&ec. &ec.

= 2a* “root

+ 44% {quare

~— 8a% 'cube

—+1 {::z:= 4th power.,

&e.
Ln. 2
# & root —agabdd root
r;‘.sz:f; jquare -{- gdaa b i:“'l.? re
s Ls = * 1
4’03 cube ~—2%a' b5  cube,
&e, &

C 3 ot
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By, 3.
Involve a+4-b to the cube or 3d power.

a4 b
a-+ b

aa+4ab
+ab 4 bb
fquare aa + 2ab + bb
a+b
@+ 2a6ab 4 abk
4+ aab 4 2abb 4B

cube @ 4 3aab+ 3abb 4 b

e R U L E.

Multiply the index of the quantity, by the index
of the power, and make the figns as in Rule 1.

Ex. 4
root 4 or a* —aobbayor2bag
z2XZ TX2
fquare a'X2o0ra* 45" a " or + 4b'a
cube 4'%3 or @3 g 82XIA1X3 o __ gpeys
th m ” 2m M
m power 4 —2 XbTa
Exi g
root a—x-
— z 4
fquare 2—*"* or 2—x
e - 5
cube g—x2%3 or @—x
th - 2Xm m
M pOWer a—x or a—&
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3 R U L E.

In abinomial. The power will confift of 1 term
more than the index of the power. The highelt
power of both is the index of the given power, and
the index of the leading quantity continually de-
creafes by 1 in every term, and in the following
quantity, the indices of the terms are o, 1, 2,
3 4 .

Then for finding the unciz or coefficients. The
firft is always 1; the fecond, the index of the
power. And in general, if the coefficient of any
term be multiplied by the index of the leading
quantity, and divided by the number of terms to
that place ; it gives the coefficient of the next fol-
lowing term.

Laftly, When both terms of the root are 4, all
the terms of the power will be 45 but if the fe-
cond term be —, then all the odd terms will be
=, and all the even terms —.

Ex. 6.
Involve a--¢ to the 5th power.

The feveral terms without the coefficients will be
as , a‘e, a‘ce, a*e’, aet, 5 andthg

5X4 10X3 10X2 5XI
5 ? 3 3 4 3 -'57’
thatis, »5 &, 10, 10 5 & i

And therefore the sth power is
@ + 5ate 4+ 104a%e ++ 10 a8 + 5 a¢t + ¢,

Ex, 7.
Invelve a—x to the 4th power.

coefficients 1 , ¢ ,

4X3 , . 624XV
2{1.’.—34»—]—4’}»,

thatis, a*—ga' % 4642 x'—4av3 42+,
€ + RULE.

the root is as—4a'x 4
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4 R U L E

In trinominals, quadrinomials, &c. Let one
letter remain, and put another letter for the reft
of the quantities ; then invelve this binomial b
Rule 33 then inftead of the powers of the aflum-
ed letter, find (by Rule 3.) the pu\.kr" of the
compound quantity 1t 1t-i>.._m1ta, which putin its
ftead.

Ex. 8.
Invelve a4-b—x to the third power.

Put ¢ for b—x, then the cube of a-e is
@'+ 3aa8¢ + 3ae0 + 0 f‘l{ul» 3)» - that s,
ai+ "—.'-;—.L-gu % b—ux -|-b— But (Rule 3.)
b—x" =bb—2bx 4-xx, and b—x° =B-—35 by - 3bx*
—ut.  Therefore a4-b=—x"—a’ 4 30ab—300x -+
"('bf; babu - 3axn + b'—sib\. +J'E e

Cor. 1. The nth povver of a--e, that is,

B S M1 =2 ]

a--¢ =4 -+ g Ctax— @ e, —
> [+
2 2

2 B—i

), #—3 4
X—"g evd,&c,
3 3 - .

is proved by involving a--¢ as far )
ill, for the feveral powers will J.:.a.lys agres

A==y -‘sz\'—f :
3 i

iy, are
18 Qg -
quan

malive qu
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o
T

PROBILEM VL

To extradt the root of any quantily.

Evolution is juft the reverfe to involution; and
i performed as follows.

3 R U L H

For fimple quantities ; extraé the root of
coefficient for the numerical part, ‘and divide
index of the letter or letters;-by the index of the
power, gives the index of the root.

Ex.
The cube root of '@® is @’ of a.
; 2
tbfj;?:mre reol of 26a% 18 5@ -Or had.

the [quaresoot of . 2a*L0 is rj—f/" V2
Of _ably/z .

T

the cube root of —135B is" —5b” or —55%,

2. R UL E,

For the fquare root, of a compound quantity s
range the te "m" ‘urv(,“m- to thr-’ dimenfions of
fome Then find E].L root of the frlt term
(1 Rule), and 11'.: it in_the quotient: fubtract its
{quare, and b mfr down the next term, which di-
vide by double the quotient, and fet the anfwer
in the quotient, Multply tl
tient by this laft quotient,
dividual, proceed thus, juflt as in common arith-
metic,

f—
-
~ -
']

-

hvilor and quo-

Fx.




EVOLUTION, B. L

Ly 24

Extrall the fquare root of aa F4ab4- 45—z 45—
4bx 4 xx,

a4 +4ab+-45b—2a5—4Fx - xx (a425— root

aa
2a+25) 4ab+45b
4ab--4bb
' o
—2ax—g by 42
24+ 45""4‘) i) M_qjx-i-x.v
Ex. 3

Extrail the fquare root of Q6118 4 228} Ottt
Onz 42z,

aa 0% , +9m ( —2%

+2z —bnz + =z
gz * +azz
- -[—gmz
23 :3; “ +f; a —bnz
+ zz
—bn 4o
42z —Onz

+ 2z
@] O




Sect. L. EVOLUTION. 29
Ex. 4.
ExtraZl ihe [quare root of aa--xx.

]
aa+xx( X% xt X &
-1-—..___——[—7"—.__ C.

aa . 2a 8a% 16as

— “_\:'4 ‘1‘6 h—ﬂ
12 s tEp

6 xs

) X
e © +3a G

3 R Uk g

In higher powers. . Find the root of the firft
member, which place in the quotient : fubtract its
power, the remainder is the refidual. Involve this
root to the next lower power, and multiply it by
the index of the given power, for a divifor; by
this divide the firft term of the refid wal, the quo-
tient is the next term of the root. Then involve
the whole root as before, and fubtrac : and repeag
the opetation, till all the terms of the root be had.

Ex. 5.
Extrasl the cube root of %% 3 6x1—40x% 4 96x—64.,
¥t 65 emm 4OX3 + 96%—64. (X% +2X=—4 rOOL,
&6

34) 6x5 (2
—_"—-f___ e ——
x“+6.~:‘=+12:¢++S.v=::;x+2.\' .
3%%) o —12X4(—g

‘:""‘———-__.__-_—__— At an s §
X7 F0%— 4000 T 06 x—64—n% + 23—4 -
R e e Lo (S e

Q
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Ex. 6.
Extrai? the 4th root of 168'—q6a'b -2 16aabd
—216ad -8 1d+,
16840640 42 16aabb—2 16251 4§ 104(2a—4b
10a* Troot,
244') 0 —gba’h

-

2L ':’—-.If)

(
6%
6

¥ W

I
e

=9
16a4—qg

@b 4-216aabb—12164ab3 L § 1 5+ -

O

4 R ULE

The roots of compound quantities, may fomes
times be difcovered thus.  Extra@ the roots out of
all the fimple powers or terms init; then connect
thefe roots by the figns 4 or —,. as you judge
will befk anfwer. Involve this compolind root to
the proper power 5 then.if it be fame  with the gi-
ven quantity, you have got the roet.. JIf it only
differs in the figns, . change fome. of them, till its

power agrees with the given one througheut.
5.
To exiraid the cubg yoot of @B—6a*b+t 1 2ab7N—851,

Here the root of 23 is 4, and the root of —8hs
£

158 =25, Then g—a/
£

2 is the. root, for its cube

18 a'—6a'b 1240%—85 , as required.

Ex. 8.
: 4th root of 166*—q6a3% 42164

The roots of 164+ and 81x*, are 22 and 2%,
Therefore if 2¢-3x be made the root and in-

volved,
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volved, it is 16 t-9bain 4 216aaxx 42 6ax’ +
8}-""5 which differs in'the figns, from the quantity
gtven. Therefore make za—3x the root, which
being involved fiicceeds ; the power being
1084—96a3x 4 21 Gaayx—:2 1623 4+ B 1x¢.

‘T

A R LT ].J E-

~ When the quantity given has not fuch a root as
15 required, fet it down in form of a furd.

Square roor of a', is /@

e
Cube voot of 1580, 13 +/15aa.
4th root of 2a%u3, is v zasw,
Ex. 10.

The cube root of a3—6a+b4-12abh+ 807, is
3

\/a‘:—'ol.‘t"!}*i— 1246k - 843,

Ex 11,

What is the gth root of a*—xs.

5
the root is y/g—n'

Cor. 1, The [fquare root, or any even rool, of an
affirmative quantity, may be either
For the fguare root of a2 may be 42 or—az,
for 4ax-ta—ae, and —ax—a=aa : alfo the 4th

+ or —.

: < . { . 1 e -
root of g+ 15 42 or —a, for the 4th power of,
~—a 15 a4, as well as of +a.
Crp " b5 i Baas 1ha
OF. 2, Any odd? v i =

fome fign, as the quantit

w : : ) g1 ¥ =
For the root of 44 and —g, will be 4 14
3 5 e (e MR ' el y g
~—a; 10r.-a cubed is 4¢3, and —a cut ¥

—i,
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Cor. 3. The [quare root, or any even root, of a
negative quantity, is impoffible.

For neither 4axX+4, nor —ax—az, can pro-
duce ~—aa.

Cor. 4. The n'h root of a produs, is equal to the
wh root of each of the fallors, multiplied together.

vVAB :‘:’A x:/B.
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BECT NI i
O FRACTIONS.

T HE operations of algebraic fraions are ex-
actly the fame as thofe of vulgar fractions in
arithmetic ; therefore he that has made himfelf
mafter of vulgar frattions, will eafily underftand
how to manage all forts of algebraic frattions, as
in the following problems,

PROBLEM VIL
To reduce a given quantity to a fraftion of a gi-
ven denominator,
R U. L E.

Multiply that quantity by the given denomina-

tor, and under the produ@ write the fame de-
nominator,

B s
Let a-4-b bove the dewominator x.

a-4-bxx ¢ -l
+xx — a‘x': , anfwer.

D¥, 2,
Let XX=y have the denominator t.
KN — AX—y
2IX = 1- , anfwer.
1
Ex, '3,
a i \
Let 3 baye the denominator b—c.
a b ac
-Z x G ——
o
—— = , anfwer.
— —

Cor.




BHIMErGior ¢

PROBLE

ACTION S. B.1.
of a froftion is mot altered, by
nd demominaior by the

wbd  ab

.
P

M VIIIL

T rveduce a mived number to Gﬁ'f.’ﬁiaﬁ’.

R U L

E
e

Multiply the integral part by the denomina-
tor of the frattion, and to the produ& add the
numerator, under which write the common déno-

2
minatot.

Ex, 1.

b

Lét @ — ~— be given, Then —— is the
[4 A

fraftion required.

5 ~ .
uppole a—x + ——.

ax—Xxr-4-aa—acx

ad=—xy . '
is that re=

Here , OF
=

quired.

PROBLE

»®

M IX.

T'o veduce an improper frattion to a whole or mixed

mumber.

R U L

Divide the numerat
as you can, gives th:

lenominator, as far

ral part 3 and place the

remainder over the denuminator for the frac-

tional part.




Se&t. 1. FRACTIONS. 33
B 1,

ab—aa byab—aa

Gimen ab

ad
( a—— anfwer.

—ga
Ex. 32,
aa - xx

Suppofe '——

a~—x )aa4-xx ( 2%X
an—ay \4+¥+ a—wx’

———
F-ax4 xx

~ax —xx

e

aniwer,

-+ 2x%
PROBLEM X.

To find the greateft common divifor, for the terms
of @ fratlion, or Jor any two quantities,

R U L E

. The quantities being: ranged according to the
dimenfions of fome letter ; divide the greater
by _the lefler, and the latt divifor by the laft re-
mainder, and fo on continually till nothing remain 3
then the laft divifor is that reciuired. But obferve,
ﬁ'rﬂ to throw out of each divifor, all the fimple di-
vifors, (or others) that will divide ity and then
Proceed. The fimple divifors are had by infpection.

dig, 1.
cd +-dd .
__—_aac'+aa . be the fraflion propefed,
cd +dd ) aac4-aad (
or ¢+d) aucd-aad (aa
e aad

Let

(&)

D There-
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Therefore c¢4d is the greateft common divifor
J).cd+dd _d
aac-4-aad — aa’

A

Let e W9y be propojed.
| aa--2ab4-bb) a’—abb (a
@'+ 2aab4-abb

il —2dab—naabb remainder.

I | al—abb
|
'
|

—2aab—2abb) aa+2ab4-bb (
or a+b ) aa4zab4bb (a4b
b aa-+ ab
[ + gb4-bb
! + ab+-bb
i o
Therefore a+2 is the greateft common divifor.

¥, 3.
at—b+
Suppofe g5 be givem.
. ar—br) ai—bbat (a
| a’—bta
rem. —bba} +ba) as—b4
or aa—bb)at—b (aa4-bb

i ﬂ"‘-——fﬁliﬂd
‘ ! +bbaa—b+
i + bbag—=bt

bl O

the commeon divifor is aa—25b.
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PROBLEM XL
To reduce a fraction to ws loweft teris.

R U L E.

Find the greateft common meafure (Prob. X),
by which divide both numerator and denominator
of the fradtion ; the quotients will be the numera-
tor and denominator of the fra@ion required.

By, 1.

cc-dd

aac-aad

the greateft common divifor is ¢+44. Therefore
dd

c+d) cd 4 d

agactaad — aa

Let

be propofedk

the fraction required.

i 24
al—abb
Here a4-4 is the greateft common divifor : then
ad—abb aa—ab

a4b |—— = —~ the fration
)aa—{—m&-l-b!} a+4-o fought.
Ex. 3.
(l"""—b*
Suppofe —ba b° be given.

the greateft common divifor is ae—4&5; then

m——b&)

a*-——-.‘ﬂ( _ aa+-bb

o
action re-
as bba" thﬁ fl‘ Cl10 c

quired.

a!

D2 PR O-
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PROBLEM XIL

To veduce fractions of different denominators, to frac-
tions of the fame walue, having a common deno-
minalor.

1 RU L E.

Multiply each numerator, into all the other de-
nominators, for a new numerator ; then multiply
all the denominators together for a common de-
nominator,

Ex, 1.
-b
Let i;—, ‘1—%— be given.
Y
thefe become f-c—, m+&&.
be be
Ex. 2.

¢

Let -'g-, P 'gbe propofed.
sdg tog fba
bdg bdg bdyg
2 . RULE
Divide the denominators by their greateft com-
mion divifor, then multiply both numerator and

denominator of each fra&ion, by all the other quo-
tients, which will produce as many new fractions.

Ex. 3.
-
b

they become

e A
Suppefe 353 T
2b T
24 Qjé bd
2hb If}!;_’ j—M—- the fractions required.
a  be 2bd
200 2b6* 200
Ex.
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Ex, 4.

Given, 2aa g_ab—-z&l:

ag— g’ 24¢ &

a—b 2¢
4aac 3ab—2bb X a—b
——— & ) hat 1
288023 ahe 2aac—2ab¢ that is,
.a¢ 2aab—r 203
4a6c  3aab—rgabb4-2b
2aqc—z0b;? 28a(—=2abc

PROBLEM XIIL
To add fraftional quantities togethey.

R W 1 B

If the fra@ions have not a common denomina-
tor, reduce them to one (Prob. XII); then add

the numerators, and under the fum, write the
common denominator,

Ex. T2
: a ¢
Add —17_ o ?
ad be ad-+be .
reduced g and P then o 7 fum, |
Ewzia,

Add —~, %’, f together.

S o
reduced adg beg bdf h adg +beg 4 bdf

bdg’ bdy Hg P bdg =fum
Ex.. g,
Bk
A’Ja’—gTb 1 “’“,
the fum :"——--—-—-——._b+ il !)——?34—({
3¢ 3¢

D3 Ex
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Ex q.
ada
To ¢ — ¥
—p
add b 4 HT"
ab—blr—caa

fum a4:4 + pe

PROBLEM XIV.
To fubtrail one fraftion from another.

R U L E.

Reduce them to a common denominator ; then
{fubtradl the numerators : and under the difference,
write the common denominator,

E#, 1.
a

b
Freom -*-;—F- [ubirall

¢
¢ ¥ g
a——bh—¢ : _
T L difference.

Ex. 2.

Fron at+b _ ab+bb
sk gl 4 — 3d

I gl L.
Junirac 5= gd 5

ab4-bb—aad .
then e = remainder,

Ex, 3.

2b—4a

3 54 "

sed—rsbd  6he—12ac
1ged =t 15¢d

sad—ghd—6be+12ac,

15¢d

= a—-b
From - _7T iake

reduced

remainder —
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- Ex. 4.

aac

From a-—%’—, OFF @ =y
—b ab—bb

’ka 5‘ + 'a—c—, or b + btf

—aai—ab -+ bb
difference a—& -+ —ﬂ-—;c—L

PROBLEM XV.
To multiply frattions.
r R .U 1. FE.

In fraltions, multiply the numerators together
for a new numerator; and multiply the denomis
nators together for a new denominator.

Ex. 1:
- a ¢
MI#ZI‘!P.BI "‘b“ l’ly _d—'
Coaxe ac
then 5ol or = = product,
Ex. 2.
) b atb
I
Multiply . by rEh
b a4b  ab-bb
here _c_ X 5—_}:’_ —=r [;::_—;', produf’c.
EX: 5
“ adg— Er‘f} a4 _+_. 5;!5
an—bb  aa4-bb bbb

then

be !)-I—C' =— m;, }"JTO(IU&.

D4 2 RULE.
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e R.Usl: E.

When the numerator of one, and denominator
of the other, can be divided by fome common di-
vifor, take the quotients inftead thereof.

Ex. 4.
¢ . aabh
Let - multiply PYY

i b bb
reduced -~ x 283 = g produtt.

_ Ex. 3.
, an-zab+bb dd
Multiply p by e

a4b d  ad+-bd

reduced i e e e Bl s product.

g R ‘UL E,

If afraction is to be multiplied by an integer,
which happens to be the fame with the denomina-
tor ; take the numerator for the produd.

Ex. 6.

aa—abb

Multiply g by a=—b.

quotient ag—255,

4R UMSE

When a fraction is to be multiplied by an inte-
ger ; multiply the numerator by the integer.

ExX.
fo. o Ga-3bb
Mulsiply 7By XX,
R 3 it
aaxx 4= 2bbxkx aa--4bb
then ——— == or ———xx = the prod.
31’-;4 jﬂhﬁ

-
LK,
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Ex. 8.

Multiply zi;'zi by a4x

24d—2XN%

then 35

= produdt.

Ex. g.
! b—-c
Mtd!ﬁp{}‘ a + T

b4-¢
b b=

bb—b b bb—
product aé-{-—&?—f g j—af — ddw'

Schol. By this #ule, a compound frasiicn may be
reduced to a fimple one.

PROBLEM XVL
To divide one frattion by another.

1 R U L E.

In fraftions, multiply the denominator of the
divifor by the numerator of the dividend, for a new
numerator; alfo multiply the numerator of the di-
vifor into the denominator of the dividend, for a
new denominator,

Ex 5,
L a
Divide = by 7
a
b

5

ad .
2 (r the quotient.
&




FRACTIONS.

Ex. 2.

Let g divide fzj—&.
a—b a

a-tc )izi.é ( aa—>bb
@

a—1b aa-ac

2 R UL E.

1f the fraftions have a common denominator ;
take the numerator of the ‘dividend, for a nume-
rator 3 and the numerator of the divifor, for the -
denominator.

quotient,

Ex. 3.
aa—bb 2ab—pbh

—

"_a+d J a-tagd "
) aa—Dbb
quotlent m-

Divide

Ex. 4.
aat2ab4-bb ,, ., a'—abb
L;! —-':—_'—GT_- dt'vtdf C——d N
[ ad—abbh :
then a___a+2ab+e’)b = quotient.
ag—ab : tuced
or T = quotient reduced.
2 R U L E

3
When fraftions are to be divided by integers;
multiply the denominators of the fractions, by fuch
integers.
Ex, 5.

g 8D
DI'L‘I(Z’;? —L— r?’y r[
. b
1 L i

QUOUCQC 8 cd
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Ex. 6.
10— 20}
Let a+b divide “—p—.
aa—a2bb aa—— 2bb .
then — - quotient.

d—bxatb ~ aa=vp’

When the two numerators, or the two d(_zn.omi—
nators, can be divided by fome common divilor ;
‘throw out fuch divifor, and proceed by Rule 1.

Ex. 7.
Lt f;;f) divide %5,
reduced -% )fj:j (Mf:-jd, quotient;
Ex, 8.
Let a::izb divide Eﬁ%%'

a*—a*h - abb—b (a‘ —aab+abb—b3
aa—ab
the quotient.

a
red —
educed - ) s

. Sy . %
that is, the quotient =g —.
a

From hence may be deduced the following co-
rollaries.

Cor. 1. The value of any frattional quantity is not
At ! S 5 3 ] 3 al
@ all changed, by changing all the ljzgm of bath nu-

e . g abh—ac ac—ab
wmerator and demominator. Thus =

=y c—T

Cor. 2, The walue of any compound fratiional

quantity, is equal to the Jum of all the Ptli‘ﬁo‘.’:’!‘d}'
JSimple
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SLmple fraltions, that compofe it. Thus
r¥4-2cx— 1112 ¥x 26X 11rx
Jr—2x T ogr—ax + r—2x  gr—2x’
Cor. 3. If a fraiion be multiplied by amy given
quantity 5 it is the fame thing whether the numerator
be multlplied by that quantity, or the denominator di-
P 44 f
1d by i dab dﬂdﬁfid __ dab
SR T e s e 3
Cor. 4. The produti of two fraélions, is equal to 5
the frafian, that bas the produff of the numerators
Jor the numerator 5 and the produst of the denomina-
tors for its demominator.

a r—:  axXr— ar—ac
bdn ¥ T pexxx - bxdax’
Cor. 5. If a fraction is to be divided by [ome
quantity 5 it is the [fame thing whether the numera-
vor be divided by it, or the demominator multiplied,
242 2a% 2a4r 24

For — +=¢r=—:. And — = p ==,
X rx X

Cor. 6. If any fort of quantity is to be divided by
a fraidion ; it is the fame thing, as to multiply the
faid quantity, by the fraltion inverted, Thus

# 5 a b

AL ey ISP y o ot

ab ;T =ebx . And ARa or !

a

i a r ar
— e e = e

. ¢ x.) ¢

r

PROBLEM XVIIL

To involve fraélional gquantities,

B 17 "L KB,

Involve the numerator into itlelf, for a new
numerator ;3 and the denominator into itfelf for a
new denominator; each as often as the index of
the power,

Ex
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Ex, 1
Involve ‘Z— and (:a_
root e P4
b aa
fquare 22 —
bb a*
a3 1
eube e =
4th power Z—: (:T
&ec.
Ex. 2.
b B ol —2 b trvoloed
4 agd® 2h ¢ involved.
W ad
o 2ad T 4bb
p Qbbee aadd
quare 4md + oy
27bcs od
CUb &galdj = ol 64,(}5
Ex. %
i
Tnvolye <

to the fguare, &e.
a*—2aabc 4 bhece 5
-___‘-'_—_-‘

4t 2at s ibe [quare.

a—a2atjy; + 2a2bbec— s

2 P L S cube, &c.
@A3a'c+zact g0 ?
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Ex. 4

a—x
Invelve i the 4tb power,

. at——4a’ K +-6aaxx—4a%° x4

1t IS lbb*
B a—u) a—x*
Or thus 25 or Tazr

PROBLEM XVIIL
To extraii whe root of @ fraition.

R U L E.
Extra& the proper root of both numerator and
denominator, if it can be done. If not fet the

radical fign (4/ ) before one or both of them,
as they happen to be furd,

. 1.
What is the fquare root of 9i}?
root 2en
2d *
Bx. 2,

@20 4 3abr—D1
@ +38° 0430k b3 °

What the cube root of

the root 1s atb
Ex. 3
, b 2abl ab
The [quare ravt of %, is idﬂ;—J or —m

Eyx,
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Ex. 4.
What is the cube » i
pe root of prm— Tl
. —aab
the root iy ——2——01r,
\/{I‘—-—[J‘
Ex, &

a4 4_(4':7)&{—--5 ’
T 8a%h

the root is \a/ffii‘w;’d—d’ r\/ﬂ‘+4a/fd—~21

What is the cube roor of

8ath: 2 © 2a4b
Ex. b,
What is the 43b root of — 202"
41h root of Baw—Bxyy 47
4 .
the root is 4/ i

Sawi—8xryy4-y+°
4
or \/ x‘*—-)‘*

Cor. The ™t power or root of afraition, is equal
1o the Wb power or root of the numerator, divided
by the w" power or root of the demominaigr.

] 7 n
E] — Aﬂd\/% :\/a-

x 8

VL

D

2

SEC T,




SECT. I
Of SURD S.

LF U R D § are fuch quantities as have not a pro-
per root. Simple Surds are thofe which confift

but of one term.  Compound Sards are thofe
which confift of feveral fimple ones. And Uni-
verfal Surds are thofe confilting of feveral terms
under any radical fign.

Surds are faid to be commenfurable, when they
are as one number to another; and incommenfura-
ble, when their proportion cannot be exprefied in
numbers.

PROBLEM XIX.
To defignate or exprefs the roots of quantities by
Sraéiienal indices.

L. Lr LE,

Divide the index of the quantity by the number
exprefling the root ; the quotient is the index of
the root required.

By, 1,
Let the mmnt:f; a &e pwpajed
then \/a._a \/;z =d : Ja:a 5 OfC,
Ex. 2.
Let 3“!)‘ be propofed.
Vi3l = 5ald =a'by/3. /300 = a3,
vgc?.ﬂ" —zz*[; \/__-,. Jjgf,f; _.G b 1,/3, &ec.

Ex,
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Ex. 3.
Let a3 be given,

3 a7 ‘: r
then x/d‘:ag, \;’a—z = a’ or &, @t =a*, &c.

Ex. 4.
Let aa—xx be propofed.

then Ba—xx == aa—xX ,

2

; T _-—_—. e
V Ga—xn = ag—aXN> &c

a—p i
Lt abbc b given,
—1 = / !_
1 e M I T e M
then By o L e g
abbc aipet abbes aspic
Ex. g
& a
Let 7 be P;‘[}I@Q‘ﬂr.
i 1
S R R T
SR TR B 47




S U RDLS.
Ex. 8.

a-2x

aa—xx

Let be propefed.

evus sad) et - age
B aXRE Q—XK )
,74.7 \$
- n.;—-m' ]

g R 10T E:

When any quanitly is in the denominalor of a frac-

i

tiony [et it in the numerator, and change the fs n of
the index.

— i
Al 1 I =
— ek — = - — 4 .
a a* 1
Ex, 10
7 I X I I
£ — R — i
€ T G50 @ o

then they become a—', a—2, a3, a4, a—s, &c.
relpectively.

77, AL e :
Given o T'his becomes abx—2y—3,
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Ex. 13

., aab aab 1ab
Lot -L_, B8 , 5
A+x" a5 giu
they are 4p Xafx ', aah Xatx
aoh X a5 °,

T e piven,

In order to explain this; let there be a rank of
powers, as 1, 4 ad, aaa, azaa, aaasd, &c. the
lame wij| (by Def. 20.) be denoted 1, a, &%,
@, a4, @', &c. Now thefe quantities, a4, a*, a3,
“C. are in geometrical progreflion, and their in-
dices, in arithmetic progreflion, as is plain. Now
Jce 1, 4, a*, 4%, &c. are geometrical propor-

tionals, therefore thefe will alfo be geometrical
Proportionals,

1, \/{"s \/'(31, \/!?], \/’.’I', \/ﬁ':’u q‘.'/sir'u, \/57,

: a®, &,
that is I, 8/a, a, Ve, aa, Voas, ad, Va7, ab, &c.
3 3 3 3 i
and 1, vVa, /aa, 8, \Jary JSas, ar, \JSa,
3
vat, &e. :

4 kS 4 Rl #
and V4, Vaa, \J/a, a, Vet Sab
4
V@', as, &c. and fo on.

The['efore by the rulg of -analogy, the indices of
all thefe, are alfo in arithmetic progreffion.

Take any one of thefe feries as 1, Via, \Jaa,

3 :

% Vet &e, thefe will be equivalent to 1, 4"
A{, o
a’y a, aﬁ, &ec,
. Suppele now the fories I, @, a*, a, &c. con-
tinued bac]mnn‘.r—:, the powers of & will come in-
to the denomiantor
tmnal?y dm‘r?nﬂ-,
Will ftand thys -

y and the indices, which con-
will then beconye negative, and

2

F 2 Powers
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5 z
Powers = e | I, &y a%y ks at, &c.

Indices =3, —2, —1, 0, I, 2, 35 4, &c.
therefore a—3, a—2, ¢a—, a°, a', @% &%, g% C.
will reprefent thefe powers; that is,
1 1 I
— =g, A o ged, = =g, 124t 8.
a a
, . Gl g $
In like manner, let the feries 1, 2%, &, a', 4%,
& , A -
8&¢c. be continued backwards ; thefe powers, and
their indices will be as follows ;

1 1 1 1 - - s g
=k = I a?’ a als & &C.
N [ s 3 Gy 0,
oy " gyt
1 2 I I = A0
sy =1y -——% ) —_,‘ » O 4T o I, ) &ee.
3 3 3 3 3 3

1 e T s 3 T
TEl @ s F 9 A 5 @ 5 8% 'y @y @
@'y &c. will dencte the” fame powers; that is,

R e R N ol g 1| I B SN
T —0 § T e ’ T — @ R |
ES a G as

a*=1, &c. And therefare the feries,

I 1 I 1
=k 3

3 ] 4 9 2 g s Iy ’
e I [
\/s'fgif."-'a’ ‘a 1a V' aa \/ Ly \/ i

A G
\-/{!:], \/¢aa, S acaa, &c. may be exprefled thus,
I | i 1 45 . ¥y =
o e AR R ey Ty W I, V‘:') ‘v/‘r:l) ‘\/a")
Vet a4 Sat \a

Saty &G,

y

or thus,
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T3 W | a0 2 I .
5y g 4 y B, @ @y ('-')

—
or thus, ¢~ 3, 4
1
o
@’ &e. and the fam
the other fertes,
(’Ol-'_I « The powers of quantity are a (e of
imcirical B s "ot ol T i ] AR T ;
gﬁ&t"’?“-’ g -PJ of a7 ;‘i‘u/f(g.f’) m,.’»(;,? I 3 ang f;:"j)‘ 13 ',‘l" “J‘,
@ Jet of arithmetic propertionals from o.

lhus, powers 1, a, a

¢ is equally true of any of

any

» @'y a%, - increaling.

mdices 0, 1, 2, 35 4, — increafing,

Pt

: 1
I, —, - —, . decreaf.
*Ig® ‘ga’ ¥ ¥ - L

alfo, powers
dices 0, —1, —2, —3, —4, — decreaf.
Cor. 2. Hence the double, triple

T e Ia .
i 1 48 fE’!;’.’L:;‘ .’.".ra‘h . é'\ (11

s g X af ibe .,‘i"f..?'{’,

5, 77 s T : ;
Liive, ""-"f'_,""f-‘"-" . Iff»zl." quanlily,
] >

Cor.

P e . o ] 4 £2 o

2. Hence allo, 1he % of the produit of
HY fspm0 h 3 ¢ e
any iwo' P or ed) of any quaniit

s equal to the

prh it of the tndices of thefe powers. dn,
{09 0 oy ae PRSI I - - ~ . . -
verefore to multiply amy two powers together, is to
13 -
1d 1heiv ssdiase 7 " 5 & i i
,3:¢ their indices. PUS a*¥ad =g, arx® dg !
&ee.
It (‘_?'r. 3. Tie index of the quotient of twa powers,
i{.l,b;“.”fg one anatlfvri', is equal to !*/..'?f.’ index of the di-
videna — phe index of the divifor

gk ‘ s whatever the
inaices oe.  And therefore, to divide by powers, is to

o]

3

0 8 T Bpdis 2 : a3
Jubtralt their indices.  Thus —'=at, and
a*

= L g
~=a 3. A =5 —a% &

Cor. 4. Any power is taken out of the denvimina-
] : ) i
9ty and put into the mumerator, by b
Jign of the index : and the conirary.

T s
e L SRR
= » o= Pa. .
a* - I
ho=at 3:“._,3&“.

E -

3 Cor.

L
—
a3

Alfo
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Cor. 5. In fraéflional indices, the numerator foews
the power, and the demominator the root.

Sckol. In all the following problems, it will be
the beft way to reduce the furds to fractional in-
dices.

PROBLEM XX,
To reduce a rational quantity to the form of a furd.

R U L E

Multiply the index of the quantity, by the
index of the furd root given; to which fet the
radical fign, or index of the furd.

B, ¥,
Reduce 6 to the form of / 5

Here 6'*? or 6'=36, and v/ 36 is that
required,

Ex. g,
Rcdml'e a to the form of \}é.
Here 4'*3 =aq', and \g/rﬂ is the anfwer.
Exi g
Reduce a+-b tothe form of /ke.
Anfw. ‘/d——i-[f:, OF \/ag42ab+40b «

Ex. 4

Anf, \/-Mz is of the form (/d.

e

PR O-
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PROBLEM XXL
o reduce quantities of different indexes, io other equal
ones, that fhall have a common index given.

R U L E
Divide the indexes of the quantities by the gi-
ven index 3 the quotients will be the new indexes
for thefe quantities. Over thefe quantities with
their new indices, place the index given.

Exo x,
5 1 o I
Reduyce 125 and 7° to the coemmon index ~—.
£
3 0 T ot :
2 ) Z (ﬁl firt index. T =

then 12* ° and 7% are
11 71 A
Sall (_ fecond index the quantities required.
370 2

Ex. 2.

3 :
Reduce 4* and b*, to the cemmon index 1.
)2 (6 6otk index.
— \ 0 frft index. i =5
4 then @), and 34 are-the

1
3
. | ) 3 (r’ = furds.
3 2\, iec. index.,

PROBLEM XXIL
- I - o P . - .
To reduce quantities of different indices, to others equal
16 them, that [ball bave the leoft common index.

R U 1. E.

Reduce the indices of the given quantities, to
2 Common denominator, in the lealt terms. Then
Involve each quantity to the power of its nume-
fator; and take the root denoted by the com-
mon  denominator. .

& Ex.

A
<+
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Reduce b* and ¢ 1o the leaft common index.
&

i . 2 2 - .
— and — are = -°- and —. ‘Therefore
4 6] 12 12

T i T

I — 3 o
b randi e’ 22

i L : —_—

13 % 57 T
or &% and ¢ become &5\ and ¢* jiz, op
% L3 s :
t}wJ'a and —z_L}
' Exi e

Let &° and ad> be given.
2 2 5
— and — are reduced to — and —.
&) 9 ; (‘-) 9
2 =2 8 _

Therefore 47 and d;° become 4° and g%,

i 2 PR by :
or l}*i ¥ and L_] , or 6°1% and ddecd”,

X, 3.

Let \a-! '-’r-‘, and v/(d——:; be prﬁﬁf;ﬁ’.n’-
T T

Thefe are a+56° and The indices

-2
) . ] - - 3
are reduced to g and Rk Therefore the furds

i s g
become a+& and aa—axx or

a'+-3aab 43

e
)+-03"7, and at—2a*xx4-n+'5, or

[4

V@ + 368+ 300535, and v'/m--_..* KX X4,
PROBLEM XXIIL

To reauce furds ta their maft fimple terms,

o

R U L E:
])Ilvlde by the greatelt power contained in it, and
fet the root before the furd containing the remaining
quantities. Exs



Let \/(‘ wanbe be
s/bq..m =8

7
Reduce

Here /aa—na
Or (‘:"\/'::\‘--—-J... X

@i N—atx=

1 1

oo

Then &/

anda e

R D S. 57

= 8ay /bt

{urd becomes axay 4-xx™

L/
. ] /(,__.-.-! _g_ l; ,
The fard is o/ — — %ab, And
e
an—gba4-1bb a—2b :

el = . Thercfore the furd

L L

a—ab a—"b

becomes S X b, or, <+ /4

Given /———

reduced,

8h—0u

bzcomes

= N e
17 @
aah 3 v
ae F ‘
A —
—
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PROBLEM XXIV.

To find whether two [urds are commenfurable or not.

: B G I, E,
Reduce them to the leatt common ind t’)\' and
the quantities to a common denominator, if frac-

tions, except t when like terms are Commf:niln"ab]e.

Then divide them by the greateft common divifor,
(or by fuch a one as mll give one quotient ratio-
nal ;) then if both quotients be rational, the furds
are commeniurable ; otherwile not.

Ex. 1.

Let \/18 and /8 be propofed.

Thele are x-/,:,\.(e) and x/z;»:q.. Divide by 2,
and the quotients are 4/9, and /4 ; that is, 3

and 2 ; therefore they are commenfurable.

Ee o,

RO 72
Let the furds be and /' —.
10 25
50 \,/H.? NG
Thefe are =—— and ‘=, Divide by 2,
4 5

and the quotients are 4/25 and /36, that is 5

| g 6
and 6 ; and the furds become ;\/: and —v/ 2,
. o

" ’ 5
and are therefore commenfurable, being as ——
‘i.

1I_."..\_. Fe
j.n‘f \.-/qu 4.".?1'{1, \(/; ;jr' ﬁ,"(f"’;}'i‘nf,.
Divide by 8, the quotients are /6 and V1
1; therefore they are incommenfurable.
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Ex. 4.
Let m'

1 and 5 be given.

Hlz

are reduced to i

¢ li -ji' e .
and % » and thefe to *(% and bl - Dia

vide by —

Here E

- and
‘ ]

~5> and the quotients are ? : and

D » thatis, 45 and ey therefore the furds are
commenfurable.

F'-.'
S“’PN;@ '\/f-“-{-(z 1bb ama!' V aabb o,

— ——

Thefe are V«’Iﬂ}(ﬂ.;-{-w’z, and v bhxaa-+ bb.
Therefore dividing by 22442, the

v/ aa, and \/bb, or a and b,

are commenfurable,

quotients  are
and therefore they
Ex. 6.
16aa
Let «/ and \/9—--- be given.

146

That is, _\/_4_& and ;i:\?) Divide the de-

nominators by 2, then they are reduced to

a

n and -1 ang : nher ‘fOrﬁ
\/7b Vo4b o z/t»’ Bt N
mcommenturablc

PR O
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PROBLEM XXV.

To add furd quantities togetber.

R U b E

Reduce quantities with unlike indexes, to thofe
of like indexes.

Alfo reduce fractions to a common denomina-
tor, or clfe to others that have rational denomi-
nators (or numerators).

Then reduce the quantities to the fimpleft terms
(Prob. 23.) This being done; if the furd part
be the fame in all, annex it to the fum of the ra-
tional parrs, with the fign (x) of multiplication.

If the furd part is not the fame in all, the quans
tities can only be added by the figns 4+ and —.

Ex. ¥:
Add /6 ta 2,/6,
The fum is 142 X /6 or 3,/6.

Ex. 2.

Add /8 to /s0.

\/8:3,/2, and 4/50=354/2, and the fum

=245 Xy/2=7v/2 =/ 38
Ex. 3,

Add V500 to v/ 108,

V500 = ' 4X1285 = 5\}4. And

V108 = /429 :13\3/4. Therefore the fum

= 543 X4 =8/4
Ex. 4.
Add /48a%b 10 \/ 340k,
They are reduced o 444,735 and aby/ 3b.

+at 3.

7

{ L, B 7.
And the fum = 4ea4-ab x\/
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Ex. 5.
Given V48 and \4/:35
\/}“—-44 _Et — T6aa * —\/1 baa =
?\/”f?‘ And \/cz'-’ - a‘/ﬂﬂ. And their fum
= ‘5+2xuaa —g42 XA/ 8.
Ex. 6.
AN L A=
25 3

Thefe reduced to a common 1cn0minat0r lje—

.g,\ 6
come \/— ",d\/ v/——=>- and 1/
5 75
. 2 2 g
that is, 6\/:- and 5\/ —, whofe fum 1
75 75
/2t
75
Or ibus,
2. 2 4X6 2
Here \/-—}:}/4-: y’:—-\/ﬁ‘,
25 5 5 5
2 6 6
Alfo \/—- = \/w = 3/—”_ And their fum
& 9 3
n I - 11 ’,2
=— o < X0 = '*-\/ = =
5 3 o 2 3
f\ s

{

Add Q‘—‘- to /22,

4
b =4

I 204 e
Thefe become v'— and v/~ or V- '
o 200 #
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o it 0 i a1
and 4V —— that is v/— and v —
Y Xz 4 2 %
3 3
. I o I
whofe fum is 1-}--:_1'- XV — = -—/-\/~—,
3 + 3. 4
Or thus,
3 I 9 27 3 I 2 3 ¥
— = V= g = = —
4 A4 4X27 3 4
16 7 64 ol 4 %1
and V— = vV — = § Ve s S
27 108 4X27 3 4.
VA
And the fum = —v —
3 4
_ Ex, 8.
AR
Add - o
Thefe are reduced to ;—;‘ and ff__ " or
o chi

bb I e 1 A
T‘/—[: and T\/-L—L- And their fum is
L}:—{—rf‘/_}_ B iu»{-«n
b b ['\/bé

Ex. g.
Add N ccddaa—ccddxny/ 2 to N/ Tran— d*xx/ 2+

They are reduced to ¢/ 20 — x = v'2, and
ddv/da—xx/2, and the fum is
¢d+dd X vV aa—xx /2.

Ex. 10,
To 2\)@-——\/‘7: 4+ V13,
Add  Sas + nSa— /9

3
Sum W aa — /s /1 3 ,1-43\/‘-;_‘\/.7.
PR O-
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PROBLEM XXVL
To fubtral? furd quantities.
R U L E

Reduce, asin the laft rule; then fubtra&® the
rational quantities, and annex the difference to
the common furd, with the fign (X ) of mul-

tiplication,

Examprrzs

_ I. Subtra& 4/6 from 2¢/6, the remainder is
2=1 X /6 = 4/6.

2, V5o—8 = 5/2— 2 /2 = 3. /2. ‘

3 V500 — /108 = g\ /434 = 2/

4 V/48a%b — \/3aabs = 4ana /36 — ab/ 3b
= 4aa—ab X \/ 3b.

& :/“5,—— V4 = /ot —\/4a = a/a —

20/ = a—2 X \J/ 4.
2 2 2 [} 2
6'\/‘5—\/‘—:\/7—'-——\/%:6\«/;;
25 3 75 75 75
2 2
— 5\/—r = V/T‘
5 /5
or /-4 2 _ 24 6
25 ? 3 25 9
2 I 3 )
—V6— —/ 6= —/6,
5 o j‘k; 5
3 3 3 3 3 I
7 7 I LR Wy L R R
VA 16 iy 3, 64
-5 \/~ﬁ . Or thU.‘I, \/— s ‘/ = 5= \'/' -5
3 4 = 27 4 4X17
3 I 3 { < 2
oA = radelonty o L S
4 3 + { 4

oo




cc E~ _ bb—cc _fj':
T XE S X

¢
9. N ccddag—ccddxx — Vaaa—dixx —

cdvV aa—rus — ddv av—uxs = cd—adX aa—zx.
10. Froi a4 \/TJ

take  \Saa + 20 Sa — /7.
rem. \}Hd — a1 S a7,

PROBLEM XXVIIL
To multiply furds.

TR TUCE E,

Surds by furds ; if they have not the fame in-
dex already, ]LdUCL them to the fame ; then mul-
Uply the qui antities under the common index,

Ex. 1.
Multiply /5 by /3. \\f/’

——

the produ@ /15

@ Un

Ex. 2
; 2ab id
Mulriply \/—?: by \/q{ :
9

Q A
21 8¢ "-’J /- u(sj

produtt = v/
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Multiply /d by \Jab.

Reduced ‘t0 fa% and aabl)® ; the Pmdu&
I 6
=a*bdk =V aabbds.

Ex. 4
Multiply a* by a*

2 L] 2.4 T
Produg @ xXat=a’tF = 4,

2RO E
A furd by a rational quantity ; conneét them
With the fign (%) of multiplication ; or elfe re-
duce the rational quantity to the form of that furd,

and multiply by Rule 1.
Ex. 3,
Multiply +/ 4a—3% by 2a.
The produét is znx\/qzz—-—_;x.

Or 24 = y/4aa, then the produft =
e B0 4
Vi 6% ~—12aax.

2 R U L E.

When rational quantities are annexed to furds

multiply the rational by the rational, and the furd
by the furd,

Ex. 6,

. a S e e,
-M'H]“Pf}' =51 \//ts'--x 5)‘ t—d \/\

axe—d e
The product’ — %{}—! G—0KAN

ac—ad o R
24 v aax—axx.

F E. X,




S URDS.

X, 7
" S axt
.Als’f."/a?:i? “'Z—\/{?)C LTJ)V b—x \//(i.z_,.

|
—a a

a a “
Here —/ax = - Xax = 3 ¥ axee

2
L axi\s ‘

X 7

o~

=

And z:wT -
: czax"'-%

b—x % 551" Therefore

1l

“ wi\e X into b—x X - i

- iNi\Ge — = &

ek T =

ab—ax % 1"_’{] ¢ " ab—-ax\ﬁ/aw? _
b bb T T V7

6

ab—;ax * J%;- the produét.
Ex. 8;
Multiply a1/ b—d
Z('_)‘ G—-\/’C
aa-t-a\/ b—ad
_xl\l/l})——["-*-ﬂj\/&
PR—ULJU& ﬂf)—z'(z—f;‘—l—{i-\//}

B, O
Multiply 2a=—=3a,/d
| &Jr 2c—200/d
éc;’t'—t)f.’f\/‘f
—gacy/d-¢bacy/dd

product 6ac—13acy/d-+6acd
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Ex. 1o0.
Muliiply /7 Mﬁ?g
b Vet

produgt  / so—av/i— s
v b—/3—b40/3,
o VaEiroy
. Schol, 1f impoffi
t]Pl

ied together,
wife ‘

ble or imaginary roots be mul-
they always produce =y othen“—

a real produ® would be raifed from impofii-
le fa(:-tors, which is abfurd. Thus,

XN~V = \/~ab, and V—a X —/—b=
~V'—ab, &c. Alf V' —a X £/ —a == a4,
and \/—g w Vg = g, &C

PROBLEM XXVIIL
To divide furds.
I R U L E
In furds of the fame fimpie

quantity; fubtract
Mieir indices from each other,

& 1
I)’%’fﬂ’l’ (72 é)l o :

: 2__x 5
Quotient 47" ¥ — T

Divide q" by ™*

1 I M}

qguotient a% m PR

F a 2 RULE.
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2 R U-L E

If they be different quantities ; reduce them t0
the fame index, if they are not fo already. Then
divide the quantities under the common index.

Ex. 3.
Divide /15 by /5.
5) 15 (y/3 the quotient.

Ex. 4.
d 2
Divide \/3’—?-1-—, by \/7—({&
2ab\ 3aad gac{
?) L o (\/ 5 quot:cnt
Ex. 5
Divide \/aabbd by \/d.

Vi = :/d*. ds)aabbd (\}aabb :\}E?f, quot.

3 R UL E.

If rational quantities are annexed ; divide ra~
tional quatities by rational quantities, and furds
by furds.

Ex. 6,
Divide A/ 16a'—12aax by 2a.
3 I i
qUﬂthﬂt _’_Z—?\/_;Ga:l_,l 2dax — ‘/'164 ——IZ(Ta\ =

\/.w-—_.;x.
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£x. 7.
wide 224 e — 7 -
Divide y Voddx—axx by - N a—z.
o 5 3’
o W PR ,
20 2b e a—x JaaX—axx(y/ax.

Then —d V/ax = quotient.

Fx. 8.
- 3 e B
Divide S l;n .m/” & by —xV I
S Jaast
b‘ :
17)'_/3'.'\ ax aa-cf' asxs? a3
TR e L S e <
9")'_() ’\‘(j)' ‘,f,..)b[)(
Then the quotient

ax

a
._.-Z-\/x‘__ é\/ — lév/ax.

Ex. 9.

@=y/'b) aa—ad—} +d\/b (a4 /b—d
aa—ay/b quotient.

+a /b
+(?’\'/!7'”—l’

————

0 0 —ad

e —

(0}

F 3 Ex.
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Ex. 10.
ga+ay/bc) 8'b—abbc (ab—by/be
a'b+arby/be

—a*r/ be—abbc
—a*by /S be—abbe

0
A
Divide v/ aa—b++/3 by \/(:h\_/—[::/?

o—/b—/3 ) s6—b+/3 (Vg b=
aa—a\/.&——\/g

‘=T34 /3
+aV b— bt /3

o

Ex. 12.
Divide +/: \/bbra TS vab—be— Jabe
by /- Viocty/a:

Vbet/a)y/ bbca\/f aab—bo—/ abc(\ / ba—/ bi

V bbea-\/aab

D
(@) — l'c.‘"—\/dcg'f
—be—y/abc

— e

O

4 R U L E
When the quantities will not divide, fet them

down in form of a fracion.

Ex
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Ex, 1
Soed SaSabh by JSab—\/4b6
. N T hid NS ebh
The quotient is 24 7

Divide v/

PROBLEM XXIXi

G nmnlios Gesd e p_— praote
To involve Jurd quantitics to any powei

p S g e
Multiply the index of the quantity, by the in-
dex of the power to be raifed.

Ba,. 1.
Let /2 be cubed.
. % iy v
V2 :_2\1- Then 2273 or 2* is the cube,
that is /23 or /8 = the cube of /2.
£, 2,
¢ 1
What is the fquare of 3\/bec.

3 —_
3v'bie = 3 x bee’. Its fquare =

9 X E_é‘ :9\‘/ bbev = Q(C/Mr.
Ex. 3
What is the cube of av/a—x.
aVay = n-'x'ﬁ_—:.{'l ; cubed it is gixa—ut
that is, the cube :(ﬂ‘“ﬂ’:-—-—za:x‘:‘;:,;“:_:\;L___x-,'
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Lx: 4.
‘ a 24
What is the ath power of "52,\/(:5'
| a 24 a 2@ T H
i b = 28 r—b . A t !I
|1. Here 231‘/(_& e, nd its 4th

| e

i Y 24 \’ at 2a\"

j poOwWeEr 1s 3‘ X ;:—_[;I - i()&* X:b =i
| 4ab as
16bie—b  — abxec—2betbb "

I

I

|

l' 2 RULE,
I If quantities are to be involved to a power de-
noted by the index of the furd root; take away
the radical fign.

Ex: 8.
b
Lee 4:: be [quared.

. b
Its fquare is st
¢

Ex. 6.

| What is the cube of /Z—57F 300/ all .
| Anfwer, a'—b' 4358/ abb.
; 3 . R U LE,

Compound furds are involved as integers, obferv-
ing the rule of multiplication of furds.

Ex. 7.
" . ‘ 3+v'5
Let 344/5 be [fquared. g
9+3v'5
+3v5+5

the fquare 14464/5 Ex.
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Ex. 8.

Let a—/b be cubed, Z:gi
;;;-—'ez\/ b
—ay/b+-b

arj—-?_u'\//r";r b
a— /b

as—aaay/b+ab
— aa /b4 2ab—b /b

the cube @’—3any/ b+ 3ab—by/b.

PROBLEM XXX.
To extrail any root of @ furd.

R U L E

Divide the index of the quantity or quantities,
b)’ the index of the root to be extrated.

Ex. .
Extrad the. fquare root of a'.

! 2 2
The roort = 4 =ak
Ex. 2.
Extrail the cube root of abr.
S s
The root is @™ = | /gbb.
Ex. 3.
What is the 4th root of 3aa.
" - 2 4 1 4 &
The rootr is a'/3 = a3 =ax3

Ex.
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Ex. 4,
What is the cube root of v/ aa—xx.

T 1 (3

X] i 4 VL
= ag—N :\/a(g——x.\c.

2 R U L E.

When the index of the root to be extraded, is
the fame as the index of the power of that quan-
m} ; take away that index, and the quantity itfelf
is ‘the roor,

The root is ga—aux"

Ex. .
What is the fquare root of 3%~
Aunfw. 3a, the root.
Ex. 6.
. D e R
What is the cube root of sax—3xx
Anfw. sax—3xx, the rogct,
e R U L E,
Compound furds are extracted as mw'rcr 3, due

regard being had to the operations of :Hll,“c {furds,
When no fiuch root can be found, prefix the radical

fign.

Ex. 7.

Eor the [quare root of aa—sar/b4 46,
aa—4ay/ b4 40 (a—a3/b

aa
2a~24/b) 0 —4ay/ b4
—4ar/ b tib
‘@

Ex.
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Ex.. 8.
What is the cube roor of aa—/ax—xx.

Anfw. / ax—/ ax—xyx, the root.
PROBLEM XXXI.

To ehange a binomial Jurd quantity into another,

R=U E E.

- This redu@ion is performed by an equal involu-

tion, and evolution. Involve the binomial to the
Power denoted by the furd or furds, then fet the
radical fign of the fame root before i,

BEx. 1.
To transform 24-/3 to another.
Its fquare, 4+344/3=74+4/3

the fquare root, 4/ _7_+_7\/ iy

&%, a.
Reduce (/29 / 3 to @ univerfal furd.
Its fquare 2+342/6 = 542,/6
the root \/5-1- 24/0.
Ex. 2.
Let Via—a/x  be given to reduce.
‘The fquare -4 X—u, /ax
the root Via+ -_r.,-——+v"c;’x.

Ex. 4.
] 3 . :
-Bt . /a + /b be gwven.
3 3
The cabé . gy by o Jidsas
the root / :

(2 +3\/ﬂ’£4‘:‘3 -f- :‘,' \(/z:'f".;‘; -i‘ﬁ').
Cor.
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Cor. /a+/b = ‘/l?x/d-i-\/fﬁi; and in ge-

1 1 ” ™\

neral 37_1_5—”_ = s/ :au__]_&*n"!_

PROBLEM XXXII

To extrail the fquare root of q binomial (or refidual)
Jurd, A4B, or A—B; or a trinomial, &c.

1 RULE, for binomials.

Take «/AA — BB=D. Then VATB =
A4D v A—D
‘\/T + .

2
L A+4+D Ae
and v A—B = -j— '—\/qu
A4D A—D

For if v/—— 4 x/T be involved by
Prob. 29. it will produce A ++vAA—DD,
. . A4D
that is A+4+B, as it ought, And \/~—? —
Ve A—:;D will alfo produce A—B.

Ex. 1.
To extrad the root of 744/ 20.
Here A=7, B=/20, and v AA—BB =
V29 =D.
Then the fquare root of 74-/20 =

V' ___\/74;¢29 + v _____“/,,_Z‘/m '




Se&. III.

SURDS. 77
Ex. 2,
What is the fquare root of 3—2,/. .
Here VA A BB =v1=1=D, and
A+4D A—D
'—_2."'— - 2, — = T And
v

2
‘32 = Sa—/1=¢/2—1, the root.

Ex. 3.

To extratt the root of 274+/704.
VAA—BB= V25 =D=35. And the
22

root — V% 3+ "/? that is,

\/:27+\/704 = V164 /11 = 44 /11,

Ex, 4,

What is the Jquare root of 6—2,/ 5o
Here v AA—BB = V36—20 =D = 4.

D A—D
And \/A:- = /5, and v~ 2 = L

And the root — v 5—1.,

Ex. 5.

Extrali the root of /21 +4/5.
VAA—BB=v16=D

= 4. And
ﬁj—n _ 2144 A—D _ /21—y
S R g = 2
21— 4
And the rogq v .‘_/.i.’_' 4 de 4/ 3 \_{_’__

“y J

-

Ex,
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Ex. 6.

Extrafi the root of aa+4-200/ a4—nx.

Here A = 22, B = 2% o/2a—as. . Thei
v/ AA—BB =V a6—4075* F 45% = aa—2x% =D,
Then A = aa—uxx, and =y
the root —x+4+/ax—ax.
Es. 7.

Fkat is the root of Gao/8—/12==\/24.
*Let A=644/8, B=y/1244/24. Then
\/Ad—-BB:]):V/:44+1-2\/8—36—2\/|2x24.

A4+D A—D
= /8, - =3 + 4/8, L= 5
And the root =4/ : 344/8 — /3. But
Vi34v8 = 1 + /2, (fee Ex.2.); there.
fore the root = 1 + /2~ /3.

2 RULE, for trinomials, &c.

For trinomial, quadrinomial furds, &% divide
half the produ& of any two radicals'by a third,
gives the fquare of one radical part of the root.
This repeated with different quantities, will give .
the fquares of all the parts of the root, to be con-
nected by 4 and —. But if any quantity occur
oftener than once ; it muft be taken but once.

For if x4y+4z be any trinomial furd, its fquare
will be #° 4y*42* 2 v fowz4-29x 5 then if half
the produét of any two reQangles as 2xyxexz (or
2x7y*) be divided by fome third 2yz, the quotient
2X°yZ

= x¥%, and

vz =%, muft needs be the fquare of one of

the parts ; and the like for the reft.
B
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Ex. 8.
To extradt th, Jquare root of
6t/ 8/ 12y /24
8 /12 8%/ 24
Here ‘/--——-_.._‘ - Y oV 8 =
v e Tt 7 T
B2 Xy /24
and -—-—-2_‘7‘*8_/_E = V9= 3. And the root is
1+V2—-¢3.

Ex. 9.
To find the [iuare reot of
V32 —/48 4+ Bo— 2444/ 40— 6o,
Here v/32X48

7 A
e = V=", i pridices. oo
230 =V g us produces no

thing. Again, %ﬁé = 416 = 4 And
14
v/ 40x60

1/ 24X40
4

3/ - =V25=53 and T =/4=2

\/43)(24_ W 12x8o
o v Vo= amd SR s i,
&e. therefore the parts of the ract are /4, v/5»
V'3 \/&,“‘/.4,, &c. and the rvot 2-44/2 1/"3
+v/55 for being fquared it produces the furd
quantity gtven_

Car.

7 1 > 4 7 srsearl T3.
: L. In binomials, if D le a vational quan
tity, the roor <

will confit of twe furds, and the
Parts of each under the radical fign will confift f @
Tational quantity (D), and a Jurd (A).

.C“r- 2. If both A and D ke erial, the voof
':5_"-"'! COnfilt est of the 1:se or elle 74
{{ .;;?‘!;';ni?}.f andg ¢ ’,-("," . 2135 1 0% :'ln y hak
; ¢ a'.' .‘f.fi;'-. txi atlion
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PROBLEM XXXIIL
To exiraid any root (c) of a binomial furd A4B,

or A—B.

R U L E.

Let AA—BB=D, take Q_fuch, that QD =15
the leaft integer power. Let V'A+B x/Q=r;
the neareft integer number.

Reduce Ay/Q to the fimpleft form py/s.
Lo
r 4 -

Let
24/$

= ¢, the neareft integer.

/s + Vtis—n
, if it can be

v Q extracted.

Note, 4 is for the binomial A4B, and —
for the refidual A—B.

Then the root =

Ex. 1.

What is the cube root of /968425. .

Here D = 343 = 7x7x7. Qx7*=n’, and
Q=1, n=7. Then \/m: \’/564_
=r=4 AYQ = /968=22y/2=py/35 and

"
Vimyva, Tt o =4+ Z
24/5 24/2

Ws=2/2, Vits—n=V8—7=1. \G/Q:I.
_._.___-2\/le = 2¢/2+1, which

= =2, Apd

And the root

fucceeds.
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Ex. a,
Extrait the cube rogr ¢f 68—\/4374.
Here D:2r0:5xr><"xz. And g5x2'=4D
SHD'Z, and ({f—_-.aa,, n=2x;=r1o0. And
e—— Hols
\/A+B>(\/Q - \/134_)(2 ='b'=#
A‘/Q\:-l36\/1:pg/i, and /s=1.
Foasas
r

73 =23 o e
“;‘\7;—-—2—__6_4_& W5 =4
And the root
Vi~ Sl =S g 6
Vi~ /ity _ et o il
V2 V4 V2

for its cube is 68—27,/6.

Exi 3.
Extralt the sth root of 25/6441/3.
Here D=3, n=3, Q=81, r=35, /s=/6,
=, W5=y/6, Vis—n = /3
:C/Q :\;812\‘/9. And the root to be tried
V6+4/3
5\/9 .

Seworiuvwm

If the quantity be a fraction or has a common
divifor, extract the root of the denominator or of
that common divifor, feparately. They that would
fee the demonftration of this rule, mav confult
G?'c?‘::e_/észe’s or Mac Laurin’s Algebra, For as it
feldom happens that fuch quantities have a proper
FOOr; it i3 not worth while fpending any more
time about them,

G PR O-
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PROBLEM XXXIV.
A compound [urd being given, confifting of two, threts

or wore terms, which are furd [quare roots: P
find fuch a multiplier or multipliers, by which mul-
tipl ing the given furds the produé? will be rationdl

R UL E

Change the figh of one of the terms in a bi-
nomial, or trinomial, or the figns of two terms

_in a quadrinomial ; and by this multiply the gi-

ven furd.
Ex. 1

Let a4+/3 be given.
Multiply by a—/3

produét 84— 3.

Ex. 2,
Given «/5—/%.
Multiply by  /5+4/¥
product 5—ux  rational,

r——

B 3¢
Let A/544/3—/2 be givem
Multiply by v/5+v/344/2
544/12—=4/10
+/15+3—/6
+y/ 104/ 6—2
produét 642415
multiply by ~6424/15
product 60=36=24.
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Ex. 4.
There, is given Vet Sb—\/c4\/d
Multip}y by Vat\SbSo—\/d
Produ® g oy abtay/de
. de.
midply by iV
Produt  ffyuf/abt qab—ade

= £ +4f\/ab
multiply by g —.45 /ab

produt g g—16/fab

In this procefs £ s put for the rational part
ﬁ+&‘-6——{1"

5 and g for Lf +4ab—ydc.

Cort. 4 binomial becomgs rational after one opera-
bion, @ tringmia] after two, and a quadrinomial after

tbree, &ec,
PROBLEM xXXXV.

A binomia] being given, confifiing of one or two furds,
Whofe ipdex or root is any power of 23 to find

@ mulliplier oy sultipliers that [ball make it ra-
tional,

Ryfl: L .E,

Multiply it by its correfponding refidual (that
is when one fign is changed); and repeat the {ame
Operation, as long as there are furds.

Body £t
Let \fa—/b be given,
Multiply by at/b
produd 4y rational.

G 2 Ex:




S URDS.
Ex. 2.

. Let /5 + /3 be propofed.

I Multiply by Jfg - \/3

1 produ& /5 — /3
multiply by /5 + /3

———

2 produét 5 — 3 =2, rational.
Ex. 3.
Let there be given \}d + C/!)".
Multiply by 3 BB
| 1 product \:/a—-—\i/b
| multiply by Va4 /b
2 produét Ve — Jb—-
| mult, by Ve /b
| 3 product -_a — b rational,
Ex. 4.

Let a + \L/ZJ be given.
Multiplier G — \}&

1 prod, aa — /b
mult. aa + /b

————

2 prod. a4 —— b

Cor. Sr"ba'rzﬂ);;i*ﬂ-' of operations, is equal to the powél
of 2 in the index.

PROB
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PROBLEM xxXVI.
Any binomial furd being given, to find a multiplier
which fball produce a ration.t produid.

RU L. E:

If the furds have not the fame index, redoce
€m to the fame, (Prob. ZY,)

‘ake the two quantities (throwing away the
radica] fign or index) , change the fign of one of
them. ‘That done, involve thefe to the next in-
erior power denoted by the index of the root
(Prob, =, Rule 3)» but leave out the unciz or co-
Cificients : then place the common radical fign be-
fore each quantity, but after its fign. And this
will be your multiplier, :

th

Shorter thus,
n "
Binomial vA + /B,

] n ”
MLI]tipIier ,V/Aﬂ—l '_? \/jlkrr—-ﬂ_B o}e \/A::-3B:
+ v/ Ar—iBs 4 &c.

The upper figns muft be taken with the upper,
and the lower with the lower; and the feries con-

tinued to # terms.
VIR
Let \3/ 7 + C/ 3 be given.

Multiplier /7% — \/7%7 + V/3X3
‘_‘_‘___1_'__—__—“___
7+ VX3
T VIXIX3 — /7X3%3
+ V7X3%34-3
produt 3 = 10, rational,

G 2 Ex.
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B 2
Let a—\’/z be propofed. = :/af—-:/z.

Multiplier aa4-a4/2 + ‘/3253
product a'—2.

—————— e

£ 3.
Let \;/:3 + \t/ b be propofed.

Mule. (/a2 —\/ab + /bb
produét a4 + &

Ex. 4.
Let /5 + /3 be given,
reduced :/5 o \4/9: given.
Multiplier :/5*— :/5’><9 + \7%"&; N
product 5 g

S

Or thus,
4 -
Surd /9 + /5.

mult. /9" —4/9'X5 + +/9X5" — 4/5"
produ& 9 —r ik W

EN. 5..
Let ‘}'(f" — \}b‘ be gi—::grg_
Multiplier \4/39 - J:M e :/4356 4 \4/59_
or
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Or thus,
Surd C{m - \/5 : \
mult. g, /4 + ay/aalk - by/arbd +5'}£,,ﬂ
produ@ o — s,
Bx 6,

Let /a — /b be propofed.
reduced to J’a%—-\}éé
put x=a', y=£b.
Surd :r/:n — ‘_;J' ; .
mU]t. ‘/Xs + \/x‘"}) + \/A‘?Jl'- + (}/xi‘yt ...|_.(I
VXt 4 S

product w—y = a5 — 44,

PROBLEM XXXVII

4 frattion being given whofe denominator is @ com-

Pound [urd 5 to reduce it to another whofe deno-
minator is rational.

R U L E

Find fuch a multiplier (by Prob. 34, 335, 0r 36),
as will make the denominater rational. By this
multiply both numerator and denominator.

Ex. 1.
3
—m Do D¥opefed,
Let To—ors e propel
23X\ 541/2 e
Here

V52X V542
5+43y/2
g‘——-———\/‘_)_zi\/ =45 + 2.
5 =3 G 4 E.\'.
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! Ex. 2,
\ e
|
|

Let there be given

V7+v3'

Multiply both terms by 4/9—y/3, the fraction
' becomes "/42—\/Ih.
| 7—3=4
I EXN. 3.
il 2
il Suppofe g
il 2 / s s
H Multiply by 34-4/2, then 9“_:/ is the
' fration required.
!‘l Ex, 4.

ab—ly/be

Let
a4/ bc

be propofed.

acb—2ab\/be4b*c
ag—ibc

Multiply by a—/b¢, then
is the fraction fought,

£z 5
. 2/a+24/b :
! 2¥Y X D riven.
| Let - e given

\- - Multiply by 54473 ; then
Is\/ﬂ+10\/r"‘+?\/%f’+2\/3/

’35_!_22

FRb.
10

i Suppefe .
i V7—V'5
Multiply by \3/7=+:/7><15+\z/5‘, and the frac-

: 10 /40410 364 T10/25
tion becomes —

7 —

/ b

5\1/49 +5\/w'r \/2’ Ex.
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L3,
Let ~ \/ﬂb+ =
V5443
Multip]y by \“/5:_\‘/5;.3_{”\/5_3;_\/3: 3
And the fraftion is

% 4 F *
VA2 7540/45—V/2T

b=t
Or thus,
b
Multiply the terms of the fradion “T—f‘/—ﬂ.—
V5 +/

4 4 5 el

by +/5—/3, and it becomes \é-‘?—_——\/g\/ab 3
again multiply the terms of the laft fraction by
vV'54++/3, and it becomes
3 1 1 1 3
‘,5'7'.___5731_‘__3“:5&-_31
‘“——__m____—-_- 3

5—3=2 V%

Ex. 8.

8 P rasm
Let ;;—;\/2—"*_‘1 be the ﬁa?f».u...

Multiply by v/344+/2—1, and the fraction will

be 8v/3+8/2—8 — 4 3tay/2—4 hocindiy
5424/0—1 = 2 4-4/6 S

multiply by —24-4/6, and it becomes

*‘9\/2——3\/3-4-84—4\/18—1—4\/|2—.1,\/6

D=0

= 42/ 18420/ 122 f6—4 /S 3— 44/ 2

= AH60/2 43 —2yS6iy/3—a0/2

= 4+2y/2 —2,/6.

SECT.




SECT, 1IV.
Several Methods of managing Equations,

-

N Eguation is the mutval comparing of two

equal quantities, by the help of this charac-
ter (=); the part on the left hand is called the
Jirft fide of the equation; that on the right, the
fecond fide. And the fingle quantities are called
terms of the equation.

An equation is ecither two ranks of. quantigies
equal to one another, and feparated by this mark
(=)s or one rank equal to nothing. And they
are to be confidered either, as the laft conclufion
to which we come in the folution of a problem 3
or as the means whereby we come to it. In the
firit cafe, the equation is compofed of only on&
unknown quantity mixed with known ones, and
may be called the final equation. But thofe of
the laft fort involve feveral unknown quantities;
and therefore they are to be fo managed and re-
duced, that out of all the reft there may emerge
a new equation, with only one unknown quantity,
which is that we feek. And ¢his is to be made as
fimple as it can, in order to find the value of the
unknown guantity.

An equation is named according to the dimen-
fion of the higheft power of the unknown gquan-
tity in it., A Jfimple equation is that which con-
tains only the quantity itfelf; as a=b—c. A
quadratic equation, is when the highell power i§
a fquare, asaa—ba=d. A cubic equation, when the
higheft power is a cube, as @3 4ba*—ca=d4d. A
fourth power when the higheft power is fuch, a8
¢+—3a*+a=d, &c.

PR O-
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PROBLEM XXXVIIL

To turn Proportional quantities into equarions 3 and
equations into proporiions,

In the folution of problems, it often happens,
that we have feveral quantities in geometrical pro-
portion, which are to be reduced intoan equation ;
which will be done thus :

R ULE.

Multiply the extremes together for one fide of
the equation, and the two means for the other
fide ; or the fquare of the mean,, when there are
but 3 terms.

On the contrary in a given equation, divide
each fide inte two faGors; and make the two fac-
tors of one fide the two means ; and the two fac-
tors of the other fide, the extreams.

Ex. 1.
faibi:cqf:d. Then ad=be+if.

Ex. 2.

Let a4-b 3 geeb 2+ "‘j—\./aa-—-xx ¢ o

*

ar--br a—ch
Tl’lﬁn — : d ‘f O0==XXs

Ex. 3.
¥ ad = bc4bf. Then a:b::c+f:d.

Ex.
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Ex. 4.
ar by ca—ch
If 7 = 7 Vaa—ux.
a+b cao—ch
Then -j—“ : 4 . \/d(.t—};‘x:l'
K
L nginhip
or a—b: a+b:": ook 7\/@——;’:{.
Ex 3.

Let be+-od = da—cg.
Then 1:4 :: c4d : da—cg.
or b : N do—g :: Vda—ig : c4d.

PROBLEM XXXIX.

To reduce an equaiion.

-

When a queftion is brought to an equation, the .
unknown quantities are generally mixed and en-
tangled with the known ones; and therefore the
equation muft be fo ordered that the unknown quan-
tity may itand clear, on the firft fide of the equa-
tion; and the known ones on the fecond fide.
Which is done thus :

% O 1LE
When any quantity is on both fide the equation,
throw it out of both.
Ex. 1.
If 324606 = ge—d 4 gb.
Throw out 65. Then 3% = d¢—d+3b.
2 R U L E.
When the known and unknown quantities are

both on one fide; tranfpofe any of them to the
contrary fide, and change its fign. Ex.
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Ex. 2.
If 50 4 35 = rx + 24,
Then 54— % 4 bd — 3b
And 5y e — pd — 30,
For to tranfp

93

a ofe a quantity with a contrary fign,
13 the fame thing as te add it, or elfe to fubtraét ic
from both fides ; therefore the quantities on each
106, remain ftill equal, by Axiom 1. and 2.

3-R W L FE,
If there be frafions in the equation, multiply
oth fides by the denominators.
Bteids
aa dx
Suppofe ok t—f= =

¢ bdx:
Mu]tlply byb,aa+cb—fb = 4

@
mllltip]y by a, @ -+ beg — f?fﬂ = bdx.
This procefs is plain from Axiom 3

4 RULE.

When any quantity is multiplied into both fides
of the equation, or into the higheft term of the

unknown quantity ; divide the whole equation
tht:reby.

Ex. 4.
If 7063 4 beaa = beda,
Divide by ba, 748 + ca = dd.
- ca cd
divide by 7, ag + — — LT_
The truth of this appears by Axiom 4.

5 RULE.
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5 RULE

If the unknown quantity is affected with a furd;
tranfpofc the reft of the terms; then involve each
fide according to the index of the fyrd.

Ex. s5.
If Vas—ba + ¢ =d.

Then sa—ba = d—ec.

fquared ae — ba = dd—2dc+-cc.

This procefs is plain from Axiom 5.

6 R U L E. _
When the fide containing the unknown quantity

is a pure power ; or if being adfected, it has a ra-
tional root : then extraft fuch root on both fides
of the equation.
Ex, 6.
If a3=ds — bie.

Cube root. a = ‘/s bi—-bbe.
Ex.. 7.
If x4 62+ 9 =200
Square root ¥ 4 3 =+,/204.
and N == i\/ ZOb—gc

Sckol. All thefe rules are to be ufed promifcu-
oufly, as one has occafion for them ; till the equa-
tion be duly cleared.

PROBLEM XL.
To explain the nature and origin of adfeited equationss
1. Any adfefted equation may be confidered a$

made up of as many fimple equations, as the di-
menfion
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menfion of the higheft power is. Suppofe ¥=gq,
#=b, and x=¢, &c. ‘then X—a=—0, ¥—p=0,
#=t=0. And if all thefe be multiplied together,
then x—g X %—p X #—¢=o03; that is,
Xi—~ax*+abx—abc =0, a cubic equation,
—b tarc
—c b
whofe roots are a, b, e.

In like manner

s W—a X X—b % x— X x—d =0,
Produces a biqua

dratic equation,

¥b—a ¥} t-abw* — abe ¥ 4 abed=o,
—b  dac —abd
—¢  +bc —acd
—d +da  —bed
~+db
~de

whofe roots are a, 2, ¢, 4.

Thefe two equations may be written or de-
oted .thus, 3 — pys 4 g  —r =0, and
Hbom b 4 gt — 1 +s=o0. And any fuch-e-
Quation being found in the folution of a problem
the bufinefs is then to refolve it into its original
Compounding fimple equations, and fo to find the
Taots @, &, ¢, &c. For each of thefe fimple equa-
tions gives one valye of ¥, or one root. And if
any one of thefe values of » be fubftituted in the
€quation inftead of x, all the terms of the equa-
tion will vanith and be =—o. For fince
ey b | . .

Y8 X x—b X x—0, &c. =p. Itis plain, when
one of the fattors x—2 is —o, the whole pro-

Ut will be =5, And of confequence there are
three rogts in the cubic equarion, and four in the
blquadratic; and in general there are as many

100LS, asis the dimenfion of the higheft power in
It, and no more,
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2. If it happen that the roots a, 4, ¢, &c. be

— 13

equal to one another, then x—a will be =o,
. 14
or ¥—a& =o, &c. and ¥—a is had by evolu-

tion, fince the given equation is generated by in-
volution,

3. That there are no more roots than thefe is
plain; for if you put any quantity, as f for #,
which is equal to none of the roots a, 4, ¢, &ec.
Then fince neither f—a, f—b, nor f—¢, &¢. is
o, their product cannot vanifh or be —o, but
muft be fome real product; and therefore f is
no root of the equation.

4. Since the fquare root of a negative quantity
is impoflible ; thercfore if we have 1uch an equa-
tion as this, ax <+ @2=0, or Ax — — 44, then
x¥=-+,/—aa, which are two impoffible roots of
that equation. So that a quadratic equation has
either two impoflible roots or none. And there-
fore in any equation, there is alwaysan even num-
ber of impeflible roots ; fince each quadratic that
goes to the compounding it, muft have either two
ornone. Therefore no equation.can have an odd
number of impoffible roots. Hence therefore the
number of real roots in a cubic equation, will ei-
ther be one orthree ; in a biquadratic, four, two,
or none. -In a fifth power, 5, 3 or 1; &e.

5. From the foregoing cquations it is plain, that
the coefficient of the firft term (or that of the high-
eft power) is 1. - The coefficient of the fecond
term (or next higheft power), is the fum of
all the roots, 4, &, ¢, &c. with their figns chang-
ed. The coeflicient of the third term, the fum
of the produls of every two of the roots. The
coefficient of the fourth term, the fum of the pro-
dudls of every three of them, with contrary figns,
&7c.. The odd terms having always the fame figns
and the even terms a contrary one, And the
abfolute

66
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abfolute number is always the produ&t of all the
Toots together,

6. Hence it follows, that when the fum of all
the negative roors i equal to the fum of all the
affirmative, the fecond term vanifhes, and the con-
frary. And if all the negative rectangles be equal
to all the affirmative oncst: the third rerm vanifhes.
And if 5] the negative folids be equal to all the
alrmative ones, the fourth term vanithes, out of
the tquation ; and fo forward.

7- But the roots of equations may be either -
—, yet flill the fame rules hold good. For let
the fign of any of them as ¢ be changed into =,
that is, let ¥+c=03 then in the cubic equation
the fecond term will be —a—b+4¢ 3 that is, the
fum of the roots with a contrary fign ; the third
rm will be o ab-—ac — bc, that is, the
lumy of the products of all the roots; and fo
of the reft,

. 8. Hencealfo in every equation cleared of frac-
tions. and furds, each of the roots, each of the rec-
tangles of any two of the roots, each of the folids
Under any three of them, each of the produéls of
any four of the faid roots, €. are all of them
Juft divifors of the laft term or abfolute number.
'_rherefore when no fuch divifor can be 1'.,;und._
It is evident there is no root; no reétangle of
Toots, no folid of roots, {F¢, bur what is furd,

Orin the cubic equation, a, &, ¢, and @b, ac, b,
are all of them divifors of the laft term ade: and
0 of higher powers.

9 Inany equation, change the figns of all the
terms but 1he firft 3 then ler the coefficients of the
firft, “eond, third, & terms be 1, p, §a i Tyrily
5 vy &, refpectively.

or

H Then
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Then obferving the figns, we fhall have

p = fum of the roots, a+4-é+¢, &c.
pA~+29 = fum of the fquares of the roots
=q* 40 &c.
pB4+gA+43r = the fum of their cubes
—at4-4  &c. :
2C {;ﬁ}‘-gB—i-rA 445 = the fum of the biquadrates,
.

Where A, B, C, &¢. are the firft, fecond, thirds
§9¢c. terms,
For 4p=a+b+4c &c. =N

Alfo pA or a4-b+¢ = a* b4 +2ab +
2ac+20d=B—29. Therefore B=pA 429, &c.

To go through the calculations of the reft would
be tedious, and of little ufe.

10. In equations of the third and fourth powefs
we find, when the roots are all affirmative, the figns
are 4 and — alternately; fo that there are 48
many changes of the figns as is the index of the
power, or as the number of roots. But if the
roots are all negative, the fignsare all 4 through*
out, there being no changes of the figns. Whenct
in thefe cafes, there are as many affirmative roots
as changes of the figns in all the terms, from
to —, and from — 10 +. And the fame nile
holds in general, that is, there are as many affir
mative roots in any equation as there are change
of the figns. But the equation is fuppofed to be
compleat, that is to want no terms, and to havé
numeral coefficicnts. And likewife the number
negative roots is known thus ; as often as two of
the figns <4, or two of the figns — ftand next
one another, fo often there is a negative root.
would be needlefs to trouble the reader with th®
proof of thefe things ; fince it can only be don®

in" particular cafes, and not in a general WaYa
An
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A.”d. befides when impoffible roots happen to lie
id in the equation, they caufe the rule to fail.
Tl. When the roots are all affirmative, the
terms of the equation are alternately -4 and ~
t rough the equation ; but when the roots are all
Negative, the figns are all 4 ; and therefore, as
y Cha"ging the figns of the roots, the figns of
the alternae terms are changed ; fo on the con-
trary, changing the figns of the alternate terms,
Changes the Gigns of all the roots. And this holds
"l general, as will be evident by producing two
“Quations from the fame roots, with contrary figns.

12. Since any adfefted equation, as Xi—px 4
f*~r=o, is made up of fimple equations, fuch
& X¥—a=0, x—b=0, &c. Therefore if one root
33 ¢ be known, the whole equation may be exaét-
¥ divided by ¥—z 3 and fo reduced to a lower
‘menfion. Alfo when all the roots 2, &, ¢ are
ound out; then will the continual product of
X~a, x—p, x—, exactly produce the fame equa-
ton. Tt is no wonder that an equation has feveral

Toots ; becaufe in fuch cales, there are more folu-
“f?ﬂs 0 a problem than one. So that in one cafe
o

I, ¥ is =a, in another cafe =4, in a third
¥=c, &c. and they are all comprehended in the
8etneral equation, And hence though there be fe-
Veral roots in an equaticn, yet only one of them

Will anfwer one cafe, or the particular queftion
Propefed.

2. That any root fubftituted for # in the given
€quation, will make the whole equation to vanifh,

Y deftroying all the terms, is proved thus, Let
the €quation be,

¥ =— gx* 4 abx — abc —o.
—b 4 a
—¢ b

H And
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And let the roots be @, &, ¢, as before. Then
fubftitute any ose, as 4, inftead of %, and the
equation will become

a'—at + bsa — abc=o,
—baa <+ eaa
—caa - abe

Where the terms manifeltly deftroy one another:
And the fame will happen, by {ubftituting & or é
for #.

13. If the laft term of an equation vanifhes (48
a b ¢, Art 12); then one root will be o3 for then
the whole equation may be divided by the up-
known quantity # or x—o. If the two laft term$
vanith (ebx + acx+-bex, and —abe), then two rools
are —os if the three laft terms vanifh, then three
roots will be 03 &e.

And en the contrary, if one, two, or three roots
£5¢. be —o, the laft term, the two laft, or the
three lalt terms, &e. will vanith out of the equd
tion, and the remaining partof the equation wil
contain the reft of the roots. . Thus in the equd”
tion, Art. 12, if the roois b, ¢ be =03 theré
remains only x'— 4404 X ¥*=0, or x—a=0
an equation containing the remaining root @.

t4. And in any power of a binomial, if eacht
term be multiplied by the index of the unknowt
quantity therein ; it will thereby be reduced to the
next inferior power. To prove this, we muft ob”
ferve, that the coefficients of 2 binomial, ‘are the
very fume, whether you reckon forward from the
beginning, or backward from the end; that ¥
the firit and lalt are the fames the fecond &P
laft but ones the third and lalt but two, 56
YFor the coefficients of any power of x5, are che

fame as of é+w Inthe qtsml..x:ic x3 - 20% 409
Lhe
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the coefficients ure ty 08,00 w-dn thet cubioc
I Ao they are 1, 2, 3, 1. In the
ourth power they are 1, 4, 6, 4, 1. Inthe fifth
pow‘er, Iy 5s. 10, 10, 5, 13 and fo on.

herefore, ot any power of ¥<4-# be denoted

1 n.n—1
fius, Xt pati—1j, ME — =2/, '
2

1

2. i O

P OOy LB o ol Lol
20

L S 7. —1
\:"—‘—' ¥tz

Hxpi—;

pp=e

&y n being the index of the power,
Ad Tet % be that of the next inferior power, or
=,

~#7—1, Now let each term be multiplied by
the index of x in each term; that is, by

= #—2, &¢. and we fhall have
R " H—1 . H—2
?Ex",_]_;# 5 ) ] : He—2 [
s =1 , xP—1 Xr=—2bb
A St 2 -+
., ?Z-—-..il T
H—2 . 1 :
e el &l e woiod
[ - he oW

X3 oy, pe—r ., g2 -+

2
M=t 4 0. And dividing all by ax, it becomes

e —1 . B—~2
=1 1 N1 . 2}, +

x=sbb

-H—-_
N —T . e

‘\—-———-—g,\"-ﬂb, o e S

BEEY . p—o —

"‘?____ &t = + B—1 .y ~- A 3 t]'ldt
n . . T —I

185 I'E:ﬂ:o;-mg My X% gy i) - Am—2Lh +-
R i o] ey " —

R ‘_-;._ St ateadrer s, Tl e T A
x}"}’m_":+m.&c£"""—l-',-i"’, which is manifcltly the m
Power of x4.2.

IE 2 321 _'.'.,i.s_'s
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15. Alfo if the equation refulting from the laft
operation be taken; and its feveral terms again
muliiplied by the index of x in each term; it will
be reduced to the next power below that, and fo
on for more operations. And therefore after each
operation one root will be deftroyed; or fo many
roots will be deftroyed as there are operations, and
the reft will remain.

16. And further: If there be feveral equal roots
of one fort, and alfo feveral equal ones of another
fort, in any equation. And if the terms of that
equation be mulriplied by the feveral indexes of the
unknown quantity in each term; an equation will
arile wherein one of the equal roots of each fort
will be deftroyed. And in general, whatever roots
there be in any equation, if the terms be refpec-
tively multiplied by the indexes of the unknown
quanticy therein, an equation will come out where-
in one root of every fort will be deftroyed, whether
there be equal roots, or all different. But thefe
things being of lirtle confequence, T thall not des
tain the reader any longer about them.

17. As impoflible roots are fuch as are produced
from the fquare roots of pegative quantities.: {0
impoflible equations are thofe produced from im-
pcﬂihle roots ; as this equation g+—gqa’+aa4 108
+22=0, which is produced from thefe two,
aa+2a+2=0, and ga—6a411=0; the former
produced from a1 44/—1, and a4 1—y/—1 3
and the latter from ¢ —3 + 4/ —2, and
G—3—/—2. Thefefort of equations have roots
that are barely impoffible. _

Likewife, there are equations that are doubly
impoffible, or impofiible equations of the fecon
degree. And thefe are produced from equation$
involving two degrees of impoffibility, as thi$

a*4-4a'+8aa+-8a+ 5=0, which is produced frol.l;ﬂ
the
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the equations, aa 4 2@ 4+ 2 4 /— 1=0, and
442842~/ —1=0. Such as thefe cannot be
reduced into rational quadratics, as the ether may.

PROBLEM XLL
To z'm'rmﬁe or diminifb the roots of an equation, by
any given quantity.
T Y O

For the unknown letter fubftitute a new letter,
= the given increment, or <4 the given decre-
ment,  And fubftitute the powers thereof, in the

fquation, inftead of the powers of the unknown
cteer,

Ex 1.

Lt s0—pu* 4 gvemr=o0, be givens and let the
Yo0ls be leffened by the quantity e.

Suppofe y=x—¢, or x=y+¢ Then
ol e 2 e i U o

PPEY = e Pyt = 2 pey—pEt —o0, which
+gx = + gy + q¢ '
-_— = _—
is the equation required.
: Ex. 2.

Inireafe the roots by 4, of this equation
@ 4-a'—104 48 —=0.
Suppofe a+4=¢, or a=e=—4.

Then @ = @120} 480—64

+at = e¢ — 8e4-16
—i0a= —10¢+40
<+ 8§ = 4 8

e — 11e¢e +430¢ * =6, the

cquation required; reduced, er—i e+ jo=0, a

quadratic,

H 4 r Cor,
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Cor. 1. The laft term of the transformed eqieation

is the very [ame as the equation given, baving ¢ in
I the place of r (in Ex. 1.)

Cor. 2. When the laft term wanifhes, the number

I affumed (—a4, Ex. 2.) is one of the roats in the

equation propofed.

% Schol. By this rule, ail the roots of an equation
i may be made affirmative; by increafing them by a
i proper quantity.

{ PROBLEM XLIIL

To multiply “or divide the roots ‘of “an equation) by a
| given numéber or quantity. ‘

R U L E,

I
|
I Affume a new letter; ‘and divide or multiply it
[
IL

by the given number; and fubftitute its powers in
the equation, inflead of tli¢' unknown quantity:

: Ex. 1. .
\ Mulsiply by (3, this equation y* — = J_Lé_o
4 4 e 3 27 . —

Suppofe Y3 the r'-'b'ft"' < =
uppoe_}_-s 2, tlc_:f abllituting *3—5 for 1

2 4 146

we have g g s =0, tor reduced
] 2 2146 = 0.
I :
i I’,.‘f. 2. 1 i
I D.wde b)‘ \/3, the {’?‘ﬂ(ﬁ:’."ou. ,'-.33-'---2:1.‘—{—\/3 =
x Let ¥=y,/3, which put for &, We have
] 3}‘\/3—-2):\/3—}-\/3 =0, OF gpl=—2y4-1=0.
” Cor. By this rale, fradtions.or furds may be taken

' out of an equaiion 5 by dividing the new letter by the
common denominator 5 or by multiplying the new letter
| by the furd quantiey. PR Q-

—




Sect. IV.  Natare of EQUATIONS. 105
PROBLEM XLIIL

To change the roots of an equation into their
reciprocals.

R L TE.
In the given equation, inftead of the root, fub-
itute a unit divided by fome other letter.

Example.
Ler 3yl—a2y-4-1=0, be given:

Put r= —;—, then -i-—-—";— + 1=o.

23
reduced g—22*4-23 — o.
or 22242 = O,

. S¢hol, By this rule the greateft ‘root is changed
into the leaft, and the leaft into-the greateft, &Je.

PROBL E M. XLIV.

To compleat a deficient equation.
g An equation is compleat, ~when it has all its
trms, or thofe contdining all the powers of the

‘_ - - .
tnknown quantity ; and deficiens, when any power
15 wanting,

R U L Ea
Increafe or diminifh the roots of the equation,
¥ fome given quantity (by Prob. 41).
Example.
Suppefe a*-4-2a—5=0, deficient.
€t e+ 1=4, then

@' = et 3ee4 3041
T2a = +2¢642
[~ — __3

———

&+ 3¢¢+ 5¢—2 =0, compleat.
Sehol,
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chel. An equation may be rendered compleat,
by muldiplying by the fame letter with fome quan-
tity added, as @41 ; but then it railes the equa-
tion a degree higher.

PROBLEM XLV,
Ta deprefs an equation to a lower dimenfion 5 one of its
r00ls being given.
1 R UL E.
Put the equation —o, and divide it by the un-
known quantity — the root given,
Example.
Given @’ a*—104-+48=0, one root a=—4.

4+44=0) & +a*—1024-8 =0 (asg—3a+2=0 the
@ +4a* equation reg.

-—3a*—10a
-—-3@2....._[ 2a

+2a+4-8
+2a+8
(9]

2 R UL L

Put a new letter added to that root, equal to the
unkaown quantity; and fubflitute that and its
powers in the equation.

Example.
Let at4-a*~10a-+8=0, begiven, and a—=w—4s
Put a=e—4. Then
+ @} = 126" 486—64

+at = e ~ Be+416
w104 = 106440
4+ 8 = 8
0 = &—116*4206+40

reduced g'=—11¢ 4 30 =O. PRO- |
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PROBLEM XLVL

To find bow many roots are affirmative, and how
many negative, in a givem equarion.

R UL E

Range the terms of the equation aecording to
the dimenfions of the unknown quantity. And
U the equation is not compleat, make it fo by

rﬂb. 44_.

Then obferve how often 4 follows =, or —
ollows 4, that is, how many changes of the
120s there are; and there are fo many affirma-
tive roots in the equation.

Alfo, as often as two like figns ftand toge:her,
O often there is a negative root.

Ex. 1.
Given #4e—p—19x¥%4-49X—30=0:

Here the figns ate 4 — «—~ 4 ==, and
there are three changes s from the firft to the fe-
Cond, from the third to the fourth, and from the
ourth to the fifth term : therefore there are three
affirmative yoots, Alfo, in the fecond and third
tetms,  two negatives ftand together, and in none
elfe, confequently there is one negative raot,

Ex, 2.

Suppofe x4 53—y ¥ ~=29X 43020,
Thf:ﬁgns are 4+ + -~ — <+

roots neg. af. neg. af.

So there are two affirmative, and two negative
roots,

Ex.




Tranfmutation of = ks

TXsx 3
Let the equation be ai—7a+6=0.
"This equation being defeGive is to be compleated.
@ * — 72 +4.6=o.
mult. by ¢ 4 1 = o.
4t *F — 7a* oA Ga
o+ a3 ¥ w92 4 6,
a* 4 at — 74" — a 4 6=o0.

So there are two affirmative, and two negative
roots in this laft equation, and one of the negative
roots being — 1, (by the multiplication of 241 =o0,)
therefore, the given equation coritains two affirma-
tive roots, and one negative.

The reafon of this rule appears from Art. 10.
Prob. 40.

ScuroLiIuM.

This ' rule does not hold good, if there be. im-
poflible roots in the equation ; except fo far as
thefe impofiible roots ‘may be raken for ambiguous
ohes, that is, for either affirmative or negative roots.
As in the ‘equation ¥3—~6x*+13v—r10==0,’ which
by this rule' gives three- afirmative roots, ‘but in’
realiry it has but one root, which is 2, thereft are
imaginary.

There are alfo fome ru!es whereby to judge how
many impoffible foots areé in-an equation, buf: they
are fo very.tedious, and of fo litrle ufe, that 1 fhall
not trouble the reader “with them, See Newion’s
Univerfal drithineticy, p. 1g7.

PRO
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PROBLEM XLVIL
change the affirmative roots into negatives, and the
negatives into gffirmatives.
a1 o ol s

Place cyphers for the deficient terms, 'if there be
any s then change the figns of all the even terms,
that is, of the fecond, fourth, fixth, &e. terms of
the equation,

To

Ex, 1.
Given x'4-8x4-24=0.
That is, ' +o+8x+24=0.
transformed ¥'—o+-8x—24=0.
~ In the given equation ¥=-—2, in the transform-
&d equation &— +2.

B s

Suppofe At g3 —T1 g X* J- 106 X—T120=0.
transformed 4 x+ 4 43 —19x*—106x—120=0.
In the former equation the roots are 2, 3, 4
and —35; and in the latter 5, —2, —3, and —4,
The reafon of this procefs is plain from Art. 11.
,_mb‘ 40. and may be demonftrated thus. In the
given equation, we have 4 x for the root. Now
fuppofe —w to be aroot. Let this be fubftituted in the
given equation, and it produces —u'—=8x 424220,
thar is, #'48x>—~24=—0, as in Exam. 1. And
¥t axi—rgxt—106x—i:.0=0, as in Exam. 2.
For it is plain, all the odd powers of » will now
€ hnegative, which before were affirmative, the reft
rt:maining as before. Whence the figns of all the
odd powers will be changed, according to the rule.

SECT.




SECT. V.

Ranging the terms ; working by general formss
Subflitution and reflstution s taking away any
term of an equation 3 extermination of un=
Enown quantities ; the defignation of quantities
by letters 5 regiflering the fleps.

PROBLEM XLVIIL

To range the terms of an equation, or difpofe of them
in the beft manner for any operation,

RULE.

H1S isdone by placing thefe terms foremoft
l that contain the higheft power of the un-
known quantity ; and in the following places,
thofe of lefs dimenfions ; fo that the powers in the
feveral terms may continually decreafc from the
higheft, according to the feries of the natural num-
bers. But in many cafes, the contrary method is
to be followed, and the loweft power taken firfk.

EZx. 18
Let azt 2t=—bz}=—bt Jab’ =o0.

Place it thus, z+ 4 az3 * * 4 ab =o.
—b — bt

Ex. 3.
Suppofe x4 4-aus 4-bxtembit’ 4-cx =dxeab’ b

ranged wtdax’ Jbxt J-cx 4abs =o.
— —d 4t
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PROBLEM XLIX.
To work by a general form.

R U L E.

Write down each letter or quantity in the ge-
neral form, and after it (with the fign =), each
letter it reprefents in that particular cafe; which
will give feveral equations.

Then cat your eye overthe general form, and
obferve the general quantities therein, and lock for
them on the firft fide of the equations; and what
You find them equal to, on the right hand, write

own, inftead of them, each one by one, till you
ave gone through the general form ; and you will
ave the folution.

When the quantities are many, it will be the

ft way to write down the general form firft, and
the particular one under it, each quanuty under its
correfpondent ; then it will appear by infpection
What letters to fubftitute.

£x. 1.
To involve aa—xx to the gth power.

This is to be done by the general iorm inCor, 4.
rob. 5. therefore we have

2= aa
ET"—XX
B =145

5 . L R v
Whence ate = aa—ix —aa + 5Xaa X

' —T - i
—-xx-i-sxsTx aa X_\--i-_i_.sx-T ;' d

B AL A=
—_—t 5—1 _5_._3 _5...__2—
P it o el 3 s
9 Xx o g o B ET2 58 04
R R R R ey

K —=x'® = 410 pgiyt | 100K 10G X0 + 540K —
'°, the power required. Ex.
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Ex. 2,
Exiraf? the fjuare root of 28—/ 300.
This is to be done by the formin 1 Rule, Prob. 32.
Here A =28, B=/300, D=v/784—300=22,

A4+D 8§22 A—D
‘/ -:- —‘/2 + 5, \/ 2 =

28—
V=2 = /3. Therefore /5B = =3,
the root required.

Ex. 3.

To find a quantity, by which if ,/ 2 —J 6 be mul-
tiplied, the produst will be rational.
This is to be done by Prob. 36,
Here n=5, A=2, B=6.

'And the multiplier ‘}:6+‘S/8x6+:/‘4x35 "
¢2x216 +\/1296
mult. \/16+\/?><6+\/+><36+\/zxz:6+¢1295
by \/ 2—-\/6
\/32+\/)6+x/3><"5+\/4)<216+\/2592
_'\/96‘—\/%(3 6""\,/ 1—,{21(——-—\/’) 592—‘/
2—6 = —4. produét.

PROBLEM L.
To florten the work by fubfiitution and reffitution.
In any operation, when the quantities grow very
numerous, or very much cmnpour\dul it will

make the work very tedious; and therefore it
ought to be made fhorter as follows,

RULE
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R WU L E.
_ Affume a new letter to reprefent or ftand for any
Number of giv

£ 7en quantities 3 and likewile fome dif-

erent letter to ftand for the coefficient of any power
Of the unknown quantity ; do {o for as many of the
Coefficients as ae compounded. Likewife, put let-
ters.fc_)r the numbers concerned; then work with
“hele inflead of the original quantities, which will
mﬂke the work eafier. And this is called Suifi-
Lutipy,
When the operation is over, each number or
n:lpound quantity muft be reftored again inftead
1ts letter 3 and this is called Reflitution.

Co
of

k. i:
Let aa4-ba—co--da—=de.
Put S=h—c4-d.
aasa=—ds.

Then the equation becomes

Es A
by
cxt—dig* 4= ¢

Put' é—d=p. | Then

Tl a o
I‘et ﬁf*Zx * \/rm—xx —

- — bx
@—2%, fae—ki ————
Tripl Prertcx
mu (X15) A0 - P
Ply by pacie4cx. FIA).;
OPXX—2 P53 - aCK—26%%% v/ wa—zx = DX,
Put ap—2c=g. Then
SRR e, _ahen
PX%—2 D55 4-acx X vV oo—xz — o,
B i L N R —
a“x'}'ﬁ-‘f-”-"—-sz»‘ >4 \/ A=K = 0%,
u e g e
Wf](]ltrarecli GCX+-GxX—2 PR X aa—xx —bbux, &¢,
€ the values of p, g, may be reftored:

or

I PR O-
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PROBLEM LL
T'o take away the fecond term of an equation.
R U L E

Divide the coefficient of the fecond term by the
index of the highelt power; annex the quotients
with its fign changed, to fome new letter, which
fubititute for the root, in the given equation.

Ex. 1.
Suppofe a*+aa—10a-+8=o.

Put e—-—;- — a. Then

+= 4+ =
@ = gt=—=t" = =
3 27
<4 ga g8 . .
: _rL' — — p— W—
3 9 r
10
—104= —10¢ 4 -5-
e 0 = -+ 8
PIe . i It
0 —=¢& % = IO‘;E-{-— 11;-7—, the equae
tion required.
Ex, 2.

Let yt=—=Say'tat=o0; be given.

3y

Iety=wx» +—4— = +2a.

then y* = x+4-8ax34-24a*x* 4 3244 - 164*
—8ay} = B 8t 4 g2t x4 0%

+ a* = 4 a*

— P

0 =2t ¥ — qarnt—buain—syat =0

Schol. Hence by this and the 43d problem, 8

equation may be found, which wants the laft rer®
but
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bu_t one. For if the fecond term be taken away by
this problem, and the equation transformed by
rob. 43, you will have the equation required.

PROBLEM LIL

To take away any term out of en equation.

R U L E
Take a new letter for the root, to which add an
Unknown quantity ; and fubftitute this fum and the
Powers thereof, into the given equation. Then any
erm put equal to nothing, will determine the va~
lue of that affuined unknown quantity.

Er. 1.
Suppofe w33 g4t — gy — 2 =0,
Put y4e = a.
Then 4 = Jr-ﬁ-_i_;,!:v:(‘v_i,_(;:1{)|f€+4}:g1+g-1»
—_3x1
+ 3xe
.—-:‘)A“
-+ 2

Then, if the fecond term is to be taken away,

QYR =qyye sgyet——g e}
43y +0ie 436* p=o0i
- e
-+ 2

W g1

.3
ake 4le—3zyi=o, or 4e==3 ; therefore e="

Ex,. 2.
The fame fuppofed s to take away the third term.

Here we fhall have - 6y:ee—gy*e4339=0; re-
d:’JCc:. » 266—3¢-41=—0, the remlving of which qua-
atic equation gives the value of e. Then y4e

Bives the value of %; fo that the third term may
Yanifh,

| Ex,
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Ex. 3

The fame thing fiill fuppofed ; to lake away tht
Sourth or fifth terin.

For the fourth term, 4£/—g¢* 4 6e—5=o0, a cu-
bic equation whofe root is ¢3 and y4-e=x
makes the fourth term vanifh.

For the fifth term, e*—3¢'4-3e*—s5e+42=0, 2
fourth power whofe root is e. Then
y+e=x, which fubftituted in the equation,
malces the laft term vanifh.

Cor. 1. Ience ihe third, fourth, fifth, &e. term,
wiay be taken out of the equation 5 by refolving a qua-
dratic, cubicy fourth power, &&c. equation. '

Cor. 2. Ience if the laft term of an equation (45
gh—2¢' +3e00—5e +2) be =0, then one root (x) 4
—o0y for then ®=—0y or x will divide the equation:
If two of the laft terms be =0, two values of the rook
will be =0, and [o on. But if the laft term does nok
vanifh, thereis ne reot “=O.

Schol. After the fame rule any term may be made
equal to any given quantity ; by putting the faid
term equal to that quantity.

PROBLEM LIL

To exterminate a fingle letter, or a quantity of one di-
menfion, out of feveral equations.

1 RULE.
Seek the value of the quantity to be expelleds
in two equations ; and put thefe values equal 1@
one another.

Ex
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Ly 1%

Let “‘Ln\"‘b—i-v} .
and 34y — of ¢ lo exlerminate y.

gl

By tranfpofing 4, a4-x

G H=v, and by tran{pgs
o i
b 2-"\0’

Y=3b—25. Therefore a4 x—p =

~ oyt

fpm—e
A I ’ "r"'J--—.'?
nd by reduction 3x=g4é-—a, and ¥y =-—r,

2
o

Ex. 2,
Let axm—2by—ab ;
and xy = bb, } ‘o exlerminate y.

: ax—ab
Here ax—ab = 2y, and)':—*jl—é—.
bé X—ah bb
Al y = 22 a¥—ap 00 3
F == therefore = = =, and re

- 3
duclng X¥Xmp = L .
@

2 ‘R-TEVE
Fm.d, by reduction, the value of one unknown
quarf“t}'. In one equation; and {ubftitute that va-

vl;e for it, inall the other equations. Proceed thus,
Ith another unknown quantity, &J¢,

Ex. 2,

Let a4-x=2b—y e
and 3ax—yx—d }- to expell y.
y the firft equation y=2p—s—r, put this
Value in the fecond equation ; then

30X — x

SRRl
X 2b—a—x = d, that is 2GX 20X - a¥
Fan— AL

> OF gqax—abx--xx=d,

I3 Ex.
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Ex. 4,

Suppofe ¥ 4y+4z=a _
3y = x422> loexpunge % andy.
axr — Jn:y.

By the firft equation, 2=4—x—y,

By the fecond equation, 7y=—x 4 2a—=2y—27y,

By the third, axe—x—y=wny, or
Ad—ax—ay =%y,

The former reduced gy=24—u.
and fince BE—aX—48Y =X,

From thefe to expunge y.

By the former y = Ef:——x, and by the latter

aa—ax

atx '
2d—x . 44—ax . ] - .
= — -, in which equation there is only
5 a—+x
one unknown quantity .

Therefare

aa—ax =ay+xy, and y=

Cor. 1. By each given equation, one wiknown quan-
tity may be taken away.  And confequently when 1here.
; are as many equations as unknown quantities, they may
be all taken away but one,
Cor. 2. If there be maore untnown quentities that
equations, there will remain in the laff equation more
unknown quantities by 1, thau that excefs ameunts {o.

PROBLEM LIV,
To exterminate an unknown qugitity of feveral di-
menfions.
I R U L Ea |

Find the value of its greateft power in two equa~ |
tions; then if they are not the fame, multiply the
leiler
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leffer power, fo'that it may become equal to the
Breater. Then put thefe values equal to each other,
and there will come out a new cqﬁa;ion, with a lels
Power of the unknown quantity. And by repeat-
Ing this operation, the quantity will ar laft be ta-

l{cn E.W&}‘,
Ex. 1

Ler aeet-bet-r=o :
and jgg+_ge+b:O} to expunge e.

By tranipofing. and dividing — ez =
gesked

a

b
Therefore &—ﬂ:-f < et .

—~ g —

- f
And multiplying, bef4-cf —age 4-ab, and by tranf-
Poling 4 feo — age = ab — ¢f, and dividing,
. __a.l:—-ff

s And multiplying by —e,
—gF _Tabe+-cfe bet-c —abe-t-cfe

=g ‘Whence 5 = ey

“E_”d multiplying alternately 2bfe+bcf—abge—age
=a¢femgabe, And tranfpofing - and dividing,

e — age—bef
béj""‘ ﬂbg S {uf + aah’ The-I'EforC

@b f a7 —bef
Tr— = g [f g1 . ¢
bfmay = bbf—abg—acf+aab " Then multiply-
ng and reducing, bbaa + cgg a + bbf b =o.
— 2¢fh — bgfc
—bgh + oiff

a - B 1 L JF.

For two quadratic equations.
ax* 4 bx 4 ¢ =o.
and fi* 4 gx + b =o.
W extermingte x, Here a, by ¢ f; g b, are either
14 given
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given quantities, or compofed of given quantities,
and fome other unknown quantity y. Thus
make &f—ap=A, lb—cg=B, and ¢f—ab=D.
then AB+4+DD=o.
x4

a

To prove this rule, we have —x*=

X <= b W 3 E—
'g—-‘i-, which reduced is 4/—agxa +cf—ab=o04

that is, Ax+D=0o. Whence Ax*4Dx=o0;

Dx fa‘f——{— ¢ .
therefore — xx = - K = » Which reduced
- s .-'11 I l 1 DY:
X = ———, ike manner —xx =—— =
i aL)—bn At . A
gix-+b hA

"7— , which reduced is x _j_lj:-_z%: Whence
cA hA

DJA = Y =T And this reduced is
¢fe=ahxD 4 bb—eg % A=o0, that is AB4+DD=o.
The Newtonian Rule is,
ak x:)—-—_zm +-bf)bb—cg +exage +f f =o0.

g 'R U L E,

Fyr a cubic ond-a quadratic equation,

ax}bx*+cx 4-d—o.
and Jxr4gx+b=o.

Make fc--’—ub i B f'z'z—;sg = A. Then
JfDb—gA x fJL,—Jf g—{—mj‘—-—i:?.f\ = >

For multiplying the firlt equation by f, and the
fecond by ex, and fubtradting one from the other

we have

bf—ag X x* fe—ab X x 4+ fd = o3 and fince
A J

,.f:’c"~.‘-§.t'+r’;-::J, thele two cn‘ jations come undép
[1;3
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the latt rule, making ¢ =5f—ag, b=fe—ab, c=fd.
And A:j‘}(jfia.&-—-‘gxbf._a‘g. B_:b)(ﬁ:—-ab—jﬁ:g'.
Ei:ix?f Whence by that rule,
Défe—ab — g X if—a¢ x b jo—ab — [lg +
ffa-bxi‘;]f_zg] =0, that is,according to the prefent
_g?ﬁ__g_r_.:ition of the letters A, B, C; fD—gf X
U*“fffg-}—ﬂd-—b}\m =0 '

The Newtonian Rule is,

abbx.-wl—-.j.:g—.vsz + bf bxbb—cg—2df EE_ 5
Teb—dgXaggeff + dfx3agh+bgg+dif §
4 RULE,
For a quadratic and a fourth power.
axt - fxd J-cx* +dx4-e=o.
and fertgutb=o.

Make A=bf—ag. D=cf—ab. Then
4f—gfD + 22—/ bx X dBff—egff—hbA
tefs b A—f D =o.

For multiply the firft equation by f, and the lat-

t_t_'_[_ljz axx 3 their difference will be 2f —apxxi-

J—abxx* +dfy4ef=o0. Or Axi4Dxt+dfx+

ff=o. And 6nce fxr4gx+h=o0. Therefore

‘he_ﬁ: two equations come under the laft rule 5 in

Which writing A for @, D for &, df for ¢, ¢f for

d5 and laftly fD—gA inftead of A, and jfd—iA

or D, you will get the rule, as above,

The Newtonian Rule is,

b xab—hr—3 cf + bfbh X a'—-_f—‘mz

oL TT—deh - g—ieb
/b X Jahigg+aff

[ =Q.
+eff x izbb i égag,;‘) — dig + ff X

e/gbxbg +2a)
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5 RULE
For two cubic equations

ox fbxrdcx +d—o.
and fx'4-gxt4-bx4k=o.
Make A=bf—ag. C=df—ak. D=cf—ab.
ind P=¢A*—aAC—}AD+44DD.
Q=¢AC—sCC—dAD.
R —dAA—}AC+4CD:
Then PQ+RR =o.

For multiply the firft equation by £, and the
latter by a4, and their difference will be found
bf—ag X ¥*+ fo—ah X ¥ 4 fd = ak =0 ; thatis,
Ax*+Dx4+C=0. And fince a3 4-ba*4cx4-d=0;
thefe two equations come under the third rule; in
which writing A, D, C for f, g, &, refpeltively;
and likewife ¢cA—aC for A, and sA—4D for D3
the rule will be evident.

The Newtonian Rule is,

ab—bg—acf X adlh—achk
bdfh x ak 4 Lh—cg—2.df
aakk X bk—ak +2gc+3df
bbfk % bk—adg
cdb—ddg—cck4-2bdk X agg +-cff
3agh+bgg +iff—3afk x ddf
befk X g +df—3ak—bb
aghk X Wﬂf =0
6 R U L E
For a cubic and a fourth power.
axt bt J-exr fdx 4-e=o0.
and [t f-gx* +bx+k=0. .
Make A—=fb—sg, C=fd—ak, D =¢f—ab.
Then

l+4++44+++
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Then put

P = CxfD—;A’—AxfD—2A X fe—kA—D
XfD—gA X fC—bA +A X fC—bA ",
Q=C X D—=gA x fre—kA—A X ffe—kA
et [ X FD—gA X fC—bA-
R = of xfD—gA"—D x FD—¢A x fiiA
+ A X ffe—tA x JC—hA.
Then PQ 4+ RR =o.

Or thus,
Pot E=fD—ga, F=fr—ia, G=fC—bA.
= CE—AF x E + AG—DE xG.
Q=TE—AF x F— [ FG.
= feE—DF x E4 AFG,
Then PQ_ 4 RR=o, as before.

For multiplying the firlt equation by £, and the

la Y 4, the difference is Aws+4Dux*+4-Cr4-ef=o0.

. And fince fosdgxr4-bx4-k=o0; it will come un-

der Rule 5, in which write A, D, C, ¢f, for a,

tefpectively ;5  and likewife fD—gA,

Je—kA, and FC-bA, for A, C, D, refoeiives
lys and the rule will appear.

vf,d

Ex. 2.
Let XX Ex—2yy = O,

418 g2y 44 =0y
1o exterminate .

By Rule 2, a=1, =3, (=—3w. f=3,

$=—2y, b=4, and A=1i5+2y, B =206y,
4. =
~Then AB4DD = 342y x 20465 +

— "OO—I—q_O.‘y—QO 1_12)‘-1-._}_8])!4 ...}..
‘ 72y* 416 =0, 4

Ex,
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L% 3

Suppofe  yi——xyy—3x=o0.
and y*4xy —xx43=0.
fo expunge v,
Here by Rule 3, e=1, b=—w, c=0, d=—3%
and f=1, g=x, b=—xx+43.
A=—R——p = —2¥, D=kx—3.
JSD—g A —xx—3 4200 = 3ux—3
bD—fdg —=—* 4-6x'—g + ul:—-r*-}—gxt-—g.
dff—hA - —-—zw—u 43 4-6x — 30—27
Then 3xx—3 x —x*tgx —g + 1\'«—A~' =0
Or, —3x64 27x’r—27.'c‘+3x+—z7:-f- + 29402 —
12xY44x" =0,
And reduced x¢4 18x*—45x%427=o.

Ex. 4.

V Lél yhemaxip-L2—0
Y s 3% 3, : to expunge y.
and 2y} +-xyi—qx3 =0, #

L By Rule 6, a=1, b=0, ¢=0, d=—3x7%, ¢= 3.
M F i TR T
Then A=—¥, C=—2x%, D=0. Whence
E =xx F=12—4x%, G=—4x3. And
P = c—axS b 125m=gX5 X X% J-40* X — 4 43
= 1 236X T=—16X7 = 12 83— 247,
| Q._—.. --—-zxi-}-:.;,:.'-rqrf X 12—=gx+ - 24X5
= 12x—0X5 X 12=—4x% 4 245
= 144.x—0b¥° 24X,

R = 6x%445+ ¢ 1 24X+ = 54501641,

Whenge
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Whence

PQ+RR — l2wd—p 27 ¥ i.'f.»,;kx-*’r;ﬁ;-:"--i—?,_pr-’i

. + 54x*—16x%" =1728x4+—4720x¢ 4
400””"‘523x""-i-2916»3-——1738:«”=+256x'5:0,
reduced, 68— 1685% 4- 351444

£32 =0.

ScHOLIY M,

p fri?l ?h' ‘ ib!ltltion of determined problems, you wiki
an -v;r. T:.l.'ﬁ‘\’.‘ or m(?rg C(‘:l_'!.]_f"-‘mng, nwo]wng as
eXter: anknown quagtities, ‘Then thefe muft be
wnina »ne alier another, by degrees, by re-
Peiting the foregoing rules; tillat laft there re-
Mains only one unknown a: aintity contained in one

hal equation. Pur i perfon ufed to thefe forts of
Tomputations, will often find fhorter methods than

Y thefe particular rules, but the finding thofe,, is
only to be attained by conftant prallice.

PROBLEM LV.

Zo defignate or denote any affeitions of literal guanri:_
tiesy, as, fums, predulls, &c.

¥
4

R U I, E.

The original quantities being written down ; any
affe&tions of them, as {ums, differences, produdts,
Quotients, &Fr. are got by the rules of algebraic
additign, fubtraction, multiplication, divifion, &,

efore laid down.

Ex.
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o

There are two quantities, a the greater, and ¢ thé
leffers to find the fum, difference, produfi, &c. #
Jollows,

The fum —  g-e
difference == — g—
product e —_—ae

T a
greater divided by the lefs =

lefler divided by the greater -z—

fum of their fquares aa--¢t
difference of their fquares  g5—ce
fom of their fum and diff. 24
diff. of their fum and diff. a2¢
prod. of the fum and diff. g3-exa—e» Of ga—t
iquare of the fum aa+4-2a¢+-c
fquare of the difference da-—2484ee
fum of the fquares of the
' fum and diﬁ’erencc} i i
difference of the fquaresof

the fum and diff, § 4%

fquare of the prodaét . Zace

cube of the greater . . - a3

cube of the leffer ¢t

cube of the fum @ 4304306 4=
cube of the difference @380+ Jaet —t's

B
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Ex. 2.

5 7
are two quantities, whefe fum is b, and the
S a3 what is the leffer, the drfference, &c.

Lefer o

Theye

Sreater ;

e —— b =g

di ﬁ?‘?rCHCC m—— e e ()
Prody@t e —_— ab—aa
a
gfeater - by the leffer — <y
fom of their fquares «— 2aa4-to—24a
Bifferente:of their {quares 2ba—bhy

fom of the fum and difference 24

diﬁ'erence of the fum and dif‘}zb—za
ference

prOdl]& Of the.fum and dif“ }zgl"—-ﬁj
ference

QUare of'.the difference 468—4ab+bb

fference, f the fquares of the} &_;_ 3
oy fum fnd difference §+“ _4

fqu“e of the product b —20a} at
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Ex. 3

There are two quantities, the greater is @, @

the greater is to ihe leflor as v 10 &, what is W
deffer, &c.
| sa
The leffer (72 5::8:) = -
§
the fum i e s
diges 5
difference ww—me - o= =  g——=0
X Saa
produét — R
508
fum of the fquares — GG+ |
ssaa
difference of the fquares  — aa — o
s r
areater divided by the leffer o
; ' ssaw
produt of the fum and differ. sa——2 r
fum of the fquares of the fum ! 24504

f2zaa -+ T

difference of the fquares of the fum} 4548
and difference

and difference

the fum divided by the greater 1+

* the difference divided by the leffer 'E" — 1

EXe
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DESIGNATION. 12¢
Ex, 4.
is ‘:'"be Produsz of toyp quantities is P, and- the liffer

7 Whar is the greater, &c.

Greater 'ﬂ
£
fumy = + e
e
diﬂ”erence —‘; —¢
ee
lefier <+ by the greater P
lum of their fquares %f') 2ilsd
dl
]&‘Crence of their fquares %_P —
i 2p
U of g fum and difference "g"
G, o their fum and diff. %
fQuare of the fum %—:"}'W—*’H
It
93re of the gigerence %’,"‘2? e
diff, quares of the fum and diff. 4p
t - IR
he fum - by the difference ;:;e

PROBLEM LVI

T, 1 J
“kep g oy account of the fieps in any operation.

I - fate: 4 ‘
ﬂlen ]‘)ng and tedious operations, it is neceffary to
¥, how gne ftep is produced from agother, or
K Song
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one equation derived from other foregoing
which to explain in words would take up 8%
deal of room. Therefore the method of tracing
the feveral fteps, will be beft done by rcgiﬁermg
them in the margin.

R U-LE
D

Againtt every ftep write the numbers 1, 2¢
£9¢. in order, and fet down, in the maigin OB ':h;
left hand, the ftep or fteps in figures, that each
ftep is produced from ; with the figns + — X
¢, according to the {everal operations, ufeds VY
which means one may fee at one view how any
equation comes, or is produced ; and when 2 ’b_
folute number is regiftered, it muft be putin apr
renthefis ( )3 and if any quantity is added, fub
tracted, €¢. it muft be put down.

Example.
I {a4-e=b.
s} ) v
Iz 3 l2a=b+4¢
I =—2 4 |2e=b—c¢
I X 2 5 \aa—ce=be
¢ s B6 ate _ b
a—e ~ ¢
tlwep |7 |Vete=y/b
4G 2p |8 |ace=bb—2bcce
g+ 7 g 2wV ate=btc/¥
4 X 5 |10)\288e—28° =bbi—Dbec
3 + (4) |11{2e+4 =b+c+4
g% Q) B = 2 =
2 B = v bk
g—v"a+¢ |13 la:§+:+\/c'r——\/rl-i‘_f,,-
2.2 13 ' ti4 b-i—::b-]-f—i-\/b-—\/ﬁ’*"’ﬂ
&ec.
gxrt®
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ExrranatTion,

*%+2 fignifies that the third ftep is found by
ddding the firp and fecond fleps together. 1—2
r]gr"ﬁ%, the fourth ftep is got by fubtradting the
fond from the firft, Likewife, the fifth ftep
(Ixa) i had by multiplying the firft and fecond -
the fixh ftep, by dividing the firft by the fecond :
pe feventh, by extracting the fquare root of the
g - the eighth (4Gr2p) is had by fquaring the
Nrth : the ninth (3-+7)» by adding the third
ﬂnd. feventh fteps : - the tenth (4x5), by multi-
pl?‘ﬂg the fourth and fifth fteps : the eleventh
£|3+(_4) ), 18 had by adding the number 4 to
s Whird “fep : the twelfth (4= (4) ), thews that

8 gained by dividing the fourth ftep by the num-

by -, 2nd the thirteenth (9—4/z+4¢), is had by
t::_le;:ﬁ&ii‘g_u_ Vate from the ninth: the four-

: =13) is got by making the third angd
thlrteentfl equations equal 3 aad fo for others,

$ 8

K 2 SECT.




SECT. VL
Infinite Series.

e

N infinite feries 'is formed, either by a@g;ﬂ?
dividing any fractional quanticy havild

compound denominater ; or by extracting the fﬂon
of a furd, and fuch feries being continued will 18
on ad infinitum, in the manner of a decimal fraC:
tion. And in many cafes the law of the PFC_’SFB1
fion of the terms will be evident, by obrainin§ *
few of the foremoft; and confequently ma¥ I
continued without a@ually performing the W
operation.

PROBLEM LVIL

To find the value of a fraltion or furd, to be dfyfgff““d
by an infinite feries.

P Al 5 I v 1
‘ i ; in
Proceed in the fame manner as is tnughtvi'
Prob. iv. Rule .2, for divifion; or in l’fo_b'n
Rule 2 and 3, continuing on, the operatio
pleafure.




I ax :
et G be given,
X1

a\x\ﬂ\; ( +A‘.‘«.‘ K \
/ " a + @3 + ‘T +, &C.

Gi—xn
L
+A~‘n~0
a3
+aN ——
3 a
1
+ —
a
X3 w4
| i
| + a aa
I s et e
204
— . &c.
- aa’
Therefore
ax
x3 ot us x5
&c,

o=y F i
- % i x4 el s
s Tats Tt e
ad infinitum,

O




Ex. 2.
Let the frattion ; + be propofed.
ag  aax aaxx - aax? aax*
J+x)fm+°( “BtH T TEF
aax Anfwer.
gty
—aax
b
~-aax _ anx¥
b = b
r-—_-_--“"—"
ans
= bb 3
GRXX a3
7t T
w—r 253
'—T &C.
Or thus,
aab a*b* ah’
brm
Ga+—
%
| rha
x
-—-_a_.ﬁfi aabb
x T xx
" e

—-l-——— &,

T34 INFINITE SERIES.

B. I

&c
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Ex. 3

Suppofe - -I«Ixx -

Tty ) 140 (T—yn Jat—nb 8 — &c.
1 xu
—_—
—_—N i #

+ x4
a4 -x°
— 6
e B
+x* &c.
Ex. 4.
2 4
Let the Sraltion be kel
1+x ""—dx
Vi ""3x)2x —_—x" +o{z,x —2x+7xz-—13x=
™ +zx—6v +34x‘ &e.
._zx+5x?
k|
L—zx——zx’ -6y
+7x%-—6x‘

L 4 755 pxr—2 12

—13X* 2153

5
—1 g T JXE

+ 34.\'{' &ec,
K 4 Ex,
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Ex.'z.
Extradl the [quare rooi of aa--xx.
XX K% 6 g5u®
aa +xx(a+;{;—— 84 - 2 3 m
aa 4+ &c. =V aa+¥
Pudesee
xx X%
ZIH—;;)D -1+-xx—|- .
440
x VL R S—
YT 5w/ Gae
— i 28
4:;"—3#-* * 644
XN a4 4 o
-a-t—z o &c.) 8a% — 64d
‘xﬁ xﬁ

8
5%

6;5_(;3 i
: 5
Heré fuch: rerms are neglected whofe dimenfio?

to which the

G4~
exceed thole of the laft term ———,
12847
root isto be continued. By the fame way it may be ‘;’i :

o . as  ZUEE
tracted in this form \/).'N-f-dd =% + . 8¢
aﬁ

o= e — &,
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Ex. 6,
Lixtrag} the cube raot of 1—x'.
From [} i i 5%9 &
take | (1-——3 - Yot Tl
‘_—'_ﬁ—!—‘
3w
b
From j—ys
& ¥ ey’
take I—ybd ——— T 1 — “—5
3 27 3
e T . a9

9
._._a,},'.\;")
3 ) 2—7 — _&c.
2 R UL E

pr&fgume a felricis with_unkqown crweﬁici-ents, to re-
"O]Vedt it. Which 'ferles being multiplied, or in-
tha :EE?{,“. according as” the queftion requires ;

Quantitics of the fame diménfion muft be put
931 to each other ;- from which equations, the

coﬁﬂicients will be determined.
vk M
Let be given.

a—x

Suppofe - —A4-Br+Car+Di+Evt &,

the ferjes requiréd. Multiply by a—w.
Then
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Then
1 —aA +aBx4-aCu* 4-aDxs 4-0Ext, &c.
— Ax —By*— Cx3 — Du#, &c.
Whence cquating the coefficients of the fame pov~
ers of ¥, we have ¢A=1, aB—A=0,aC—B=0

1
aD—C=o0, sdE—D=o0, ¢. Therefore A=73

A I B I C
B=e—=— C=—=—, - — =
a aa a @’ a a*
D 1 -
E === &c. by redultion. Therefore the
1 X &2 1 1
feries i35 — 4+ — 4 — e
s 18 a-{—m -l—a, &ec. or-— =- -+
¥ oyt oy p -
aa.+ @’ +;z: + ] Hea OEEE
Ex, 8.
Let s be given
cf e 1pen
cc4-20y—yy & ,

Suppofe it =A+By+Cy*+Dys, &c. Multk
ply by ¢cc+20—).
Then ¢¢ =ccA-ccBy-4-ccCy*+ecDy?s &e.
+20Ay+26By* 2603
w—Ay* — By .
And equating the homologous terms, cc=csAs
¢ceB fF20A =0, ¢c¢C+2¢6B—A =0y :
ceD 4 20C— B =080 and by reductions

2 A 2 _A—2B
A=1, B=——=—— C= =
¢ £ (o
iy 144 5 B—2¢C _—2—l0_ 12
¢ e T i PN
ct g sy
&c. Whence —2 4 =

e
¢4 2E)y—y PR
1293
i ~

o &t,
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Ex, 0.
What is v/ aa—sx .
Let v/ = : i
; —xx =A 4 Bx* 4 Cxt 4+ Dxf, &c. which
being fquared,
Gd—~xx=A*42ABx* 4B+ +-2ADnS, &c.
42 ACx+42BCxs

2?&&: Al=ga, 2AB=—1. BB42AC%=o,
D4eBe = o, &L, Whence A =a,

gATTS g ST T Ha?
D BC I e T
= e Gk e e &'c. Therefore V/ GG—xx
~ x X 6
‘--qh__

&ec.

2a_—8_a—i- T 1648

PROBLEM LVIIL

0 -l [ Foes :
Teduce any binomial Jurd to an infinite fevies, or
0 exirall any root of @ binvinial,

. R U -k
This 35 done by fubftituting the particular let-

T Quantities, inftead of thefe in the follow-
lng .

&¢neral form, duly obferving the {igns.

A B C
P ”"ﬂ; -2 ol _713— =1
% = Pz % A Q -~ on
D E

L Hi—3 7

"E;;—C 4 i D Q + &c.

is the firft term, Q the fecond term
dmded by the Gift,
Or IOOt A &

a0 B B, C, D, &9, the forepoine terms
With sy figns. s L, i going

m
— the index of the power




e

INFINITE SERIES.
Ex. r. :
Exirast the fquare root of rr—unx.
Here _;; s _?.7,{ M ) here-:
= %~ —~ =7 T .
R L —xx. X —H¥
fore 7r—sx" — g __|_.-._AX_ L ,__.:Bx -;;"
R el —¥
— e Cx T DX ke = — A
rr w: e o7y
4+ I?r B + 3-1-’— c+§ D 4 &¢. that is, reftor-
ing the values of A, B; C, ¢ Virr—ux =
¥ x4+ X0 5%°
" T T e T nagn &
Ex. 2.
What is the value of I |
rx
rr =1 »
Here rai =rrXr4x._ , and P=r, =7

m

7 — — 1 or m—— 1, n= 1.  Therefore

—

> c X

— X ;
rdx =r ——x"-’xx—’———-le—— —
p r

¥ x 1 2

1CX ——1D x —, &c. ==—mm— Al —
¥ T r r

¥ x —1

i P e - R " o i .,1--—'
i = C &c. Andrr xrd+x=rrx: -

X XN & 1 rr W
— ) e . s T e
P 3 =7 € : that is, Pl P o T

X X4
"'_;:a_ ;‘ &c.
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B,
1
To find-the value of .
27 NN
: ey
m:zm_m s vand” Pl= aipn,
- ¥ -
i nghy =0 B =2 Then
zrxh.__m'““_m'_%__-_ —:_i —x
= i 4 or
E) —
- 1
e B il * &c = s
X 7§ A N Viarx
+-~. A B 5x " 3 5
+ + 12r C —I' 167 D T &C.
~ I -
\/ Wt 4”\/ 5"_9} + garry/are o ok
3 Fraad
b | g 35% 357X
&c. + + gar: +4..8.12r* 4.8.12,1674
Ex. 4.

What is the cube root of 1—u.

Here D=1, Q_ —y = I-, n=3. Whence
Ly} § F
=1+ “A)’—-x’“? B 3w at —

‘5 TE =
HCX'- X3 o = Dx—- e E % — & &c.

= ot oy .  § RS

‘-—~§A +—§B—1— Gt R E

3 e o £xv

Ee. that is, Vi—% =] — — ——— —

\ s j 9 0l
ION™  gayts

43 &

43 729
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Ex. g.

3

what is f =
"

— i an infinite feries.
aa-}

v i 2 — 2
This reduced is 4% X aa-ax~ *, Here P=04
xx -—--——-——n-.-v%
Q =— m=—2, #=3 And da-+xx

40X 110N a

.._8—1;—_‘,+-21—3-€;9——-&c: therefore e——r

aa %%

T %% gx+  4oxs : '

— o) |
= XiI— e "

Vaa e T 9wt~ 81a° + & :

Ex, 6.

5
What is the value of v/ aa—us

5 1 -
V aa—xx = ag—xx » Here P =446

T

— . l

= —.> m=1, n=5. Therefore "aa—**

ity 1 —_—K 4 —x
e 5 R TV R T vl
5 ag 10 aa .
9 —xy 14 Kk o 3 "
— —— — &c. =
15 sa 20 * aa .=

1) i £ - 8%
A+5MB+5MC+]OMD &c. =a X
xx 254 (S 21x8

5aa" 258% 12565 6254°

I

&c.
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Ex. 4.

To reduce a+x X 1/ a—x ta a [eries.
‘/“'-x = a—x" Where P=q¢, Q =%

a »
M=~ e = I —
=D #=4, Then g—s =44 —AX —
~.3 — X ! *
BBx Tl e =it - Ta
+ 3 7 . ST L
R el B e
; 46 324
e
lagax
Multip]y by a4
i-'r H el
They, g t® 3% _ 75 g
4 324  1284*
-+ a:x—i,-; — 3 37 &ec
4% 3287
~— £ . 8% ' TN 1gxt
@4 —_— =gt ——— &e.
XV * 324* 1284

\/ax + ) el &
— ﬂ _- ‘\ ST A S i Cl
324 L2Bau

Ex.
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Ex. 8.

aa-4-xx

To defignate J - by a feries.

\/ad+xx = cm—s-:cxil. Where P = a 45

xx .
QU= aa? M=1, B2 and @a4xx* = a +
I NK 1 XX XX
2 _‘_—'B'""“R'C_' & = a T
2 aa 4 aa (5] aa
w X X% X6
e —— &¢
26 84 # 164°
. I i, i X
Agami —— —gg—ux -« Here P= a
v aa—uxx ,
—_—N -3
Q = y M1, #52. And age—uxx
aa
s I I P —k
T s o 4+ aa
5 C —X 1 Xk
5 &c. = — sty
6 an 2 + > +
3xt 5K . aa--5x
845 o el R
e B e Nhence K 2
\/da-|-,xx K o 6
or: == e T
‘/dd-——x,},‘ + 24 8(£;+ 16525
! Nx© 2K¢  oxd P
bt 314 el o T L e o . =1 —_—
ok a5
sar T 2g &c. by multiplication,
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NN
U

Fx. 9.

ax

What is 1he walue of =%

Thi : 3 -
J,,‘a;ls‘mﬂ}’ be treated as a binomial. Put
=% Then aa—ax+sx—=ai—y.  And

o

S, s
Q — i i i 3 ey
““mﬁ—xx — &x X : aag—y . Here P— iidy

Q: = WM = = 1

G~

aa . kL
Ang —— I —y
Gg—y o= T A ¥ —}

4 C J I

g+ — D e = ==+ s

¥ - o

as &, = (by reflitution) ol -+ -
) 3%

&L

;-;::T-—“?. gt o +

ax-=—xX £T 00—
6 e ——— — e ..I.:_.\" -}
a o1 3 Srapanlil 5 4 o8 WiHICIL -
I are

Vityhs ‘
Ve 1 7 1y 1
d and reduced into order will be

I x NX
aa * @a? _ *
2 ) Al
e~ R
ax [ .
o 4
< - P
e e 5 CLC,
as
Q.
- 3 &G
1 B LA x4
i = . = e = BFE
[ o a3 &
Rd .. %% XYy ' :
B s = ] 5 e &
T T e
(¢85 "'}"-*JE‘ g ) a® a* as 2

L The
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The truth of this rule will appear by indt{&“’?c;

For if any of thefe feries Be involved according i

the index of the root, it will produce the oright

o wE "
quantity. Thus if r— ~—¢— &c. be fqm"ﬁ
ed, it produces rr—zxx, as in Examp. I

6 ’
1 --%— 8c. be cubed it produces 1—#* Ex4
2 XK 254 i 4 to
5 - T e e ey e o VC
If &% % ax g &c. be invol

¢
the sth power, it gives gg=xx, Ex. 5. and b

like of others.

e M m
COI‘. I. lj—i—]?Qﬂ :I)rg x: 1 + -7,1.. Q‘*

m Vi——n m m—n M~=27 3 ,l.-
— N ( ! 5 —— X
% X 27 + i X 21 1

W m—n m—2n 30

m—=2n . 3% 8
7 X Tan T T e L
; e iyl ntr 2.3
Cor. 2. 2+x = a +a+.~;A + T X
n+4-2 % B3 X Il
BAE i e . P, . O
3 X Aant s Nk

i
sobere u is-any index ; A, B, C, e ;bgforfga
serms with their figns.

:d ay d
‘ ) = — —, then g ——>—, @b
For put ) P R e i

"
u a \ .;,-‘

G . At !
&+x———. ‘Therefore a4-x = —
o I—-‘?

. 1—)
R—— ", | ) "/ﬂ
8 X 1—y , Here P=1, Q=—, ?ﬁ-gk :
n—1 (fee Prob. xlix); then by this pro

# n4-5 e,
U S TRk B X
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1+n‘yA+"_+_'By+”_‘t}CJ+?i-ﬁ Dy

% 2 3 4.

“ and " x 1— =dX:i14ny A 4
b :

2 DY 4 ?-{:——--2 C y &c. = (reftoring the value
of 4 ny n41 x

D exirg AT x LB
the Sty oo B3 N e

3 afx - T 2 = ot 5

PROBLEM LIX.

7 T - , .
Mplve the feries zx:a I bx 4-txt d ezt &C)
to any power , whole or fraclional,

R U L E

S“bﬂimtc the particular letters or numbers in

e BN T 4 ke ol y
o, 010 feries, inftead. of thefe in the following
Belera) form

m L]
2 Xa4bxd-oxt 4axs J-ex+ &c,\

m i m
—=z Xinto :a

mbA
e g
a ——
amcAfm—1. 5B
x’-
2a
mAA 4 2m—1 . (B4-m—2 . C
4. 32 3 = e X3
S o Y, o= (0
+ %?z::As dB42m—2 . (C4m—2 “)x*
-}L? . = e
%_4»;—: B 4-«,5»;-—'-?..[-:"C+ 23 . 1)
=i g
h\‘;\x‘

L 2 + 6mgA
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6mg A+ 5m—1 . f B 4-gm—2 . éC4 3m—3. 22
6a
~h2m—4.cE +m—5.5F S ‘

7.§T£'f\—-|—6-ﬁ.’*—l-.gﬁ+5m —~2 fC—H ’“—3 D

+ — e — ——
a
+ 3m—z . dE2i—5 . cF4+m—06 . G, &c ¢
Where A, B, C, D, ¢, are the cocflicients .Oﬂ
the terms immediately preceeding thole Whelfl_s
they firft appear. And the law or progreffion !
cvident.
Ew 1,

What is the [quare of 14x—4-xZ4xs4at T
&ec.

Here z=1, a=1, b=1, ¢=1, d=1, &*
And m=2, then 14x4x*4x & =

2A A 4B 6A3+2B+o
+ ._:_ + 5-,__&_ AT + _..._._,ég_._~ x;*
8A+5B+20—D
= ‘ 2 %+ &ec.

A B Coah E
= 1 4 2x+4 3x*4 4x74 534 &c;
Ex. 2%
What is the fquare root of 14-x+xx+4x &C
Here ==r, A=y f}_r, =T, d:r &C'

and m = IT Whence 1 4x4-x24-x34-y* &C

1 B A4o0—,C
:I+?4‘11A;—|-“‘_'5=+_:%_7~’__—flr
2 AFIB—C—:D o O 3.
+ a : x4 &c. = 14— ¥ -{—‘;;"""‘
4 =
j., 5 | i‘:;— o 5
"}' _I'OA - 138 ;\4 &C-

s
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Bx. 3.

Ly 2 7

s Find 13, e of 1 4-x4-u x5 &c.
oy — .

e g =1, =y = {7ty GET =y

1 =3. Thepn T4x4-at4-a &c® =— I -
?Ii‘er 6A42B gA4sBAC

5w +43cc.

xt&e) =1 + 3% 4 0x* 4 1087 4

e
What is the valys of

I
rr._j\.-J,_i_-)i__,;'i_}__J_'H_ &
4¥r B 1670 [

JI:.‘."\'. s
o fevare Jis 1o
T A8are the feries —yt ey 7 Lo &rc.
'his . ! v - v L, E; b .»-
~ N At~ 2oy . g o - 4
AR ey 4 =iy = T e
L 3 =ty
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, &c. and m=2. Then 1—)p*4y+ & =
~\.—B —6A + 3B
1—2Ax + k.

-xt 4 —.-.....?_.._ xs 86 =
1——-2A+3.x——-4.\. &ec. hand }"—-—-_).”—-y‘- &c. =
s 4

,J)ﬂ ¥ 1-———.:3@'-{-3'7(; &c. :J,J‘-___z-ya_'_ayﬂ___bg
&c. :

Ex. 6.
To [quare the _ﬁer:’f.r
3 3
o | _o 357" g
Ve 433r+421'r+8246~f*
The feries is 277 AP UM
he leries 18 ?.r-L A B et o T Cor
EV? I
—— &c. Here z=y/2rv, a=1, b=0
8gor? 2r
¢ = 3 e e 3 - &c, m=2, Then
16077 8qtr
—% v or 1 +
27 — o &g = 2rU X1}
decil 121 + 1607 e “
3 1
ko T A B
L gm Ax +4OH 12¢ B e
2
30 9
- A 4 ——B
> = 6 \
896r - 100 _ x &e, =a2rux il + |
LI 1L
or 4511 448013

Ex. 4.
Find the m power of
ﬂ.xf—«{- b ‘r-}-n+ pee r-+2rx+ d r4-3x &c.
Thls reduced is ¥ X:a + Z: X o c¥ w
d‘x &c. Here Z:,kr, k:éﬁ , W=2

&o
T het
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Th r 7 24 N 5
::;) ¥ X:a4bi + e & "= a"x:d"
-+.-.; Ax" . ameA 4 m—1.58 42 +
24
%I . (B 41—

—2. BC 3»

Wl Lt oo
—Atmw—1d B + om—24CAm—34D "5

e 44

g g iU L E,

t“bﬁitute each letter in the given feries, inftead
s I¢ correfpondent one, in_ the following ge-

fa f()rm

z”’ 7 =~ . e m e
Xa 40X d-extdxd fext &=z XMo

ﬂ’ﬂ-{_ & m— N1 m—2
mba" x4 m. a  bb
xl
1—1
+ ma ¢
m—1
__2 a3
3
i1 =
- m. ~a 2d" %he *
-1
o ma d
# [ 7 . =
o 2T ! M—2 W3 m—t
2 B |
Pe—1 W—2 Y
W, -, —— . 34" 3bbe
2 9 :‘"

M=t mez f2bd
* » g o X{—i—cc

~+ma £
1.

[

+ m.
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M—1 =2 P—3 —id 1
it —— o —  —— g s
2 3 i 5
M1+ M—3 fh—3
5 = 2 ”1—4 i)
Mo ——  —— . = ;
+ . —, 7 4@ e
M—1 M—2 4 Sher | af
F 5 30 (
F 3 3% U+dud
1 o Ced
. :
F R a0  be

+ }'}Hiw = ]f

| - M—1 #—2a M—3 M—4 W—p by J
.- o == e 24
. ' E 3 4 _:, 6
. =1 M—2 Mm—3 Mm—4 5
m—— ——, 5" b
2 3 * 4 5
M1, W0 MW==3 ey { 6bbre
i ——, P fid ,
I 2 3 4 ,.fhb 74 ik
2bbe (%
H—2 =12 m—a Y27 7
- # DR I S
2 3 Y 4 ~3
k s
25f
| M=t . )
| W — 8 208
| = dd
17} e |
=N i J
&c.
z ] M1
For let y=dxtexr+dps &e. P =—=m
#—2 H—2 m— =
q = ” P! r/— — ?‘.l e ? é\.\. -lh”n
; 3 < 5
e e AL ) ———tit » m—1
atontexttans &, =a4y =a - ma /
2 "

But




VL INFINITE SERIES. 153

'.T:Z/x+cx1+dx‘+c’x4 &ec.
J.y-:éﬁxx—l-—zi‘cx‘-f—zbd o F2be g

. e ¥ phaed x
J “"5;"“4—3\5&&‘%‘4-—]-3//5:3 x5 4+ &e.
- ~+3bc¢
X = iy + 4bes 4+ &ec.
Y = s

&e.

b

Th m—
13:3 the power &” + md" 'y +pa" 29

7y &, becomes

mn
(4]

R + et dit ext + fus &c

T 2y bbx* 4 2bexs + 2bdxt 4 2bexs
+ ¢c +2¢d

T bixd 436 cxt4-30bd
: X3 F-3brcxt 43 hbdxs
2h
F "4 % +5'N
4 : bixt S 4bicws
" 55 5 s b5 xs
"'C‘

Thet. . 0 ipli
_ .hm being aftually multiplied, and the coef-
0 of each power of x colleéted; will give
feveral verms as in the form above.

_‘l.‘ S o o 4 . . [ ) hi

; ind the firft Rule is in effect the fame as this.
O leg dus Bec

+Ds g,

d - _ ! M .
®c, Then by Rule 1, A=s, asin Rule

—————— e —

at-bx +oxxdws &c.” = A4Ba*4Cas

2d, e b A 3wty .
Allo B=""" = miq ; a5 in Rule 2d.
a
Lik&w' meA e -
He, C = — 4 —= B =mad” "
B, a 24
ey ) H——r
3 M0ba" %, a5 in Rule 2d. .

Again
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md A em—1 . B “m—2.0C

Again D = .
& a 3a 34
e Py, - —3
=mdd" + ——— X mebd" " 4 28
3 3
P — -
mea + =, mbbd™ 3 = wmdd™' +
2M—1 m—2 = M—1 m—2 5,
—— X mbhed”? 4p— . — &
3 3 2 3

m—1
a" 3 = mdd™! +m‘—2'—.2§m”' g

$1fm— 1 fill—12 it .
+oh— #a™ 3, as in Rule 2d, and

fo for the reft. In ufing this laft rule, it will
be the cafieft way to divide all by the firft erms
that 4 may be 1.

Ex. 8.
What is the fourth power of 1-4x-x% 4 x1 &L
" Here 2z=1, a=1, b=1, ¢=1, d=1, &
w=4. Then 14x—4x*+x &c.’
—i144bx 460 4 4b3xs 4+ byt &e.
+4¢ 1260 F12bbc

+4d 4 6buc
+128d

+ 4¢
‘=14x4 1050 + 208 35x¢ &,

Ex. q.
:b LS .1. ~.I__ ._I..- —I- &Cl
Whatis the fyuare of — + —~+ 5+ 57
In this Example, z:—z—; x:%, a=1, 4="

r ik, 0=ty 8O, =R
Then
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-

Then _1._ + + &w — i

XX

=

:
14 Qj,x—x_ 4 Mxx—x—l-zlffx -x-;-i—zizdx;:&c.
4~ 2¢ + 2d -

~+2¢
I
= 4 5 . eanl
Xz e ety Pt e s e = =
+i

7o fgzmre the feries y—y+y—y 4 &e.

f Here z—'_y 0 Is b__O, =1, d'__o, g_,,
=0, f§=—1 &c. and m=2. Whence

J—Jl] +.}|5 &C. oe 'yl x
1 - Ox—2aX =03 4 ccxt

-+ 2¢ ‘
+0"?“-2cex'5 &c, =yt % 1 1=—2yr 4 gyptemgy® &ci
--_zq
‘-—J’g-._z-},*_*_s},ﬁ_‘{.}q &C

Or thus,
22y, x x=yy, 6=1, b==1, c=1, d=—1, &c.
N =, Then _y—yi—}-y‘ &c. = yyX:

I 2by by 4 2bess +2bdx+ &c.
H2¢ +24 o
—+2c

+“v X 1oyt o gyt—ygy® + 5y° SC. =yi—2y*
Vi—gyt 4 gyt &c.

Ex,
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Ex. II.
; z4 22¢
7 batis the [quare root of rr—szz 4 e 4—57;
’ =P
+ Gt TR &C-
‘.)’1_1)?’
i
Here 2=1, =2z, a=rr, b=—1, =3
— 1 = :
= Tt = T =aakCr andt o = =
4514 315r° 3
omieo FOTRRE SR o NN L .
g o g 2 5% T O
1 =1
= 'mem,_mﬁ o R
str 8Ty
I & 2% N 8¢
— e b AT AR e, TR A S s
o gt =1 o1 X 7 > 3 2488

Rather thus,

4
- ) ; 2 J
The Quantity reduced is 77 % : 1— — _3_’7: '
v i
2%6

F I
457 &e.  Here =y o ) b = — ;;,
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Ex. 12.

What is the fguare root of

‘—-—.__‘_-_ I

zZ Z4 i
re—— —

o 1

47 Gr+ + 61"5 &e.
The quantity

o
L

reduced 1s

471 gars + 38477 — &,

D CHOLIUM.
.l‘[n

: M this problem the powers of -a compound
el’ IEV are deduced 2as 1._(_‘)'|in\’t"S,
Vl(.cabl

which will be
‘€ upon particular

occafions,

If
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If y=A4+B+C+D & Then

y=A+B+-C+D+E4F+G+H
#*=A*42AB+2AC42AD 4 2AE+ zAF+zAG+zAffn o

+ BB 42BC 4 zBD4:2BE4 2BF 428G
+ CC+2CD-2CE+2CK
4+ DD +zDE

-

S A2 4 3A'B 4 3AC+3A D JA’E 4 3A'F 4 3AAG, g

+3ABB+6ABC+6ABDA}16ABE+6ABF
+ B +3ACC46ACD46ACE
+3BBC+3BBD+éBCD
+3BCC4+3ADD
+3BBE
+ ¢

Yy

=A% 4 4ASB46AR* 4 4ABIL 6A’CT 4 4BC ge

+4A°C +le‘BC+1zAB“C+1zABC‘
+ 4A°D + 12A?BD 4 12AB*D
+ 4AE +12ACD
4+ B* 412ABE
AF
+4ar La

~F=AS-+gA'B 10A'B*110A’B} + 5AB¢ 4 B* UG

£ §A*C +20A'BC+40A B*C 4 20ABYC
4 SA*D +20A'BD}30ABC
-{-lGA’CC+30A’B‘D
+ §A*E 20A7CD
4 20A3BE
+ gA*F
P = A4 6ASB415AB*420A%B? 4+ 15AZB* &e
+ 6ASC 4 30A*BC460A3BC
+ 6A’D +430A*BD
+15ACC ‘
+ 6ASE :

$'=A747AB+21A°B* +33AB 4 35A2B* go ,
+ 9A°C +424°BC+ 105A+B*C
+ 7A°D 4 42A*BD
+ 21A’CC
+ 2 A°E

JP=AYLBATE 4 28R+ s6ASB 4 yoAsBe U
4 8ATC +436A°BCH168ABIC
4+ BA'D + 56A°BD

4+ 28A°CC
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P ZAY gA’B 4 36A7B 4 84A°B3 4 126AB* &,
+ 9AC +72ATBCH252A°B*C
+ 9A*D 4 72A7BD
+ 36A7CC
. + " 8A%E
J =A'°+50A‘JB-}4.SAHB1+ 120A7B3 L 210AR* £,
+10AYC+goA*BC 4 360AB*C
&e. +10A"D + goA*BD
4 45ACC
+ 10A*E

te-I“ making ufe of any of thefe forms, the
déms of the given feries muft be ranged in or-
fut: (Prob. xlviii.), and the whole terms thereof
" ,Pfltured one by one, in the room of the quaa-
ies A, B, C, D, & (Prob, xlix).
Ex. 1.
Let a4-bxd-cx*4dur 4ext &c. be exbed.
A+B+C+D4E o
=g by ox: 4dos fext &c,
that g A=a, B=bx, &c. Then
() Ar4-3A'B4-3AC &,
+3AB*

@+ 2qnbn Y- 3aacx® 4-gaadys 4-3aaext &C.
4 3abbx* A Gabex® -+ 6abdit
+ &} 4-gacext

+ 3bdex*
Lz, 2.
What is the fouwrth power of
2 P 2cd
¥ ooy -+ Be— T
A4+B + C 4D
e 2 P 2cd
hx_?—l_?;:mii;‘

Then




160 INFINITE SERIES. B. L

Thcny*:x‘-—zj.x?—— Gux % i_ — 4% X o7 &c.
T —— 2_1‘;’
g i o vt UL
2ed
— 43 x pra==

32 +24p+8ed

xt—Bx*F-2444p = - - &c.

Hx. 3.
Tnvolve 2y +3v~—4u+ x® — 6x° Sgc. B
the s5th power.
A+B—-}—C~]—D+E e, =0
—ox® 4 g -—4x +rx ——6x &ec. =)

o
¥y = 329{1 -}~ SOx: X 3x 4 Box* X gx*
- I
+ Sox™ %K. 4x*
'—-—Iﬁoxxlm -—
+ hor X rx &c.

Sox‘ x(}.x &ee, __32w +°4m +7zox -

o ”ZO.X +
i

1 1s y
19208 * — 480x* &ec. that is |
4zo~< éee. v

§ 9 12 %
¥ = 320" 4 24046"— 3-20 -|—"’""‘\ _—sgzox15 .
11 &
4 400% * — 480%
&ec.

l'l

Or y¢ 32%" + 24ox — 220X ° -4~ T120¥

:z

— 2400x* &c. Here 1 omit :111 thefe terni®

where I fee the index of x exceeds —2—.
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Or thus,
A.+B+C. + D 4+ E 4+ F e
=240 4 33&'_ 4;¢5' + 5x%— 6x* &ec, then
J‘:gz.v""" 4+ 0 4 8ox*
—8ox" X 43:75 + 80x31' X gxio
-+ b’ox‘i' X 5x'3
16013 3¢ 15437 &e. ::3295':—1— 240K" — 320::';l
T Box:' % 6xr‘-"'
gy Y — 2400x * &ec.
Lo s,
I y=1dwr—aw, what is ne,
A+B +C4+D+ E + F&e
=1—2x+x +0+4 0o &c
J‘“:::1-—-16x+2SX4x=-56xSx*+7ox16;c4 &ec.
+ 8x3 —pOx2x+ 4 168X 45
+ 28 x6
SI—16x41125%—448% + 11208+ &C.
o4 Bx3 —1r12x% 4 Gj28°

! 4 28a¢
J“"*—16x+112x‘~+ 8xt— 112x* &c. that is,
. —4480 1 1200*

M

is fu 16x+112x1_440x3_1008x4’ &ee. This

Vor PPoling » to be very fmall; but when x is
Y great, then #+ muft begin the feries;

Thus,

A4BLC4+ D+ E+F&e

—% 40 e—2x 4+ 1 4 0o &c Then
§ .

urJ SER o8By a8t 4-28X78 X 4ax

J"“'Y:‘L‘--iﬁ.\'”'—]—sx"’-—]—l123&‘""' e,

—

M PR O-
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PROBLEM LX.

13 * . . . . f
Ty abridge an infinite feries, or denote it 1B a oo
manner for working.

When a feries confifts of terms very much T
pounded, or having a great many factors ;
very laborious to reduce them into numbers.
when feveral factors in any termare contained i :
fucceeding terms ; the work may be thorteneds !
making ule of the preceding term or fome part i
it, inftead of fuch faflors as are equivalent w0 ™
in the following terms ; as follows.

1 R UL E

Put A, B, C, D, &% for the firft, fccoﬁdg
third, fourth, (¢ terms of the given feries. The
to get the coefficients thereof, divide every tef {
by the preceding one, gives the coefficient "
that term. Whence you will have a new fer!
equal to the former, and fhorter defignated.

Ex, x,
A B C D E
2 g 3.5% | 357 g =f
R B i Ay Tk
2 2% : B
Then z)z_a* (:z-az:: coefficient of B= 7.
) 3R : : C
2_1. ) 3% (3% _ coefficient of C= -
2a* / 2.4a%\ 44" B o
Sy 3R p o e : D g
2_4a¢) 2.4.64° ( e = coefficient of D= ¢

Hence the feries becomes

By R 5% 7% c. =
e maA o MaB + baa ok > ScwD o
E%




S VI. INFINITE SERIES. 163

Ex, 2

Suppofe 1.4 . v 2 n o
Wil T iy TRy
?g“&c. =7
Mo 2 2 Eo 2 Do,

A"_g' B~ g° C7 7a
st FE v

9 E "‘11’&(:

Then the feries is,

v .
t3a + 5B +—c +Lp 4

3 7
X v
TRAFS % F, & =
£%. 3.
T LN L gt . .
be 21‘1:.9;,_ .2 1.2.8:4 1.2.3:4- 5.
e e o N
A\ 1. 1.2 /7 1.2.3 4( 334
e )= (g
‘3-4 1.2.3.4.5.6 5.5.6 e
And the feries is
¥ e 3% 5% 7%
-— 2 4507 - oy 2
. A+ ¥ B + 5.5’.6C &,
- Or thus,
-_23_”f_‘\ bk ( i --::x‘) —7kt 7% &
/235 \3.4°  2.3.4 ) 23,4560 56 O

M 2 And
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And the feries
3% x 7% 5
=¥ —— A — = € lake
S g P T 56 L
Where A, B, C, €. are the foregoing

with their figns.

Ex. 4.
bz bzs b2! o
———"-'
Suppofe bz— 2346 5248 7.2.4:08°
o29

.9.2.4. 6,84"

8ee. vz, 4,

Then 4=z )tbz [ — coeflicient of B.

2.3;;:1\ 2.344

— T, — L, 0 S 3
A o ( 37%_ — coefficient of C.

4504
o ) T BB coef. of D, &

2.304 J Hi2.4a%

53.43* 7.2.4+0a° \ 6..7:..9. i
And the feries is :
2% g2* 52z
— _ B —'—"'z
$2 2.3czaA 3 4.50a + 6.7a*
e S D e
8.9as
2 R U L E
icht
If there be fome fingle fator or factorss Wgﬂr‘ {
are not in all the terms; fet them afide at pr§niﬂﬁ
Then put A, B, C, D, e, for the refi“},]c e

terms; and proceed as before. And at 3115-
ftore thefe fingle factors into their proper tef!
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5
Ex. 5
T B il Wil i
L2 T 123.4 1.2.3 ,.5.6
9¥s
m &e. =
H

al] oo ¢ the fattors 3, 5, 7, 9, &7¢. are not in
€ terms, and being left our, the feries is

X A3 ]
L ™ - eSebassita Rre.
2 1.2.3.4 1.2.3.4.5.60
ilbndggd to ¥—15 A +-x—4_B +§”—;j.c +—x- D
“and the fators reftored, the feries becomes
"~ Axz 4 Z
. 4 o
o L.2 3 3'4‘

fl-‘&b X9 &e. = y. Where A, B, C, &e. are
the f;

L

-
Bx5+;3 Cx 7 4

the Veral terms with their proper figns ; without

numbem’ 3 5 7s &ff-

Ex, 6.
> '

Fog bz bzs = bz ¥

629 3"?'(“; 5-2-444’ 7.2_4.0‘&5 =
% e, gy

Th ‘
C”mm?nthe faftors 3, 5, 7, 9 & not being

ferie o to all the terms, are left out, and the

bz’ bz’ b7

l’z___ o~ Sy S &C
2aa 2.4a* 2. 4.64°
= <z 2z . 2T Tz =
B s —— B o— C ——— D &%
2qa 444 Caa . Saan
M 3 And
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And reftoring the numbers, the feries will then b€

z* 2z 2z C 2%
&z 248 440 baa Saa

— —— —

—— —— Sid

I 3 5 7 9 -
& = y. Where A, B, C, & are the fore-
going numerators, with their proper figns.

Bx. 4.
There is given
W w & g
x—g.z = 824 FaZugel * g.2.4.6.8
x? il ol %9 o

curtailed, x--; + 2_4;" 2.4.6 ;i 2.4.0.8

XX Xy Xy xx
or fhorteﬂEd, x—-";A -—*-‘-‘.-B_ ...6.. C i __D {jfﬂ

8
a N b
compleat, x-—-—%Ax—s—_; Bx? i

¥ ¢ aN d
€Cx?—§Dx“&m

Where A, B, C, &c. are the foregoing termss
exclufive of the following quantities.

Cor. 1. Jf the firft term of any transformed Jif ’f,:
be multiplied by any number or quantity; the wh?
Jeries is multiplied thereby. For the firft teym 15 ﬁ”’.’
tually contoined in all the following terms. T ;/

made plain by Ex. 4.

Cor. 2. In like manneyr A, B, C may 5.8_ mad®
to fland only for the coefficients, or otherwifes
any one pleajes,
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7
e PROBLEM LXIL
“Jind the JSnite value of an infinite feries, or what
Surd it is invelved from.

Divt R U.L E

termmd]e all the terms by the firft 5 then the firft
Bhies Will be 1, Then compare three terms of this
I With three terms of the feries Rule 2, Prob.
o 25%h with each, fuppofing & to be 1, and
d,e'x € 03 which two equat.i(jn_s 'will 'ﬁnd .the in-
lhi; and the fecond term, if it is a binomial, If
. 90es not fucceed, compare four terms with
PR er a trinomial ; or'five terms wich five, for
Wadrinomial ; making 4=o, or e=o, &c.

Ex. I,
L] &} 4
S"PPQﬁ‘ this feries 1 — % + A +Z— &e..

aa @3 at

ar

s ot m=—I,
Compal‘e this with. .. 1 4-mbx+m. or bhxr,

1 b X
hen Wby = lx , and m.?-}‘i—2 ! bhxx — 'j; »
angd g . ; sy
nd dmding the laft by the firft, g 5 b= %

Zmba . m—1
‘5": therefore — = and 2m = m—1,

Whe :
0Ce s—__3. Therefore mbx=—1bx =

or ¥ . i

: b :'E-. Whence the index is —1, and

the ’ T .
fecong term of the binomial (if it is one) 18

B e |

8 And the idormial 1+ = 4 of LT
4 the binomial 1 + — or J
nom -+ o 1 B
a
that 3 a
Is — : : it omt
ity the root required ; which fucceeds.

M 4 I,
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Bx. 2.

X4 F o

wX
Suppofe a + P e &ec.

Reduced B e
educed 4 X : 1 - 75—y &G
H—1
Rule 1§ mbx 4-m. e bhxx.
e
Here mbx= Sap AN m.—~2—- bbxx = =— 5
= M1 .
and by divifion, by = — —, The
444

—T1
xx=mbx X 208 = — 484 X ——Ubx; whente
2

I X o
—i =1, and zm=1, er o= the inde¥

I XX xx e
= — = —, of ¥ — — the
And mbx = by T o b = th
—
A x3)
cond term. And the furd is 2 x 1 4 ;?; .
X
G4 5%°,
Ha, 2
4 5aAZ » T eas 4 >
Loh %0 o /8w o o Gt L2 8 e (08
V 8u ¥ 51253
e
be given.
3 * 544 T6ak
Reduced » Wt o <L &c.
ced \/’8 R sk 8y 51 2ah
m—I t
1 4my + m vy, PO

2
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and b e th—1 s EE‘g‘; ] o ot
5 y dividing S Y= e then y =
oa 1544 i g
m = —_— and — ——————, s Of
. 32x%. L M 4Xm—I

%—4”3-!—4:3#;, and 7”3:4, Wheﬂce m:—“;' the

—saa saa 3546

indey )
blle g=g = —ﬁxx = T gem

the fecond term. And the binomial furd is

3 2 da;
o V8 x I_—ug-gxx .
Ex, 4.

Lt the feries
: > ; piyh
B 2, B L 3N g g

1 7

4a° 964"3' 384a°  184324°

Propefeq,

This example refolved like the foregoing, gives

Ll . % and g; for the fecond term of the

2

hlnomial, But a;‘ % 1 +j(‘:;l " does not produce

tt:f 8iven feries. Whence we may conclude it has
twa binomial root.

. For o trinomial root; for brevity’s fake put
> % v for 4, b, cxx in the Rule, Prob. lix,

Which,

——ee— ]
rule then becomes 1424v =
m—1 m—1  P—2
Iz i .
2 + 2 3

m—r1
+ mv “+ "M, —— 22V

It mz4-mm.

—_—

and
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a & 5 i the
T N _..,_--- 1 |
and & X P 96 . 38
given feries rcduced Then we have thefe three
e 52
ns, M — —= — :
equations, prL m. = + mu= 96‘?
M1 2 M—1 &Y
et 3 = —-—"
and m.—— . Z A m— 22 = T

3
Divide the third by the firft; and there comes 0%

#m—1 .m-—zzz_l_m_l g 5.)')” add this t0
96aa

2 3

#H—1 m—1
the fecond, and we have m. zZx 4+ —
2
e e #m—I A=
5 Z%+4 2m—1.V =0, OF — x—-—'g"'
%2z 4 2m—i1.v=0. And f{quaring the firfh
1 y
mmzz = -, and Z_16mmzz Al
164a aq
m—1
mo = 2 mf—zz——5gx 16mmzz-"
9603 2 g
mn—1 m—1
. zz. And v = -—g—mzz-— zz =
2m-+ M—1 42
_ 3 zz. Therefore = i 2z
m—1
2m—1.7 = « 2Mi—I , ZZ -} 2m—1*
2 202 21
+2zz::03 Op == +3X2ﬂ: 1=%
6 6
A1 s
that is — X 2m—1 — 0, and gm+1 X
am—1 = 0. Which equation has two r00%®
I i
Ww=—— and m = —. fm=—— thef
< 2 "
i — ')"?"]' 7
7——1,—'—;1:%,andv:""z

—
—
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= 3-_-: _y b - pl
o ?X{;ﬁ: I:j:fa. And the furd root is 4* x
P % + - %}2 \ *, which involved produces
aa
four terms of the feries, but not the laft,
And if 5 = = Thenz =— pan— -j,
4am 24
ind o _2m+3 4 ¥y W
TG =6 488 — 6aa And
ﬂlen th - ) Y ¥y \E ich
efurd is 4* x: z—§+ Zog) ? whic

iny :
r-le"ol‘“'l‘-'d, produces all the terms of the given fe-
% and therefore is the root required.

PROBLEM LXIL

7i
*Ttvery gy infinite feries 5 or to find the root of fuckh
a feries.

r R UL E

Azlf the feries confifts of all the powers of z, as
tuEﬁ+Fz‘+Czs+Dz4+E2‘ &c. =y; then fubfti-
intg the values of the coefficients, A, B,C, D, &,
7 the following torm, for the root.

e B RBal
A X TEY R

+ &ﬁ})ﬁiy4

4+ 4B'—s 4 B:C 4 6A'BD43A°C'sATE

}S
+ —42Bs 4 84ARC — 28A:BsD) — 28A=RC
+ J.ill

SZABE L2 A:DC—A‘F
¥, &e.

For
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For put z=ay+ & + ¢y + dp+ &e, Thed
2z =  dsy*4-20hy° -|-—bb_'y+ &c.

-+2ac¢
= a'ys +3a*by* &c.
= aty+ &c.
&c. Whence
Az = Aay+Aby'+ Acys 4 Ad)+&c.
& BE - = Bay* 4 2Baby: 4 Bbiy+ &c.
+2Bac =)
4 Cz = Ca’yi 4 3Caby+ &c.
+ Dzt = Daty* &ec.
&c.
Then making the homelogous powers equal, Aay-“:BJ"
I .
and 2 = 3 And Ab+4-Ba*=o, or b = A,c
—p!
Likewife Ac+4-2Bab+Cal=o0, and ¢= ZBBAS

In like manner Ad+Bbb+42Bac+3Ca*b4-Da*=%
5 ABC—A :D—5B; ;
whence D=" e ey and {o on.

Exq.
Suppofe x——xy—-xi—xt x5 &c. =y, fo find th
value of x in terms of y.
Herez=#, A=t Bmww1, C=1, D=1, % e

2 —r 3145
‘Whence x = -':H-g——:—d,- _;_-_I).: -}._-:}i-—-"’

It &c. =y4yy4yt4y e

Ex. 2,

v

Let L:x_}.—- 20 \.‘._ + Ly "1' Y &c.
Jind x in a feries of =z.

(5]

Hert"2azx, y=z, A=1,




D=L I I 1
4’ E=—, & and ¥ = —z— — 2=
1 i 2
ey i I I 1
2 b R s e
+""""h-___3_, =1 + 6 4 it &C.
1
= 2--.._1_ =2 + P I n &
2 - A b i)
2 6 24 z+ 4 120-@ C,
= zE z} 2+ 25
2:-_.]__2 — — + - &c.
X 2.3 2.3.4 2.3:4-5

z=

that is,x:z—-f—-A——-—B— 2 c—2D .

%here A B, C, &7 ;
: s C, €9¢. are the foregoing terms,
With their figns. e

Ex, 2.
aaq at a® a®
Sopofe r— 2 4 L. S+ :
- 2r 2473 72015 403207
&e. = ¢, tofind a.
Pyt .. . ag a+ ol
r—~—¢=v, Then — — —— — —
0 or 247 + 72073

m&c. —v. 'Here 2z =aa, Yy =¥,

A~ ..L’ - 5 s g St
&e ar 247 T T n2ors? = 4032017
*  Whence
I I 1
8=y 2413 on -+ 28 87r° T4407° 03 &0
1 i
8r3 221"
I 4  §
S0 o — gy e - 3 A —— v+ &, And
3 457 35
€Xtrady; e v
faling the root, a= V/2roxX: I + -, - +

12r
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2 RETE B

If the feries confifts of the odd powers of %
Az+Bz 4 Cz5 4Dz’ &c. =y. Subftitute the Y&

lues of the coefficients A, B, C, &¢. into the ol
lowing form ; which will give the root.

I B 3BB—AC
Z=F Y ™ » -+ AT
SABC — A*D — 12Bs
Aw Jﬂ
. 55B+—55AB'C410A’BD 4+ 5A:C:—AE
“+ A J

&c.

Forput z —ay 4 & + o + dy7 &c.
Then =22 = aYys - 3a*bys 4 34%¢yT

-+ 3abb
z8 = asys + 5athyt
B @y’

&ec.

And Az = Agy+ Ady + Agy 4+ Ady &c.
+Bz = +Bay: + 3Ba*bys 4 3Batey? =y

+3Babl
+Czi= + Cays +5Caddy? )
+Dz271= -]—Da‘y?

Then equating the coefficients of like tersms ?
As=1, Ab+ Bai=o, Ac+ 3Bar + C#=0
Ad+ 3Barc 3Babb+5Catb+Da’ =0, &c. whed

I Ba?

6=, b = — KX = — A« Likewife
g 3BB—AC = §ABC—A:D—12B} &3t
=, &7 A

Ex-
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By, 40
7
e e .
=3 1o Jind a.
Herc 238, y=y A=, B=— 2%23’
I
C< ?g—i-g.{;, D:—_—ms &e.

I I !
2.3dd )t Tl T 2gasar

Whence e=y +
s T I _‘l T
3 +-2.335¢»+2.3.4.5 —ds+33 Y el
C, ~ : 3 i 5+—g__)_—_-y
~..y+@ﬂ+m-? 2. 4.6:7d°
+ &,

Ex. 5.

37 0 A
&‘PPQE’ y +2 3dd e 2.4 54" + 2.4.0.74° *
<

=a, to find y.

Hcrcz = y=a, A=t B

e, o
i 3 3df£’ G 2i4. 58"

2:5 =+
S 8rc. . Lhen, 3. ¢~ daa
2.4.0.94° & & =
R e T

—_ J i o 2 2.
:;2'5‘“ 2.4 5d0 X ° +-'2.5 2427 2.3.3
F & — :

Ex,
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Ex. 6.
e b
baa  40a*  3394° 34564
&c. =d, to fnd z=.

Given bz —

3 z5 z7
- . . — — T — = C'
Dividiog by 4, 2— ~ 408* 3368° -

¥ L
= = Thea ¥y=wu- A=T, . —
I I u
= ks Nt WY wi
C=— D= — 6> &ec. then
2=t g T Tag + 40a*
b I 12 77 g w
64o+3_3—6+b6.6 x?a-“'i'&c"""'}'éﬁﬁ
52 463
o+ 120a* 5+ 840 w + & .
s R U L E

When the feries confifts of any powers of 2 dt:”
noted by m and #, as Az" + B2""*4-Ca

+ D" L BT &c. =y. Then fubft-
tute the values of the coefficients, A, B, C; &
into this form, for the root or value of 2.

Putv = -'—. Then
A
| ™ _L B 1+”
o — W e ey
m |

————— 142
w41 +zn.BB—2mACv -

2mmAA

r
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19%.
~ TZkomntomt gm4bn
bmAs Z 143
??1—!—37?-[*-1 7_‘,_?1;.
¥ mmA* BC
D
— mA
&6,
o 1 142 _1_-!-_2__4
Or.put % :‘?‘J'.; 3 l,,v_m"_ 4 v ”
gy
dy m 4= &e.

o0 dios 1- ¢ :
. dWldmg the given feries by A, we have

m
" B C
+;{'2:m+” s zm+z;z &

3 - =
4

-y
(%

Whence by involution,

n ntn m-4-2n

"
& e Y= T o
- -‘.. va ne —i— mey ® &ec.
Hi—1
. bb
2 B 2 S
L P
: =5 X0 g, Am-nbv m &c
E3m+2"-. C tnt-2n
"‘—-_ x : I:J 7;”7-‘- rc' d
D A
= ity
A3 = &,

T ! : B :
hen tquating the coefficients, mb-{-—A:o, and
b=TB

mA~ And mc + m.

M1 <=8

s bbb+ mtrz+

=0, ‘ang g1 —1—2”.1318-—2?:’11\(:
amrA*

C
A

e,

N Note,
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Note, In all thefe rules, I have only purfuﬁd
thefe feries to a few terms ; to have gone farther
would have taken up too much room : but the
method is vifible.

Ex. 7.
Suppofe 1xx + w0+ 1nt 4108 &eo =y 7
Here z=x%, v=2y, A=1, B=5% C=% D=y

&r. and m=2, n=1. Whene
i 2 fBB—‘lr C 3 £ o8
.'x:'::-’-' — i '_'_“'—""_‘U &c. =v* —
4 U-; !\
1 1 o 1 -
I — ) |r ~- —. YT ke - ) * &rc.
3 2,18 270
Ex. 8.
ax a4 a° 3 -y
f i e — = - — -l
L: 2% = 6us 245 + &G ==
ad .
Here 2=, m—=1, #—=—2, A=1, B=—7"
a* a® aa =
=3 D === —&C and x=y* + 54
4
—2BB—2AC 511

4 [y _3 B —_-
+ A Iy ke Y o = -1

g

= G

+ 5 €

Ex. g
—  § L 1 1 5 g
Lﬁk C— Gl s A Sy Sl i x* !
Sl W % 16% T 128
&c' = zj taﬁﬂd x.
I A"I'

In this Ex. 2=8, v=2; M=y A=

5,
B=——, C=w —;- D= — =, E==7b
- ! &

When¢®
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2:BB4C _ ¢
e

* 14B; + 14BC + 2D : xz_'g &c. that is

I I
Zz o # >0 Z
Cor, 1, If you would find any power of ¥ find

I 11 4 fories of 2, and then invelve that feries to_the
Demyeye Tequired, or clfe put s=y 5 then find s5.(37)
"m fuch g Jeries as this,
m e -n m-—!—z_n
As ;‘_-[— B.S'T-[w Cs » &c = s

. the laf} rule.

Cor. 2. The reverted [eries is of the Jame form as
5% givey, Jeries; for osb:}':cyfé they are not converiible
U one gnother.

PR-OBLEM IXIIL
“extragy 1hg rovi-of a feries containing all the powers
of two letsers.

- n U Lk

£ the feries confifts of all the fingle powers of
z fnd)'a Baz bz ez - dzt 8ec. =gy +b)* +7 +
V" &, fubfticute the values of the coefficients
™ the fol[owing form, for the root.
2=~£&  b—}As ; J—2bAB—cAs

b ez I+ X i J

@
*—"“ A 2 H- —_— * ——-dA"
4 OB —p5AC—3¢A’B 44
a
+ Z20B0—20A PgedB—geh C—sdd B
--.tq‘_!\‘;
—=

+2224BD—4C—2J AE—Bs—6:ABC—
3AD

—0dA B —JAIC —5eAB—f A e

N 2 Where
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Where A, B, C, &¢. are the coefficients of the
firft, fecond, third, &¢. terms.

Let z;—_ﬂ_y-}—Bj=+Cy;+Dy4 &c. Then

az —aAy+4-aBy* + aCy: + aDy+ &c.
tbzt=  +bAry +2bAByi 4 SBBy

+25AC
et = 4+ c¢Alys 4 3cA*Byt
oLzt = +-d Ayt

&e. _
=g + b +ip + bt &

And equating the coefficients, aA =g, and A=75"

b—EAA. Alfo

Alfo aB4+bA*=h, and B =

a
b AB—eA?
oG LA A Al R g

a
Again aD4+5B*4-26AC 43¢ A*B4dA+ =% and
k—bB*—28AC—2cA*B—dA* 5

3 g - i3 Lo &e.
Exs 1.
L X3 x4 1
= e e <5 i +
Let x R 24&c._2y

1 | I
s 8l AT 32 e ;
3)'-1 P +5} &ec. to find x. I
I
Here 3=¢, y=y; 4=1, b==—"7, ¢ = 5
1
*

1 1
= i &c, and g= o5

&c.

=

U'lIH
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€n

I + T I L8 | I
b 4 40 48
% s 3 - J”' 4 : yi&c.or
-‘ }38!

Ex. 2,

Sy 3z ST =i zy?
Pofe 5k o+ sod T 112 &=t

. oon n
=0, )=, ED, = jods? =0, &,

5 # A3
‘*"-;v—!— I el X T F

¥ Udl
35 aAnl 3As

4044~ o prr- Xy &c. where B, D, &,
=0 . n—n!

i thar s 2=ny -+ &
ST

#s n—un}
404~ 1o Som Xy & =+ +
P ~rom 45 7 1 —H n—n
9120d+ yE=w4- X P+ —
~in

2047 I &c.
1— s
O 2::,1}._}_ f:?)x A 4 2 ",Z 19B &c. where
A’ B: &

€. are LH» torerrm ng tt ms.

—
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2 R U L E.
In two ferics confifting of the powers and Pr%°
duéts of = and y; as
a2 bzt o2 Hdzt &, +fytg2y D2y /2 &
A myrztayzr & 4py +qyiz &c. 9% it
=
Then fubftitute the values of the coefficients, it
the following form ; .
f ldgA4bA
g BT g
2bAB4-c At fp4eB+mA+bAr
— ‘yl
a

23AC 4#BB+ 3cA*B+dA+454¢C +mB 4

Hemana

a
y+ &e.

Where A, B, C, & are the coeflicients of 4°
firft, fecond, third, &e. terms.

For put z:j‘iy\—{— By + Cp* 4 Dy+ &e.

+25AB4-nA* +/ A3

Then
az = aAy+ aByr 4 oCyt &c. |
ot = é&' ¢ +20ABy
s il e LA 2
+f =h
+h =+l . =0
+ 2 = + pr
S mE = +gAy* + By
-+ my:—: = + mAy?
o by = -+ Ay a
&c

Then cquatmﬂ the coefficients, aA /=0, aB+
bA 4l 4 gA =0, &c. whence A—— { B="—
BA*+1+gA 2bAB4cAs 4p4-gBHTA.

C=—

a 4

+bA*

s &t, Ex.
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Ex. 3.

I I I 3 Wl
Rt 2y TR o e e

+x'3":o; 2o find y.

1
Here REDY, JE¥ 68y 6= oyl f= ey

&=, b:.__g.’ _—_......-f-, =13 b, 4, f, m, p,
h s =, Therefore
J’ :'—-.-l_ _'-_h'l_\LA xf._-',:‘;\’—i_Bd—fAAx —
IA 4 2% 2
A " 1 1

+C—iAB+A Farert pd e
1y 2 4 4
~3 43

§ ¥ 4 5'84”“ &ec.

. PROBLEM LXIV.
To X1ragl the root of an adfefied equation, by a Series.

1 RULE.
If 1,

€ equation confifts of terms which contain

fe POwers of x and y; and you want che value
2 i0 3 feries of ., Make the equation =o,
4 affiume an indetermined feries for the root,

a[:y.:A’f” -i~Bac"+r—}—C.x’“P’r+D.:c”+r &c. wherein
itfe Indiceg n-r, n4s, 8c. continually increafe
€ very {malls but they decreale if x be
Breat ; pp, firlt is an afcending feries, and the
v:-t];er a df’-ﬁmdfﬂg one. By this means the ferif:s
Onverge 3 every following term growing ftill

» til] they vanifh or become of no moment,
0Ty and igs powers in the given equation, fub-
tite

the firft term Ax" and irs powers. Then
0 determ;

"RiDe 7, put-the two lealt indices equal ro
N 4 each
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each other, for an alcending feries ; or th'e two
greateft, for a defcending one. And if it &
ears not. at firlt fight, which is the two leaft, OF
two greatelt; it will be known, by compﬂfmg
every two of the indexes.

Then to determine 7, 5, £, &c. fubflirute its V4"
luefor », in all thefe indices, and having ta en
the leaft for an afcending feries, or the greateft 1
a defcending one; fubrraét it from each of th
reft. Then take thefe remainders, and add the®
to themfelves and to one another, all poffible way*?
and thefe remainders, and the fums refulting
taken in order, will be the values of 7, 5, 4, &C'
which will be affirmative, in an afcending feries #
but negative in a defcending one. Then put thele

values in the feries, Ax" +Bx”+r e Ci e e

Then to find the coefficients A, B, C, D, @,&
fubftitute the laft feries for the powers of y, 1
the equation ; and put the coefficient of each pﬂ‘f‘ri
er of x, fucceflively —o; and A, B, C, &e wil
be gradually found from thefc equations.

Ex, 1.
Let a*xte—aisy-xS=ays, to find y.
By reduction atx*—atyy4x*—ays—o. o

) =A™ +Bx"t" 4 ™t + Dt g, fubs
ftitute Ax” for ¥, in the equation, and we have
pls—gt A T +xf—nAw” —0., Then ¢qv
ting the indices, #+1=2, for the leaft, or 5=
for the greateft indices.

For an afcending feries,
Here #4-1=2, and »=1. = Then the indices

~ ekl - 2
2, #-k1, 0, 5m become 2; 2, 6, 5. Subtrat

from
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i:om the reft, and you have 3, 4; out of which
-fofompofed this feries 3, 4, 6, 7, 8, g, 10, &

the values of 7, s, #, &c. whence the form of
¢ feries will be y=Ax 4Byt Cas 4 Du7 4 Ex®
oo . ‘This feries fubitituted for y in the given
Uation, will be as follows :

Gyt

— atxt
T
BRY) = gt At Byt C 5 5—atDx3 &c:
"+'»7¢'ﬁ = £ # _I_ '\E'G
ey — oW * 1R 8
= — aAsxs —caA+*Bx® &c.
e 5
Rl 5 o () 0

T !
hen equating the homologous terms a*—a*A —o,

— A
Md A=y, Al ~—q*B—aA’=o0, and B:—df}-

1 4
]:""":;;. Again, —a*C+1=0, and C:;—;.
ikew: .
kewife a*D — saA+*B=o0. Whence
B 5 ,

=t ~o &c Then the feries or root re-
Quireq ;g

w* xS AXT
y“‘"“E pabr: T &e.
For a defeending feries.

Hﬂ‘e P d A . d‘ d e %
anq 51=6, the greateft indices, and r=1%,
o “L‘ﬂi'.uting this value of n, the indices 2,
maiI,a 0, 5n become 2, 2% 0O, 6, and the re-

2‘”5 ~—3% —4; and 7, 5 7, &c. will be

s b S 3
4,

b . —71, —73, —$%, & and the feries
ee : —21 —2% —62
Omes g A5 By~ ° 4-Cx 34Dy 3

¢ whi v 4 e : ; . .
be Which lubfiituted in the given equation, will

a'x:
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atx* = * " +atxt A
1 —ly

-—atyy = & —t A x2S * — atBr
+ xf. == +x§ &(,ﬁ
1 et

— gy = -—aA"xﬁ—-saA‘sz-T—gaA‘Cx‘ —caA*Dx

b Ang

——loa

= o, &
b —-"’.”
Then equating the coefficients of like rerm®

I » /

1—aAs=o0, and A = —, Likewife —uatA=
as :

56A*B=0, and B = — 14%%, alfo a4—54A'C="

and C = %%,  Alfo -—R4B—56A4D—168A5B'
=0, and D = — % 4’° &c. Whence the
yoot is

7%
63

2548 °

-
e
“e

3
PEL d3 2
T gk #s 2

5% 5%

If you put #41=6, the indices will he, 2 b,
6, 25 ; but 6 is neither the greateft nor the Jealts
therefore this {ucceeds not.

If youput zz=2, the indices will be 2, T 6y
2 ; but here allo 2 is peither the greateft nor !t c
leaft. Therefore this will not fucceed, ]

If we put #4-1=5w, the indices will be 2, 1#
6, 133 and 13 being the leaft, this will do fo
an aleending frries; aod the form of it will

y = Ax® + Bx _chl-} -{-D.xlea &e.

=

e

ey

3

R
wip

q

Ew, 2.
Lot a'x4ax’—ay—y+t=o0, be propofed.

. o B ‘
Putting Ax™ for y, the equation become?

: ey

x4 ax—aAx" — A+ x*" =0, Theo put 7=

for
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for the leaft indexes, then the indexes become
* 35 1, 4; and the differences 2, 3; and 7, &,
> XC. 2, 3, 4, 5, 6, &0, and the feries

Ax 4 Bir +Cxt4+Duxs &c. =y. Whence

iy

- = a'x
*ap — +-ax3
T8y = — g3 Ax—aBrxi—a'Cot—0'Dis— 41 ExS
&c.
= o~ — ik —4a'Bxs
&c.
Then equating the coefficients, @A —=g¢?, and
821 1n nk B=—, C :
+ In like manner B=—, C=— —,
D~ 4

=0 E = — — &c. and the root is
: I I 4
TEN e o s e Wi o 35 &
+cmx al'x as

Otherwife for a defcending feries.

Put 3=4n, then #=3% and the indices are
v 3 % 35 and the differences —2, —2!, and
*ht &e, — —2, 27, =4y —4iy &F¢, and
9 Ayt S AT o e

Chce

@y — % .

= ai %

L axt = ﬂx} + * .
S * g Ax} i
“-.J4 = . ——f

=—A4— 4A'Bxy —4A3Cxi—4ADx

| - —b6A:B2

1 by equaring the coefficients, A+=g, and
L azv‘i az%

= 475 alfo B = y C=omr,

D - dq-'ly
A ‘332" &e.,

And
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—s a —]
l--a*x*_i.__x +____x _—
J 4
4%

4 " —al
3¢ 3 &c
32
Ex. 3.

Suppofe y'+aay+axy—x*—2a8%=o0, to find Jr
Put As" for y, and the equation becom®
A" 4 acAx" +an”+'--x!-—za'x“:o.

For an afcending feries.

Put the leaft indices =0, and the indices B¢
come 0, 0, 1, 3 03 and the differences 1, 3’
and 7, 5, 2, &c. = 1, 2, 3, 4y 5, &¢. and che
feries y=A 4 Bx+Cx*+4Dx* &c. Then

¥y = A’ 4 3A*Brx +3ABw 4 3A:Dy? &e
+ 3AC 4+ B:
+6ABC
+ aty =a*A + aaBx + aaCx* Fa0Dst
+ axy = +aeAx  + aBx* J-aCx?
—t = —pt

—24°

Then equating the coefficients, A’+a2A—28*=2
and extraéting the root, A =a; alfo 3A‘B+MB+
I

I s
«A —o, and B:-——-;. In like manner C:é}'j’
121
and D = *, &c. Whence y = 2 — ~
51244 4
X 131x°

— 4 == 8.

64a 512aa
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Ex, 4.
ﬁn{:‘f‘ Py ymxi=o0, to find Y in a defcending

Putting Ax" for y, the equation becomes
n

-;Joﬁ + A" Ay" —xt =o. Putr gn=—3,

ig:l the greateft indices. Then #=1, and all the

XS are 3. 2,1, 35 and the differences -1,
%3 and the feries —1, =2, —3, —4, {J¢. and

PSAv4B 4 Cx ' 4 Dx > &c. Then

» A4 3A*Bxr43A2Cx4-3A°D
+3ABB4+6ABCH &c
$ + B3
J +Aw* 42ABx 4+ BB } e s
+ 2AC .
+y L R R +Ax..+B &c.
"'"'-x; — 3

hen ¢Quating the coefficients, A:=r1, and A=r.

Likewire B '__’., C = _%, = %{jc;_ and
3 G '

thl‘l‘l’ef‘ I 2 - 7
or - DA W S zc.
¢ I=x 3 gx .3 Sran & C
2 R 1F I, ks

&Aﬁ‘umc J’:.‘\x" " me}—r + Cxﬂ-f-zr_{_ Dxr‘{ 3r
=.a0d haging found 7, and put its value iivo
emdiCeS, as inﬁ Rule 13 fet them down in or-
Breat fubtraét each of Kh"&n.] fro;rn _thz nexe
Tk €15 and you will have a feries of dlffcl'ences.
fur:r'la.iFHd Ehcﬁ greateft numbcr,’ }vhlch wiil n':f-_'a-
which thefe differences ; andl this 1srt!*.:-_- ‘Y':J.]L‘-". of 1j,
or wh muf’g be affirmative in an a.‘Cca*;-hn;z_ fff_’f*"'

0 % is fmall j and negative, io a defeendiag

one,
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one, when x is great. Then the values of # and
r muft be fubftituted in the affumed feries.

The procefs muft then go on as in Rule 13 artl;e
if there be any fuperfluous terms, which will
known by fome of the coefficients A, B, C 0%
ing out =—o; thefe terms muft be thrown out
the feries, and the opération begun anew.

Ex. 5.
Let y'—axy 4% =0, be given.

Put Ax" 4 fory, and the equation becom®

'A3x3ﬂ—-dAx"+l+ x3 =o. Let #+1=3 and
#=2; and the indices are 6, 3, 3 thatis, 3 s
Then 6—3=3, then =3 ; and the lealt indic®
being compared, the feries will be an afcendiné
one, which is this y=As* +BasHCx® 4 D't &
which fubftituted in the given equation will be
follows : '

Byo T3ACH™ gg,
ysl +A;x6+3Aqu+3ABB &

ey | ——aAx’—aBx¢ — aCx9 —aDi
we o ] o 1t

—

Then sA=r1, and A =—, B :L,C:’—';r'
a at

i 1
12 x* xS 3
e r asial e |
D=2 &c Whenece y = e b
Tzt |
e &

Ex. 6.
Let yo—by*4-gbx*—x’ —o.

. ont
Subftitute Ax” for y, and the equatiof

n L2 —2%
A" — pAR" + gbxte—x’=0, Put e2#7= 2
. when¢
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=1, and the indices are 5, 2, 2, 3;
bre __d‘!ﬂ'crences 1, 2. Whence r=1. There~
J=Ax+4Bx*4+Cx34Ds* &c. Then

~ %:: ] __,_5Azkz_25ABx3—2;%Cx‘—z_}t:)i}g;‘
iﬁx? +gbxt Cies TIEY AR
Here bA*=gb; apd A=3: alfo B=— 6%'1
e i Z% -~ 3-3;_5%{_" Whence
J:Sx___%_é - .}.1—’::% 4 i—; —_ 368[837‘_Xm

&e

¥y R U L E

. ‘Ilit_the eqtiation determining A, be ah adfefled
0? 100, which bas feveral equal roots or'values
faﬂn{i hfhen ou muft divide the leaft remainder,
One o f Rule 1," by the number of equal reots,
tiery & which you take fior‘ A 3 and tak? th!s'quo-
fourg (E’)T another remainder. Or ele divide
of the ¥ Rule 2, by that nombert; and make ofe
quotient, inftead of 7. :

X T,
Ly Pasyys 4. g pitytamply=——K'4 =0, o find y.

B " ..
U Ax" for 5y, and the equation bécomes

AQH.OH‘%;x3ﬂ+ ’ +2f\’.‘r.'zu_{hz—-;l:c_"':'g e 0 =20,

1 = 2n-23 whence n=1, then tha in-
> Gy 4 4 But the fum of the

CQE L —"_ 1, éw 4--, I‘I" 1‘}”'. :
Hcients fo, the leat index 4, 18 —A*42A"
=0 of A*—gAg1=0, which equation has
twWo
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two equal roots A=1, and A=r. Now the
difference of the indexes will be 5, 10; there

fore divide 5 by 2, gives —f—, and we have 3

g, 10 for the differences, Therefore 7, 5, £ 8ece.

will be =55, 7%, 10, ¢, Or (Rule2) r=51

therefore - = -;5- to be taken for. r; whence

N lﬁh
2

the feries will be

y =Ax+ Ba<.'31‘r-{—C.a<:5 +Dx3"§ &c. Then

¥ + A9 'xo
— —A’a&’*—gA’Bxﬁi —3A*Cxo
—3AB*
+2x%y* +2A=x4+4ABx6"' +4ACx?
+2BB
—3y AR |y U1 Bx6£ — Cx9
—4 \ — &

Hence —A* 42A*— A—0, and A=l
4B—4B=—0, and B may be taken at pleafﬂfe'
Suppofe B=—1, then 1—3C—3+4-4C+4-2—C=9
or 4C=4C, and C may be taken at pleafure. Let
C=1; then y=x—x>* — 6 &c.

Or thus; In the fecond equation, 4B=4B}
which concludes nothing; allo 1—3C—3BB+
4C4+2BB—C=0 3 that is, i—BB=o, and B="
or —1, (I,

Ex. 8,
Let Ayyr—aatxy4-a*x*+x4* —o.
Put Ax" for y, and the indices become 2%

. ¢
n41, 2, 2#+44. Let 2n—=e, or n=1, and *
indices
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'C'fs are 2, 2, 2, 6 ; and the difference 4. The

Et}uatlﬁn 1s 34‘/&1062”__ 2@4Axu+ : -I-a“x‘—-A‘y‘”-’_d’

Cbeﬂ;l Az"l-——za*.a’\.xl-l-mw—.{&’y“:o, where the
idf'e“t of the firft term is A*—2A +1=o0,

Vide ¢}, 45 two equal roots A=1, Therefore di-

" o the difference 4 by 2, and the quotient 2 is
tady € Ccommon difference; whence the feries ig
"A”+Bx*+fo+Dx? &c.= 0. Then

2y @t A% 4 24*ABxt 204 ACx? 4244 ADx®
+ a*BB +424*BC
&,

Fasy —2a*Ax*—2a'Brt—2a'Cy5—24'Dys
.+_a-1xl

=2a4

N ot

e --——A[-'U,‘.!c"5 — 2 ABxE
B:I;IBE“CE A*—sA41=0, and A=r1; again,
™ and B may be taken at pleafure. = Sup-
Pofe g T g
oo B";a—' Again, 0C+444B* — 1=0, or
L ~!=I=0, and C may be taken at pleafure.
®HC~ !

€= —. Then oD=2AB—20BC=0, and

b 1
May be taken at pleafure. Let D=—— &c,
&
Thm y X1 X3 X7

and third lines vanifh; whence *BB=
=1, ang B = *L-, allo 204BC=2AB, and
o1 aa

g

£

4 R U L L

: . ; _ =
qua] . Quantity forming the feries (x) be nearly
Ome given quantity, put a new letter 4

& Quan,: D¢ Biven quantity, put a n
q antity for it, and fubfticyte it in the equa-
O tion 3
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tion 3 then find the root in an afcending
the new letter. Or if the quantity (x) be foy
great, and the feries for y is to afcend by J“';:
Take fome quantity nearly equal to x, and ¥

ftitute the fum of that and a new letter for #

£x. 0
' 2
Let y* 4-agy—wt=0, where ¥= 35 nearlys

2 8
Put —a—uy—x. TLhen x“:—m-idd"'} .
3 27

3
2qv*—a, then ¥y +-aay— ;—7-43-[— —%—aaw—zaﬁ’ +7
=o. Let y=A%" then the indices are 3"’;;
o, 1, 2, 3. Let #=o, then the indices becy
o, 0, 0, 1, 2, 35 and y:A+Bru+C-u‘+
&c. ‘Then

¥ Al 4 3A:Bv 4 3A:Co* &c.
4+ 3ABB
-+ aay aaA+asBv  AaaCv*

— a'! — _-8— a;

27 27
+—;L arw v iaw
—24T% — 24T i
+ v ‘ 4 b

Allo

v 18
Then A’+2-3-aaA——-a¥=o, let A=r1"
3 27

sl
B :——‘;f-; and 3A*C4 3 ABB4aC =24, WHE
2a:-5l,r

= 3rrtae’

C

&e.
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4 Ex. 10.
et }ld-._.xx L o 1 -
Yy weay, THy* - 2ys—2y<4-1=0, where x=
arilI,éet ¥*=242z, which fubftituted for wy there
S y‘—-.ziya___3zyz_2j+ s

Let Y=AzZ", then the equation is Asz®”
~Az,2n4-2
,,,fgz —~3ﬁ322”+1 —2AZ" 4+ 1=o0. Let
th;d’- and the indices are o, 2, 1, 0, 03 and

Yittences 1, 2, 3, 4, &Fc. whence Iy=A+
%*4-Dz! &c. Then

I A# +4ABz  4+4ACx &ec.
e +6A’BB

‘___z } — AAz
e —3Az — 6ABz:

g ] —2A —2Bz — 2C2*

1 e

Here At—2Af1=0, and A=r1; alo

“-B\.QB___.

=3, and B=<; and 4C+6BB—1—
6B

' 200, and C=m %, &e. and y=1 <
?*‘-- 4

4

Y In o]l thefe cafes of extrafiing roots, the
M4 be made to converpe, or elfe they are of no
ﬁ’f;la i U in a converging feries, the terms grow con-
Mearey , S5 and lefs, and fo approack wearer and
a5 yg,, wﬁfﬁe frue root, .‘:f{ the (f’{ﬁrerem'e 15 a5 fmall
¥hey ?‘o:»; « But qdiverging feries always runs far-
‘b“f‘ebf, the root, and therefore gives a falfe value

s 22 &c.

Cor,
Jerjes
ufe

3 COI‘. 2. .
dng . the fﬂﬁr Y be denoted by a [fevies of x afeend-

r % is, the fafler the [eries converges.
O 2 - And
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And in a feries of & defeending 3 the greate’ * ”';
the fafter likewife it converges. ~ Therefore we 4° 4
1o contrive the [eries, that we may bave ¢ b
quantity in the numerators, or the greateft in 1he
ROTHINALOTS.

Cor. 3. If the equation for finding the firft ter% ;}
be an adfesied equation ; as many roots or dzﬁf- o
values of A, as that equation has, fo many 8%
feries will arife.  For the firft term A being di 9
ené in each, the coefficients B, C, D, dff’_fﬂd’
thereon, will alfo be different.  Likewife, if t?’b{
roots are equaly the fecond term will vanifh, oM Ly
coefficient B will be found in the third, 'wr’m‘f«"‘z!
be aquadratic equation. And if there be thre iy
values of A, the [econd and third equations 4%
and the fourth contains a cubic equation of B, ¥

Cor. 4. An eguation will alfe admit of _f‘"v_”:;
different feries for the voots, according to the dffﬁ". §
values effumed for n. Alfo there are other e‘f{“‘m
that arc impoffible, and will admit of no roots. p

Cor. 5. When the firfk equation, or that for v‘_
termining A, bas feveral equal voots; then the it
lues of r, s, t, &c. muft be divided by that i )
Or, which is thé fame thing, the indices of % (> "fm,
found by Rule 1, muft bave others interpofed bemfgr
the, m‘w?‘diﬁg to the number of equal 16015 /j"ﬂ 4

two equal voots, the feries Ax" 4 Byt 4 CA
by
&c. muft be reduced to this, Ax + Bxﬂ_h 4

L4 t
or Jld —|--Dx”+‘5—f— Ex" 1 &e. If this &"ﬂ ’;;g
dotie, ihe fecond term B will be infinite, and &

following ones. -#”?F

Cor. 6, If the feries A4+B4Cx z—t—U"i’Lﬁﬁ;ﬂg
x z¢ + GFHFIF+K x z &c. =0, # | pr,,;
an indetermined quantity ; then whatever walue W1 3
upon z, it will be A—o, B4+C=o, D+E+ -ful'
G+H+14+K=o, &,
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b oqr this being a general equation, where z may
_ 0y value ; therefore put z =0, and then will
di;ihdo, and B4-C x 2 4+ D+E4F X 2 &,c' =0,
Agais by 2z, then B4+C + D+E+r x2&c.=o.
WUE 2=0, and then B4~-C=0¢ ; whence

W T X 2 + GFHFIFK x 2* &c. =o,

zi‘e again h).: z, and D4+E4+F4+ G+H +1+K
and“"?' Again, put x=o0, then D—]—E-}—} =0,
So, g HHIHK xz=0, and G+H+14K

of ev?'rf,i”_n of feries, and the exrra&ipg the roots
Cﬂefﬁt'mhmm feries, depends upon this. for the

ine:;llentS of the feveral powers of the indeter-
®quay Guantity, muft be put =o, or elfe ‘the whole
this oD cannot vanifh, as it ought to do. And
fing done, the feveral affumed coefficients A,

"~ e determined as in the problems above,

ScrorrumM.

To find ¥ in the feries ay“ -J-J{y'u+v+ fyf‘—{-u
R L R Affume

“::‘_A*”+Bx”+’+(:x”“‘" &c. Then by fubfti-
utl[)n we get, (;__rlf{‘x#”-i- E?A_!”_l—” ,‘t“-'..r‘??-l-;?l 8o
-\.fx +§-"W+g &c. Whence making the leaft

e ar o
5 €qual, pr=m; then #=—, and the dif-

fere :
NCes wil] be =, ¢; &c.  Then find g the
fJ‘
Srear.
eft mmon divifor of — and g3 and che
Orpy of the “

feries will be '
& *
Y=a w4 i3
G o 4Byt pCe# pDeM
btr'.g,tl Wiiich the coefficients will be determined as

0 3 SECT
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¢ J r o ’ il
ot riiera: -':‘h’(” 7 ‘2.;];--‘,,‘3(‘77;‘;,’1.' 7 !‘,,-‘.-{.”3 14_/[:‘
'] o T

o 1
fid

PROBLEM LXV.

: = .
The [um and difference of dwo quantities being gt
g ﬁ-*»‘ff the quaniiies,

the fum

the difference
greater quanfity
the leffer.

8 B N
f1 U H 1

then a+4¢ = s, by the problem.
and g—e = d. :
then 24 = s4d by addition I
and 2¢ = s—d by fubtracting. \
s4-d feased)
Whence 2 =-——, and ¢ = o ,
or & =3$+id, and ¢ = 15— 3d.
AT p e
Cor. 1. Half the fum added to balf the differ®"
of two quantities, is equal to the grealer.
Cor. 2. Half the difference of twa quantiticss
ken from balf the fum, gives the leffer quantity.

PROBLEM LXVL ¥
% 4

To find out the leaft common dividend, or the ]f; o
quantity, that can be divided by feveral B
quantities.

= \

R U L E.

Refolve each of the quantities into all the fim

by
be

ple divifors contained therein, by firft cl'widiﬂgt
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:EZ leat, and then by the next, and fo on, till
toqy lare all exhaufted ; and colleét thefe divifors
l?ﬁt ier for each quantity. Then_ if there be any
tft o in the fecond quantity which is not in F?_}e
if t‘-: _mm“'t’]Y thF .ﬁ_r{‘t E:_oy fuch d_wilors. lee\w_le,
is n'{:_"}‘ be any divifors in the third quantity which
o ~hm this laft, multiply it thereby, or putthem
the }E at quantity. Likewife fuch_ rhwl_vrs as are in
. Ourth quantity and are not in this laft, muft
“Pltinto it, and fo on. And laltly, all thefe di-
6 'S in this laft quantity muft be multiplied to-

o i PR <hes
e8I Yor the Jeaft common dividend,

Or fhorter thus,

PW.I_de the produét of any two of the quantities
,,) Seir gregteft common divifor, (found by Prob,
e . 11.) take this quotient and a th.ird quan-
cr;':-and divide their produdt, by their greateft
o 00 divifor, Take this quotient and another
!n 'Y, and proceed as before; and fo on to the
legge L2ty And the laft quotient will be the
: Cinmon dividend,

55T
HWobar ) .
2hig T the greatefh common dividend of a*be, and
I o |
*5 divifors of a*bc are a, a, &, ¢
H of 24kbd are 2, a, by b, 4d,
er, ; - .
the € 2, 5 d are in the laft but not in the firft 5

c{'}'n"ﬂ“‘ﬂ‘ axaxhXexabd, or 2aabbed is the lealt
DWon dividend.

Or thus,

T . >
]Ju,dhe greatelt common mealure is ab, then the
lew ut 15 2a1bicd, ab)2a'bied(2asbbed the
dividend,

O 4 B,
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E#, 2.
Let ab+-cd and ac4-bd be propofed.
Thefe have no divifors but 1. Thcl‘Cfor_:

ab+4ecd X ac4bd or aahe +abbd+-aced+bedds i
the dividend required.

Ex. 3.

Let 3a°h, a3+a*b, and aa—bb, be given.

The greateft common divifor of 3¢% and
a'+4-a*b i1s aa. Then

aa) 3a°b+3a' bb ( 3830+ 3aabb.

Then the greateft common divifor of 34‘5—{—__151@
and sa—>bb, is a+by then 3a64- 30abb X aa—"
divided by a44 is

a+b) 3a3b4 3a*bb—3a*b—3a bt (30434 P
the leait common dividend.

Ex. 4.

Let the given quantities be a*—b*, aa+ih
at-arht, and a+b.

Thefe quantities refolved into their divifors 4
aa—+-0b X atbxa—b, axa—b, axaxaa+bb
a+4b. Now becaufe there is one faétor a in the
{fecond which is not in the firlt, put it in the firfts
which becomes aa+bt X a-+bx a—bx a, the
leaft dividend for the firft two quantities. :

Likewife, there is 4, one factor in the thirds
which is not in this laft; let it be inferted, 3°
it becomes aa+bb X a4-b X a—b X aa, the Jeaft
dividend for three quantities.

Laftly, Since a4& the laft given quantify
in the laft dividend; it will be the dividend for

all four 5 that is, ae-4-bb X a-+b Xa—>b X 68> o
g
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af : ik
o“‘“‘ﬁ_b is the leat common dividend for the
ur given quantities.

ScHoOoLI UM

All the fimple divifors of a quantity, are found

th . :
A:itlfm:ic‘:vay, as in Prob. 6, 7. Chap. iv. B. 1L

% PROBLEM LXVIL
¢ fum and difference of two quantities being givens
o find the difference of their fquares.

Let s=fum, d=difference, A= greater quan-
t] d. ——d
"y E=the lefler. Then A:JWH_: , and E.:J-—ﬂ—-2

(Prob, lxv). ‘Whence

ey s:+zid+dd
—asd+-dd

and EE = u-i—L
and AA—_EE= . =ad.

4

Cor. - 7, produst of the fum and difference of

t1yg
Qantities, i be differ ;i
fitarty tities, is equal to the difference of their

PROBLEM LXVIL
Yo quantitipg being given te find the [quare of the

ﬁ:m.

thg;ftth“ be the greater quantity, e the leffer 5
i5 g ¢ fum is a+¢3 and a+4¢ being fquared
t+20e4-ce.

’!'fzs;o;; L. Hence the [quare of the fum of two quan-
lies o qual tg the wm of the fquares of the quanit-
> Mereafed by double their produdd, &

or.

15
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Cor. 2. The fquare of the fum of any numbét ;
guantities, a-4-b-c 8&c. is equal Lo the fum of 4 1%
Jquares; togesher with twice the fum of all the pro-
dufls of evéry lwo.

et
For by this prob atbodc =atb +2 X itt
Xed-cc;, thatis agd-2abtbb+zac 425404 and
fo for miore quantities.
Schol. By the fame way, theorems may be
found for the cube of the fum of two or Mo
quantities.

PROBLEM LXIX,

Two guantitics being given to find the [quare of thei?
difference.

Let @ be the greater, e the leffers then the
difference is a——e, which being fquared, pro”
duces ag—24c-4-¢e.

Cor. Hence the [quare of the difference of A
guantities, is equal to the fum of their [quarcs abai
Ywice their produfi. .

Sckol. By the fame method a rule may be found
for the cube of the difference of two quantities:

PROBLEM LXX.

The fum and difference of two quantities being givets
to find their reifangle.

Let s=fum, d=difference, A the greateh ]3
the lefer. Then A4E=ys, and A—k =43 ﬂ(‘t,
adding thefe equations 2A=s+4 ; and fubtrat
ing, 2E=s—d. Then 2Ax2E or 4AE= s

s$—add

W s—4 =ss—dd, and "AE—= .

N % : ;
Cor. The fquare of the fum, lefs the fguart of J:{r
difference of two quantitics, is equal o four pimes HY

reffangle.
v f‘g 1) R O_
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PROBLEM LXXI,

Gi: 5
?;” ”:"E n* power of the binemial a-++b; to find
;bf df__Uere;zre between the [fquare of the fum of
¢ odd terms, and the [(quare of the fum of the
CVen torms,

The power of @44, that is a+d —=4" +

9 g1 R n—1 B3
b S — b . . a3
&e, = .

2
@”ds third, tourth, é9¢, terms. Then A4+C4E

Pur A, B, C, D, E, & for the firlt, fe-
:' = fum of the odd terms ;3 and B4+D-F &ge.
= fuin of the even terms. But m‘
X_th D4F = ATB¥CHDFE & x
-:\__._*_L_—nl) £l e =
L =~ n.n?la”_zb&+ &c. X

agn

o 28" - n.”—:ja”"'zbé — &,

:“-I;de:];" = aa—bb" ;

me aa—bl =

ro Ky >
@ T B—I B—2 B—3 ‘a_
P g e T Py
2 3 4
&ec.
\‘L
— iy  B—2 - —l1
ng™=i, ik m=—3ps
A - a 3 . .
Ol Tl
2
'--::f_ ?‘}-——g i—H e 3
== " &c.
4 5
‘ — _—__._'_‘T- —
. Cor, 2 Ga——pb = qa-+bb — 2ab .
e ] — U z
Cor, 3y Ga—bb = @ +360b w= 3a8b+4 b .

Cor.
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Cor. 4. aa-—r);: a*-+6aabh +g'a41.._ 4@=5‘+4a!" .

5

Cor, 5. aa—bv
= a +loa’bb+5a(’/+ — 5a%b 4 108*0 b5 e

PROBLEM LXXIIL

To find the nt root of the binomial furd A+B, wher
either A or B is a furd [quare root, the otber
rational.

Suppefe x4v = \)A——}:i3, then by involution
—— —
A'{'—B =x4+ nx"_"v —+ ﬂn—z—lx ‘pq) . ?.f_z

n—2

&"3y: &c. Suppofe v a furd fquare ro0h

and put the odd terms of the feries —=A, and the |

; P o
even ones —B; that is x” - = " Ry BG

Bl B2 ‘
=A, and mx" v 4 n—— —-;x""S i B

a:
) |

=B. Then &" + n. —x o0 &ec.

n—1I —2

o il e
B:=D by fubihtutlon. That is (by Cor. 1. prob- ’

"Iy Ko, = A

. ————— i -
Ixxi.), sw—wvv =D, and xw—vu=D", Ther

fore vo—xx—D". ‘Whencc this equation,
n—1 n—2
— L

3
qx”—'* X xx—D " + &c. =A. Which ad*

fe&cd equation, by a few trials, will give X, iﬂg
theé

’J

ﬂ——
a4 %

”—.
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then o will be had by the equatmn,

=4
—y/D; and x + v = + -
quiredJ xx \/ and » + v \/A B, as re

Cor. Hence if xi\/y:\/.@, and A*—B*

s n—1  ¥x—D 3 #—2
=D; then 4" + 2. 5 M P 4 3 .
# 54 xR
=3 xx—Dn n—4q P—5 xx—p*
4 Ky 7 gt 6 - xx R

=A;y and Vy J m-—-\/l) Where P,

Q} R, are the forcgomg terms.

Or thus,

» Hlomme T
SlnCe %7 4 2 -—z—.m v &c. =A.

ANd "1y 4 u, i—"l ?}—}2 "3 &c.. =B.
hy addmg, :
Flommee |

¥ 4 a1y -+ n.—*-z—x""""u‘&c. =A+B.
by lubtraQing,

A" S gyt ?Jﬁzz.—lx —2gr_&c. =A—B.
Therefore by extraction, -
Xtw = /A-B.
d y—gy = \/ A—B.
nd gy :/jf'.I]?_,.\;/—\r_
29 = ‘/A-i-B—— V/A.-——B,

whence
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_ VA4B 4+ /A—B.

55, 2
_WVAFB—(/A—B

— = .

Therefore #+v will be had, at leaft in decimalse

whence &

v

Cor. Hemee, /ATB = YA¥E T/
2
B \/AT"}"B_.-—-‘/!"‘__B
& ~ _
By, 1.

Extralt the [quare root of 1146,/2.

Here A=11, B=6y/2, AA——BB:_'zj-Q:D’
and /D=4. Therefore x* +£—%_'-Zx=: 1h
or 2x¥—7 =11, and ax=g, or ¥=3. Likewiﬁ"
)=V o—7 = +4/2, and x4/y=34+V >
the root.

Or thus,
A+B=1146,/2=19.484, and A—B:2-5’6'
_ 4/19.48444/2.516

Whence ¥ = - =
4.41441.586 4.414—1.586 _
St o2y, Bl 9 = Sl S

2 2
1.414=4/2, and x¥4v=3~4/2, the root:

Ex. 2.
Suppofe 37—200/3 be given, to extrad sht
Jquare root.
Hete A =739, B=voy/3, AA-—BB-_:!GE):D&
and 4/D=+13. Therefore 2xx—13=37> 40
NE=24y OF %5, Allo
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*-f]r() \/y:_\/25___|3 :—.‘/IZ, and
PwY’J’:s———Jm. Or the root may be y/12—3,
LN /DA,

- Or thys,
¥ = V71.6444/2.36 1000

2 2 oo
-v:g/z.gf)——\/7r.64 = 6.92
e T e B T ¢y

—2¢y/3, and x+v=5—2,/3 the root.

Ez, 3.
Let 7—150/2 be given, tojfind the cube root.
DlHerc A=y, B=5y/2, ArmBr——uj =D, and
= 7,

¥x -1 2
e X7, Or 46 43%=7, and

th : e
© toot of this equation is x=1.

" Alfo Vy=—Vwx+1=—y/2, and
+’\/_y:1—-—\/2.

Then e

Or thus,
- g, det i
\;"A-«}-B = 41407 = 2.414, and
VA—B =, /—o07 =—412;
Then » = —-—-w————~——~'4lt+2'414 i A
. and o = -_"414;2'4[4 =414 =—/2
o here B is negative ; therefore ¥ +-v=1~—y/2.

Ex. 4.
}fybal‘ is the cube root of 25-44/968. -
ere A-_—-_ES’ B = ‘/958, AA—BB = —
3=D. ang \3/D:—7. :
An;n x’+3x‘+21x:25‘, and x=1.
_ Vy=\/8, and the roat, 1-+44/8. o
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Ex e

Extrcét the cube root of —104-4/—243.

Here A*—B* = 100 4 243=343=D, and
D%:7. Therefore x3+4-3% X xx—7 = —=10, or
4x5—21%—=—10, and the root is =2, whenck
v or Y=V 4—7=y/—3, and x4y y=2+F
v/ —3, as required.

In like manner the cube root of —10~—/—243

is 2—y/—3.

Ex. 6.
Extrafl the sth root of 843—58094/2.

Here AA—BB=16807, and DTI-_~7. ,

And 16x'—140% +246¢=843, and the rook®
=33 and y=—v9—7=—/2, and
x44/y=3—/ 2 the root required.

Ex. 5.
What is the ‘7th root of 5684-328,/3.

Here A*=B*=—128=D, and \;/D:--Z?
Then A+B=1136.112, A—B=——.112, and

7 7
T Y e T 1§ 73— 752
x:s/ngﬁ 112 112 2,732 =752,

2 2
7 G. ~ T—I :
Ak B 113 1122 V— 112 W,
2. :
732:_ ?32:1.732:\/3, and x+'v:l+~/3
= the root.

Scrorium

n .
In the former method, if (/D is not rationdh
neither member of the root will be rational, mi‘n'
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) tilc feCﬁndﬂ if neither the fum nor difference

of \/T-“ T T § x
Mo HB and /A—B, is rational ;3 neither

thgn:,h?r of the root will be fo : and in thefe cn{cs
ful ‘;r@s.arg‘ of no ufe. Logarithms w1]’l be ufe-
in ﬁndiﬁ in -il}“d}”-}g thf.‘ic L_oolti, bung (?x:u:!{ cn(?u_gh
] g B W wnrcn’ any of the qua_pnhm be ratio~
atig not, When none of thele quantities are
_onal, multiply the given equdtion by fome

number, till \}D or\}»\ +B + ,}'-5#55 comes
3 - Wi o < 3 b

Oyt 4. - :
rt‘mra“““ﬂl; then extraét the root as before. But
by aPber to divide the values of x, w, at laft,

hy the oo of that number., Thus 22-44/456
ot fuch a cube roor; but multiply by 2,

ang 44441044 :
then ___‘_* , will have a cube root,

I
the numerator,

PROBLEM LXXIIIL

? expy . or]
lain 1, Jeveral properiies of (o) nothing, and
snfinity.
& . ,
B plain, mnothing added to, or fubtraéted
lefy * %0y quantity, makes it neither bigger nor

be ]s’,tﬂken ny times at all; the product will
no:hmg_

th:{‘?{ewif@’ if any quantity is maltiplied by o,

/)
¥ Lt 5 =g that is, let the quotient, of & di-
p;;]?j_tg’l}' @y _l)e g. Then if & remains thc_ {ame, it.is
be ;€ lefs g is, the greater the quotient g will
the ta be indefinitely fmall beyond all bounds,
bognat  Will be indefinitely great  beyond all
tign, % _Il‘xercforc when ¢ is nothing, the quo-
¢ will be infinite. Whence

P Alla
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b p
Alfo fince — = infinity, therefores= nothing

¥ infinity.
Let there be feveral geometrical proport!
¥, ¥*, &%, x4, &%, &c, If this feries be cont

Qrf&[s’.
inué

s g I 1 . 1
backwards, it will be #, 1, —, —; thatl% Wiy
-4 XX

eafing
atever

—— — . 5 .
%o, %, &2, the indices continually decr

by 1. Thenits plane x° is equal to 1, wh

H g . ' -~ nds

x be; for it may ftand univerfally for any thif

Therefore 0° is =1. 4
STy 10

Let x be an indefinitely finall quantity, ,_bje}&c-

all conception 3 then in the feries x, &%, %9 {
each term will be indefinitely greater than the
lowing one. And when # is o, then in the

v I ST is
Ties ——, 0% o'y &ty e < i infinite, and ©

: [
nothing, by what goes before. Therefofi ﬂ;c
en

ol
fe-

o

mean o¢ is a finite quantity. Suppofe =&, ¥

I 7,
& e AL 1X0 =1
o0 —bb, that is b6 = - =0 and ="

whence it is plain again, that () o*=1.

a ’ a . Onite
Tet ;o its equal be an infio!

—I41
: & a i
‘quantity, then by actually dividing, ——-—I-::H'
I_——

a a #L/,
+a+ 15 and oy =—a—e—at it
i a 2
Therefore ———+a+a+a & =1—; _at

. g R seher
~—z &c. that is, an infinite quantity 18 nc“h

increafed nor decreafed by finite quantities-

. ﬂ‘
Cor. 1, If o multiply any finite guantitys et
dutt will be nothing.

Cor
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Produs > If o multiply an infinite quantity, the
is a“ﬁ 15 & finite quantity. Or a finite guantity
- "¢an proportional between nothing and infinity,

Cor OX infinity =2.

. 3. If a finite quantily is divided by o, the
Uofions .+ o . .
Wotieny ;. infinite (-6— = inf.).

5 Cor, 4. If o be divided by o, the quotient is q
e quantity of -
'y of fome fort.

o
For (Cor. 1.) bxo=o0, and therefore ?;-_—_é, Y
nj L -
¢ quantity,” or nothing,

powor' 5. Hence alfo 0°=1x, or ihe infinitely frnall
Hm:’, of an infinitely fimall quantity, is infuitely
i,

C . . ] N
th, % 6. Adding or fubirasting any finite grantities
3 T S b i
ITom an infinite quantity, makes no alteras

yaq,,o-r' 7+ Therefore in any equation, where are fome
o Hies infinitely lefs than others s they may be ikrown

/8
o the equaiion.

”Jerm.' 8. An infinite quantity may be confidered ei-
% affirmative or nevative.
F i Enig
A [/
O infinity = — or —.
¥ —+-0 — 3

T ScHoLivumMm.
|

to o T€ is fomething extremely fubtle, and hard
Lo g ;

v ant:eive, in the doCtrine of infirites and mothings.
e t'lmugh the objeéts themfelvs are beyond our
delngie[;lsn{mn; yet we cannot refift the foree of
tieg a‘?“‘-’[‘«_ concerning their powers, proper-
ang fU;H cifedts which properties, Elndcr fuch
ed iy th ‘condrtl.m:_s, I tnink, I have [?Lh“{ cxp}am—
thay !ﬁ Propofition. Any metaphyfical notions,
¢yond thefe mathematical operations, are
| P2 not
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not the bufinefs of a mathematician. But thu$
much may be obferved, that o, in a mathema™
cal fenfe, never ﬂumhes abfolute nothing s
always nothing in rd.mon to the object Lmder con-
fideration. For illuftration thereof, 1uppo{c we
are confidering the area contained between the baft
of a paralle ]no-la.m and a line drawn parallel to the
bafe. As tlm line draws nearer the bafe, the ared
diminifhes ; till at laft, when the line coincidt

with the bafs, the area becomes nothing,. So tihe !
arca here degenerates into a line; uhlch is no”
thing, or no part of the area. But it is 2 i
ftill, "and may be compared with other lines.

PROBL EM LXXIV,
To find the value of a fratlion, when the numeral?
and denominator, is each of them nothings
r R Bk B
Confider, from the natuie of the queftion pro-
pofed, what quantities are infinitely greater [h‘l
others, when they are all taken mﬁmtely fmal
Then throw out of the equation, all thole tﬂr“;
that are infinitely lefs than othersy retaining Or]'ﬂ
thofe that are JnHmLcly greater than the refts ™
which U{pnnbe one of the unknow n quantitics, ol '
the value of the fraClion will be known. :

Ex. 1. 'l

Let s34-yi=axy, and ¥ infinitely greater thot g

when they vanifh 5 to find the value of —Ji, awhth
%

and v are —o.

AL ol c
Jere &3 is infinitely lefs than axy oryh when
vy ax (5}
Yi=axy, or yy=ax. Then = = —=4 th
% x

value of the fraction propofed.

Ex:
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I

T 2ay +oe =y, what is the value of ~—, when

* and %y
Y=0, and y infinitely greater than x.

He 5 ;

STe reje wa being infinitely lefs than the reft 5
they ., 1
W =—oax, and = = —
¥y 24
T 3.
W,
hat is the vaine of ==, when 2ay-43y=Fx;
N % Biye =
Here yy is infinigely lefs than 24y, Whence
B il e

24 (@]

2. R oL LK

% ebfervc what the unknown quantity is equal to,
thL. numerator, &¢. vanithes; put the un-
mp' quanmv i that vv;valu.c e, where ¢ 1s
teq o ed infinite ]\- fmall.  Which being fubftitu-
all rtll that unknown qmnm\r and the roots of
of ¢ 5, extrafted to a fufficient number of places
nll‘nérat laft you will have lumr.urmg in both the
the a?lLor and denominator, which will determine
Ue of the fration.

. Ex. 4.

f’\/ aN—X¥
when x=8a.

a—/ax ’ -

a-¢, then expunging x;

;IJQI 15 1, 2 rvﬂ“u‘—: 0f

Py

!

3
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axaag —Jr r?c. — +e

a—an -+ ae :
ax s at e &c. —aa—nae &c.

[ <
a4—@a=——3¢ CIC.

wa-+-tae &c, —aoa—2ae &c, —lae nat
o= o =l
= —_— (4

=34, the value of the fration,
Ex. 5.

T et AL
a—\/ a3

What is the value of

¥=a.
Let the fraltion =y, and put x=a—1 thed
— ¥ S T Y
A 28° X a—8— a—e —a\/ a'—aae But
— + . — = .
a— /X a—-e1

-~
lf*“

V 2aixa—tg—a—t = V 20%—2a6—at4-40
1

¥ 3
ar42a'¢*—aa+ae &c. Alfo a\/m—-—aae =
o et et

-
-

T
4 X a~—i¢ = ag~tae, &¢. And Vaxa—e' =

at—3a’e * — g—7¢ &c. Whence

. . aaH-ae &c.—ant+zaelkc. Gae 164
== e
a—a--y7 &C. %€ 9
Ex. 6.
& (P —
ay/ 46t 44X —ax—aag

Lot

— =y, what is il velih
v 2804 2a8—x—a
when x=—a.
Ir“t a—e=x. And expunging &,
m‘/ aat |- ixag—e —aat-ae——aa

s S TR
\/2(£;i+2>((£-——r.'_..)f_‘, )
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s’y e

e
a -
\/4“’4-4)(4—-—5 —axRai—12aae+ 12808\ = 200—

Ged.: - e SR A,
Tiee &c. And v 2ca--2x% = 4a6—4ac-4-2¢¢ :

= ee
= 2—¢ 4. — &c. Whence

46
¥ = Ye—ae4-Leckc —2a04-ar _ iee
et e
20—¢-}-— &c. —24-+1¢ —I-—a-
2app - “
M e
€= 24.

pofe"ﬁ, if T had gone no ﬂﬂanrther than the firlt

ter e of ¢, it is evident by inipeétion, that all the
MS would have vanithed; by which nothing
Uid have been concluded.

ScuoLIUM

ofltfhe {ﬁnlgins at laft in the numerator, the: val}ue
Umie, frn_-‘;no‘n is 0, and 1.f ¢ remains in_ the de-
tnrmsnaror_, the fraction is infinite. But if all the
Py vanifh out of bnih numerator _:md denomi-
P]ace; the feries mu{E then be carried to more

» to have a folation.

PROBLEM LXXV.

Ty ) :
aﬁ”d two awhole numbers x, vy iu the egration
ix:f"y'-}-f, being in its leaf terms: as bs & be-
"¢ given numbers.

R U+LVE
Let wh, frand for the words ¢ whele number.
Redyce the equation, then x_—..{))"j—r =wh. By
an abridged fraltion, 1 mean the fraétion refult-

e o $ . ’
thb y thrmwng all whole numbers out of i, till

¢ - A
rms in the numerator be lels than the deno-
P 4 MinALot,
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: W
minator.  Thus let the fra&ion oo be @

. d+f . :
bridged to = =. Then to find .

The method confifts in lefiening the coefficient
of y continually, till at laft it becomes 1. AP
dy -

-

this is done by fubtracting = or fome multt

ple of it, from ¥, or any multiple of it, which
: A ay 2ay 349

comes very near itj that is, from —, —=5 S

@

&c. or this from it.  And the refulting fraltion
abridged, or its nearelt multiple, is in like mat
R L pPie, : 7

ner to be fubtracled from the neareft foregoils
. . - . N - -
fraction ; or from any wb. which is nearer ; o

. , ay 20
this from that, And thefe wh. may be —, 7
a
ayta aytoa 2ayta
r L st | a0 o4
&ec. or G 5 e > o &c ot any ¥

can find, which has the neareft coefficient to'J
By this means the coefficient of 3 is continuall

- t-p
leffened, till at laft we have }-;3:-:5*)’—
@

3 thf‘.n

will y=ap—pg : where p may be any whole nui”
ber taken at pleafure. And y being known, #
will be found from the given equation,

You mull obferve in this whole procefs, to keep
the fame denominator 4, throughout.

For whole numbers fubtracted from one ano;
ther, will always leave whole numbers. AD
whole numbers multiplied by whole numbers, will
always produce whole numbers. And upon thele
principles the rule is founded.
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. J i S
E;ef‘” IoN=14y—11, 0 find x, y in whole sam-
I4y—1
By reduétion x:-i——z —wh. Alfo 22 ¥
l() l{;
S5 Then by fubtradtion,i—> — 2L
. 19 19
= &~4+11
s 19 =wb. And muiup ing by 4}
I+44 207 +6 20746
T = 2 4 a—wh And 2o
9 )
-~ } 6
Wb, Subtrac gy' and i =wh. = P,
Whe 19 "’J

m\nce y=1gp—b6. Let p=1, for the leaft af-
Ative value of y, and y=13. \Vhence ¥=g.

Or thus,

I0x¥--11 XTI
S— w A/
r= T = x <4 T— = wh. Then
i ;

+!r Tex23

g~ =whk. And multiplying by 3, ———

oy t ————— = wh. And fubtralling,
X"‘I—g 4 v
‘\,\._n_h—
Iy =wh =p. And x=14p—5. Letp—r,
o ha

Y€ x the lealt; and x=g, and y—=13.
Jiz.

&’PPG. 3% _6}‘-—"16 ’]":”j' X5 ¥

8y—16 29—1

R i 3

= wh. And multiplying by 2,

Here x = = wh.

Ang Z—1
P—s :
— 29

3 =wh. But g = wh.  And their dif-

ferenca
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ference —— =wh. =p. Whence y:gp-{—i, and
taking p=0, y=2. Whence ¥=o.
Ex. 3
Let 24x =13y416.
/16
Here » = I—?’;—:—-—I— =wh. multiply by 11, and
-—'-—-“-—14'%)?_{-[76:'::;!3. But R24dh s or
24 24
)+ 168 .
MOTID _wh. TFrom which fubtratt the #08

24
—38
mer, and yﬁ =wh.=p. And then ;r::z4p+3' IL

and putting p=o0, y=8, and x=5.

Ex 4. |
Let 14x=4y+7. i
Then x= 4”";7 = wh. And muliiplying by |
28y-1-49 ¥ 28y 4% 4
17 or - 2 T ooh n
75 14 or 14 +‘) — we. A
8y 28 o i
SITL b, Bot 22 = wb.” Therefore
14 14
difference - =wh, which is abfurd ; for an €%

it a
pumber cannot divide an odd number, n?{u

greater number a leffer.  See Cor, 2. Prop. V
B. II. Arithmetic,

Ex, 5.
Let 29%=1600—10y. ’
1600—16 . y—19
Here x= 2 —wh. abridged, 37

«7

16y—7 , 31}"
—awh, or ——~ —wh. Subtra& it from T
2/ an
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ang LU+7 ‘ 22y+-14

‘“‘2;“ —wh. multiply by 2, and
i : 299 42 Y41
=Wh. Subtrad it from —2-2—?-—2, and 3 2y 3
- 10y4-26
Swh, multiply by 2, and —-J%—:fzw. fub-
"8 it from ]—I';‘—-[_Z, and T2 —g, =p, and

P~ 2 27
J“‘Z’X?.?-i-;g, and if p=o, y=19, and x=48.

7 Cor. 1, ke values of y are bad, by continual-
“? ‘lddz'ng the cocfficient of w5 as v, y+a, Y424,
/ 38y &c, And all the wvalues of % arve had, by
mm”iffa[{y adding the coefficient of y 5 as x, x4b,
2, &cy or by Jubtraciing them, for negative
bers, and both are in arithmetical progreffion.

o g 2+ When the procefs brings out an odd num-
,Dtv; divsidyg by an even number, or a leffer nnmber di-
{

the

L

“by q greater, which Soould be a whole number
$ucfion is impoffible,

0% 3. If it be required to find y a whole num-
b ’ . byte
" Jo that the Jradion =

ny, 7 ’
Mher.  You mufs proceed the wvery fame way, by

may alfo be a whole

brig, - : ¥t

Mdg”?g the frastion to —'a‘—g s and then find
Y= ~— .
"f‘ap +8& where P is any whole number, taken at
Pt?ﬂ‘fm.{,.

.. PROBLEM LXXVI
'95’? " foch 4 whole number % that being divided
%,t‘j‘f.’k{’,'f.';'?i.! numbers a, b, ¢, &c. fhall leave the
$1vey Temasiders f, g, by, &c.
R UL E.

Si e X—f g X—h
'0ce the fractions s _bé’ ~— Y8, gre

whole




-
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whole numbers ; put the firft .x‘d;j =P = uk
Then x=aP-f. Put this value of » in the fe-
a3 'fjf"*&’ Then

X
— T

cond fraction ; then

(Cor. 2. laft Prob.) find P=2Q4m, .:.,.herﬁ
Q=wh. then will x=abQ4am+4f.  Put this V¥

' " ake. i bQ4am+I=
lue of x in the third fration ; then ﬁi"‘"’/

c
—=wh. Then, asbefore, find Q=cR4#; ‘n?d
put this inflead of Q in the laft value of x3 the%
this value of » muft be put into the fourth i€
tion; and proceed the fame way through all ¢ ;
fractions, This is the method of procecding : bu
numbers muft be ufed all along inftead of the
1mall letters. And the leaft wh. number R m
be taken at pleafure,

X 1.

To find a number which divided by 3, 5, %, ond 23
will leave the remainders 2, 4, 6, 0, rffp,f‘%fz'w{?'r

s 6
x—0 = p—

Let the number be », then ---é-—, % ’/7/
X—0 X—0 _

and — are whole numbers. Let el Py

s gP2—4 —

and ¥=3P42; then o L8 n x
P—2 . 5P 2B 420
3——:%‘}9, fubtract it from =, and —

5 )
P-—'Z .P"""#'

=wh. Subtract this from 3 == then 5

5 :
=wh.=Q, and P=5Q+4, and x=15Q+14
¥—6 12048 Q+!

Again = = wh. and K,

7
=wh.=R, and Q=yR—1, and x=105R—"
I,'.lmf’
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Laﬁly “1—.:0 - ﬂ';;—_i:wb. and A =wbh.
=3, anqg R=2541., Whence x—210S4 104,

C[]u

Vil mber fought ; and putting S=o, the leaft

Cof  is ro4.

Ex. 2,
16% Pnd o whole number, which being divided by
i1

rog,: /2 185 10, 205 will Jeave 6, 7, 8, g, 10,
ainders,

x—06 — —8
Letar:mzmber. Then eyt y

e TR O ¢ A

o

9 ¥—06
\Eﬁ s are whole numbers. Put =iy
th 20 16

M v — 16D 6.

T K—n 16P—1

hen T = wh. And thence

Ej‘___l 7 7

Iy =wh =Q, and P=17Q—1, and
W~

=272Q—10.

Hoe, 272Q—18
Alfy * ‘ﬁ — %-/—E-g-—-—-]—:w&. and L2 ==b,
=R 1§ 18 15
> and Q=9R, whence ¥x—2448R—10.
T s 2448 R—

Agam 119-9 —— —H—Izj = wh. and
3R 3R 18R

lg-=wh. or =~ —wh. and —— —wh. whence

19 19

?5 = wh, — § s and® R=1gS. Then
x:4‘65125—10.

Lﬂ&]y ¥—10 _ 4065128—20
12§ 2y - = 20

= wh. and

20 = wh, =T and §.= 3T, ‘Whence

;\;'-'-.
=225~ : A o 1
ltq& 3‘“1.)50'1‘——10. And if T =T, then the

lue of y— 232550,
?:‘.,._l
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Ex. 3.
To find a number (%), which being divided R
"y 14, 203 there fhall remain 1, 3, 7, 14

: M1 Y3 g2 K=l
Here o I onet . are whole \

< A 7 Uy 20
numbers. Let A'__[:P,, and ¥=3P4-1.
== aP— 6P— g,
Then. £ }37 2 7 2 oo, and et

Whence ET-;-‘—Z'L =wh.=Q, and P=9Q—4% and

#=21Q—11. e 4
Alfo ST — M — wh. and z"lf
14 I_'l..

" y10—8 8 .
14Q- =wh. \Vhencea = b

=aquh, and

1
which is abfurd,

Hence the queftion is impoffible for the hre®
firlt fuppofitions ; but will hold good for tWo .

them : in which cafe x=21Q—11, wheré the
feaft value of x is 10.
2 R UL E

- : . (v
When two divifors and their remainders 3"

given; then find two fixed multipliers Ms '
fuch, that dividing them,

— leaves 0, and - leaves 1 remaining

b
and L2 leaves 1, and o leaves o remainiong:
i M N . is

#, the number fouéht.
Likewifc
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§ (Ilalkcw;fe for three divifors and remainders;
{] three fixed multipliers M, N, P; i’uch,
at by dividing them,

= leaves 1, and g leaves o, remaining.

N
leaves 1, -— leaves o, remaining,
ac L

el Za |2

~ leaves 1, = leaves o, remaining:

*+-Ng +Pb
. Thep dividing ?-A—I-i——zﬁ—j—,

§ . - _ sz
% required ; and the like for more quantities,

-

the remainder

MTQ prove the truth of this.. Since (Cale 1)

“ii % alfo — leave o, by divifion; therefore
g

-
PR and -3 leave o.

Ang fince ] as alfo § leave 1, Therefore

b ]

gl el - Me—o

\?" and de— leave o. Therefore ——=
Nf—r M

;‘d ‘{?J— leave o 3 that is, ?;1}’ leaves g, and
i Mg +N

a leaves fo  Therefore ——%—i leaves o4-f,
and M?-F Nf

— 5 leaves gto.

quUt fince T\]w+ Nf may exceed g3, and there-
© 18 not the leaft number ; therefore divide by
> a0d the remainder is the leaft number re-

i iy
gthled And the fame way, Cale 2, or any
¢ 15 proved,
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v
Having the oycle of the dominical letter [,
evele of z/n moon gy to find the year of the
nyfian period.

gﬂa’

.‘c’-—f ﬂd
Let « be the year fought. Then o= @

Ko
5 g are whole numbers. Here a=28, and

. M—1
— —wh.=P, and M=28P. Alfo =
28 P—1 i 56P—2
T and multiplying by 2, —I—gﬂ’

2 :rm'b-

2 P
—wh. Allo “1]7%4 —awh. Therefore s

=Q, and P—19Q—2. Whence M:vﬁxgé_;z
=532Q—56, and if Q=13 then M=476.

N
Then N—.—-——q:wb.:}‘, and N=1gP. Allo

=
N—1 1gP—1
-5 = ’}23 —wh. multiply by g; the®
7P—3 6 P—3
i wh, and 5 L— — b, therefore "‘ﬁf

28
=wh. = ), and P_—_Q"g—-]—g. Whence N=2bX
19Q+457, and if Q=o0, N=57. -
476g4-57f which

532
ferves in general, for any numbers, f; g-

Let f=10, g=12; then ¥=430.

Therefore ® — remainder of

Ex. 5
] "
Having the cycle of the Sunday letter f, thé £ di
number g3 and indiftion by 1o find ihe year of e
Julian period.
— 420
Here a=28, b=19, c=135, ab=532, at=4
. — o e py v
be=285, and abe=7980. Then
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M | .
Then ——=—=wh.=P, and M=28zP. Al

My 5 0o
— 20 —1 3 ¥
28 -'-—2?— = wh. This at lalt gives

=17 the leaft 5 and then M=4845.

. N .
NAg‘“ﬂ, s =wh.=P; and N=420P. Allo

=1
s o 420P—1 P— ..
ﬁ' =——c— =wb. and 2'1 I':fwb.‘ which

Lgive P=10, and N=4200.
Lol
I—-aﬂ:ly, — —wh.=Q, and P=532Q. Alo

Ph""l 582
L ke Qe .
'5 ARl e ?Or = b, at

lagf 15
Q:“'B’: and P=6916. Whence the re-
Mainde, o 4845/ +42008460165

et 7. 7950 .
WFf20 or 28, g1, b=2 then #=2072.

§ =X

5,52‘:-_ When the operation brings out, a leffer numa
the o+ ided by a greater, inflead of a whole number 3
Problen, iy impaffible.
i PROBLEM LXXVIL
Wation being given, containing feveral unknqunt
quantities 3 to find their limits.
‘l“anci;:‘an equation ' contains feveral unknown
May b t\', the values of all of them, exeept one,
e g aken at pleaﬂire; and when thmr-v:lues
tqﬂatioined*’ and numbets put for tl)er'n in the
by i that fingle quantity mdy allo be foudd,
Will adn:_]“g the equation. And fuch equations
Y m‘!t of an infinite numbet of {blutions, if
Byt £ it of fradtional and negative pumbers.
ity ic": thefe folutions are moft ufeful where af-
ful mnve'quantiries are eoncerned ; and more ufe-
» When only affirmative whole numbers are
Q. admitted 4
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admitted s therefore. I propofe to confider only
thele two cafes, and particularly the laft: becadle
in that cafe fuch an equation will bave a deter*
mined number of folutions. ~And thercfore it B
neceffary to know the. limits of the unknow?
quantities; left we go about to feek their valuek
beyond chefe limits. '

R U L E. o

Tranfpofe the negative quantities to the cor
trary fide; that all the terms may- be affirmativ®
Then to find the limits of any one, put all #°
relt —o, or fuppofe them to vanith; and from
hence find the value of that quantity, which V“,ll
be one limit thereof, And to know which limit
it is, conceive the other quanfities to increafe ab
have fome certain value; then if by this, the
value (of the unknown quantity under confidef”
tion) increafes; it is ‘the leaft limic you foun?
if it decreafes, it is the greateft limit. And in calé
you find no leaft limit, then o is its leaft limi
This procefs relates to fraftional quantities.

But if you only defire whole numbers; put X
for each of the other quantities, which is the lﬂ;ﬂﬁ
value they can have; then from the refultd
equation, find your unknown quantity and its: 4
mit, as before directed.

Proceed the fame way with all the unknoW?
guantities.

Ex. 1!

Let 3a-++5e=28, tofind the limits of a, €

1
Let e=o, then 32=28, and a:z—s-: 9"3'"

Now let ¢ be fome real guantity ; it is plain "l‘.c
greater ¢ is, the lefs @ muft be; therefore 97
the greater limit, Whence 27291

For
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Y T ', : 28
Of er det a=%06," then se=28;"" and e=—
=54 But if inreafes, ¢ decreafeés; therefofe

w3 1 the greater limir, and e~35%, and the leffer

hmit_gf both ¢ and ¢, is o. AlL this including
ractiong, - '

For whole numbers,’

“Let €=1, then 3(3;:2'8-—5:23’, and a=

@[3

=73 the lefler limit, ‘and 2273

. Again, et a=—1; then 5e=25, dnd e=

Ll [c.;:

=5 the greater limit, and e=. or =3 3.

e, ey
Let 30—5e=208, to find the limits of a, ¢ in
Whale numbers, y
Then 38=284-5e; let e=1, then 32=33;

- 93 : g
and 4 = "> =11; but when e increafes ¢ in-

z;eafes, therefore 11 is the leflor limit, and ¢=—
I,

w}}’et 4=1, 284-50=32, and ¢ will be negative,
o "®h we exclude. Bat whilft @ increafes ¢ in-
‘ Cafes therefore o is the leaft limit of ¢ or

=02 ‘and it has no greateft limit.

. 3

lbLﬁ'f 3”"{‘5_}:“]‘82:10003, b ) ﬁ,’fi'{l‘ f;)f !’;:fﬂflf-f iﬂ
Whole Hilinbers., i

Suppofe J=1=2z  Then 3x=10003—13, and
o= 2220__._

3 —3330. And fince’s decreales, whilft
%in::‘-ntd 3, increafe ; . therefare 3330 -is, the greater,
=L, Zl.nd o= or :-35330.

Q 2 Again,
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Again, let x=z—1; then s5y=g992, andf

9
5

y= 1998%3 and y decreafes whillt , 3

increale : whence ¥y 2 19983
Lattly, for z; let ¥=y=1, then 82=10003

9995
8

—8=9995, and z= =1249:, But z de

creafes, whilft x, y increafe ; therefore z—a12495

Let 1gx—rsy+-82=10, to find the limits of y«

Here 13x + 82 = 1045y; let x=1=%}
then gy4-10=21, and gy=11, and y—2%; 27
whillt » and 2 increafe, y increafes; therefore 25 ¥
the leaft limit, and y c 2%

Note, the limits of ¥ and = cannot be found
till the value of y be affigned.

PROBLEM LXXVIIL

Tewo cquations being givenm, comtaining ibree or mitt
snknown quantities; to determine their limits.

R U L E,

Having pitched upon the quantity you would
Jimit; expunge one of the other quantities, an
you will have,one limiting equation.  Then ¥
}mngc another of them, and this gives anoth)
limiting equation. By thefe two equations fif
the limits of the quantity pitched on feparatelys
the laft problem.

But note, In any limiting equation, all the other
unknown' quantities therein, (being put on the
fame fide of the equation, with the abfolute nu®’
ber,) muft have the fame fign : otherwife, (if the
have different figns) they cannot limit the quantity
propofed, till the valug of fome of the reft

~RIOWD.

Bx. 4.

If
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: efy is the
If there be more equations, the proce
dme with any of them.

v Xy T ‘
A imit a.
and 32cz+2}oe+|6_y:123-2 s Jo !m::’ i
ultiply the firt equation by 2o,

is | f I
2°“+20e+20y21 120. Subtrac ti:lj ; fro\:;‘cfléz
frrcond, and you have 124—4y =1
(Prob, 1y i) ac-q2. . 5" ks

ultip',l(;” t)he fgr& equation by 16, g

. e fe-
& it from the
166416, 16y=896. Subtra 0.
Cond, and+163c+4f=336". g ltiply the i
n like manner, to limit y, mu tE 1y"92' Sub-
Cquation by 32, and 33“+32g+3§%__g50, This
tract the fecond from it, and 12+ 16y=

v 1 —aY i § 12,
IVes ¥4 34.:\. ,ﬂ_nd the equatlou 4
giit‘s VELY,

2 —nnb, oives
0 limit ¢4 the equation 16a+44¢=336, g
~38p,

= oves
And the equation 122“_”‘.6)"};)?,6?: chere-
% J45% = But hees i 60 leffer limic far ¢
and 243,

£x, 2

Lot fx_y + 24 = 20}.

and :;x+6y 4 5% =150
it x 5 1is,
2d x5 is,

difference
his equation
HE %6 is,
the fecong -

Whence

G / 10K = 10Q
15%— gy = soq
24x--12y 4108 = o
: %
ol i = A
gives x—20}, and 373 g i
18x¥—6’y'+12a:!~20; a
then gox 43 7u=270,
T3y and ¥ 144,
Ifw_-}giy,-i- 8#=80. Subtraf from the
fecong, = = 1oy—3n="o0. 2
’ . And JE 779, and - z.hércfore e o
There i no lealt limic for #;
.}.

and —gi e
Q3 £
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X 3
Let a + ¢ 4 ¥4 2= 100
and 16a-410e48y 46412000 0 ¥
1, ate~ty+u=—100
: 2|4 6841064 By-k 64 =1200 . .
v % (6) |.3l6a46e406y+6u=000 i
2—3 4| 10844642y =600
600—4—%)+ 1504 4
e tt Lo 4 iofk
i 5= o). .10 19910
5 6|2 D50+%.
1 X (10) | 7|10z4-108410y4 104 =1000
2—7 8 |6g—2y—4n. = 200
8, tr. 9l6a = 2004-2y4-4u
.Y 2.06 : :
9 = (6)|10 G=—F =343 at leaft, and .ac_34s%
fo a is between 4% and 5g3. Thet
for the ether'quantitics.
T X(S) 11| 8a4 8¢+ 8y+ 8u= Soo.
1 X (16) (12| 16a+416e416y416u=1600. _
2—11 |13] 8a+ 2¢ — 2u— 4co. Th
equation will limit # but not #
‘ Here uco.
12—2 4 6¢ -+ 8y 4100 =400.
400—14 386 6 [ i
I —_— e — T i
4> MSlE= e T o 38vs,0r4°33
. 6oo—4ge=~10a 586
4> 16 )-:—;%L—— :J-zj- =293, OF
73293 3 but; fince the limits f_Jf s
are known 3 y may be determin€
mere exattly ; thus
o 596—10X35 246 i i op
= - =, =123

)23,
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400—16 384

g = 8—--:.18’, or
y=lor =2 48." But ‘thefe are all
greater limits of y, and there wants
the leffer limit ; therefore yoo, and

14 (17|Againy=

_ —148.
14 18 e:M-—gﬁzﬁgﬁ, or e="1

26 Sy :
633 But the leafll limic of ¢ cans,
not be found ; therefore take eco.

S eH/0 L X g

ioztht‘gnthree numberts are fouf,_.:,ht by two equa-

NOm by thci_ values of each of them, in whole

greffion =t"?“&<’- three feries of arithmetical pro-

el if,foa <.€l1 within the limits of thele nutpbers.

168 of IU[ OF more numbers are i‘ongh.F, the va-
prowe{ram is t:) b.e found in feveral anthmemc‘%l

| i) ari“:“S- _But yet the values of any three will
s timetl_c_ progreflion, when the values of all

bt i:rehaﬁ{gned, as before for three numbers.

tiong 4 ant € (,afeA of three numbers, and two equa-

€ yoy x ‘(flnle of the three may be expunged ; and
Kiowg will have but one equation, and two un-
L by%lant:ues-Z wh_ich brings it under Prob. Lxxv.
quilntiticsw' 1 of tha} pro_blem, t]_’l‘(:ff': twa remaining
tica] B are contained in two;‘enes OF iafithrfe -
expunwegi’cmon. And as any of the three may be
8¢d 3 therefore any two of them will confti-

tute . ’ ] 7
'Wo feries of aiithmerical progrefiion.

e PROBLE M LXXIX.
tb}:r“ﬁ af Jeveral ingredienis being given, to find. |
ol uaniities thereof 5 fo that the mixiure may be
at a given price.

Suppofe four {i - ‘
oL ar fimples A, B, C, D, are to be
- Mixed’;' ang their prices to be as follows :

Q4 Mean
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Mean price =

Priccof A = m+a
of B = w+4b
of C = m—s
of D = m—d,

And let the quantities to be taken of A, B, G
D, be x, y, 2, v, refpectively. Place them 18
prder, thus: ‘

prices quantilies

m-ta X

m+b | 9
{ "

i &

th—d | v

Then by the nature of the queftions if each
quantity be multiplied by its price, the fum of the
produéts will be equal to the fum of all the quan-
tities multiplied by the mean price ; that is,

m4a X ¥ 4 m—d XV

Al XY + B X 2 §:x+”+y+z X

Let m4da Xx 4+ m—d v = x+v Xm.
And #+o Xy + m—c X 2 = y+2 X,

That is,
Wy A ax +mv—dv = mx-4-mo
my by +mz—tz = my-mz.

by the former, ax—dv=o0, or ax=dv.
by the latter, #p—rz=o0, or dy—cz.

Now fince x and y may be taken at pleafure:
Therefore put ¥=d, and y=¢. Then will v=4
and 2=5, Whence the quantities will be rangfd
thus; ' .
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m—ta d
m--b ¢
m 2
b & i
m—d l a which gives this ;;
R WL B

Couple every greater rate with one lefler thaa.

the mean price (m+a and m—ds allo m4-4 and
—~¢) ; then take the difference berween cach rate
ad the meap rate, and place it alternately, that
# againft the quantity it is coupled with 5 do the
ame with all the rates, (thus place a againft
Y~d, b againft m—¢, ¢ againit m--d, d againft
M+-a); then if none of the quantities of A, B,
C, D, be given. Then 4, ¢, &, a will be the
Quantities of each to be taken for the mixture.
ut if any one quantity be givens then all the
QUantities "4, o, 6, @ mult be increafed or de-
Q.“.:afed in proportign. Or if the fum of the quan-
fities be given, then other quantities muft be ta-
t(:ﬁ:hm propertion, fo that‘d-}-c-}—.é—{qa may be
¢ fum given, as any of the differences 4, £y
&e. to the refpedtive quantity required. And this
18 the common rule of . Alligation Alternate.

; Arain,

Since ax—=dv, and py=cz. Take w=md, ‘and
=4 5 then v=ma, and z—#b. Then putting
> B nb, ma, for x, y, z, v refpetively; and
the cafe will ftand thus :

b
S,

m+a md
h4-d l e
s
Mz nb ‘
t—d ‘ ma. which gives this
R U L E.

anHaViﬂg coupled the rates as before direfted,
8 taken the differences. Then inftead of any
! couple
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couple of the differencesy you may take any equi-
multiples thereof; » and place them alrernately.
And thefe (or other quantities propertional to
them), will be the quantities reqired., And this
is the Rule of Allfgation improved.

_PROBLEM LXXX.

If ‘the numbers. A and B be produced from a and by
by “any fimtlar cperatioit 5 to find the number from
which’ N is produced, by the like operation. Sup*
pofing the differences of ' the numbers A, B, N, 40
be'“as the diffevences of ay, b, aud the unkunown

- aumber.

Let 2 be the number fought,
g b =z . and put the differences. N—A =ry
A B N' N—B=s Then by, the queltion,

r (N—A) : s (N—B) : : 2—a :
Z—b. , Then rz—rh=sz—sa, And by tranipo-

; ; v yh—sa ;
fition, rz—sz=rb—sa, and z————; or if §

be negative, (or:B greater than N), then 2=
vh-+sa -
oyt the number fought, .

Cor. 1. Hence is derived the prailice of the double
Rule of Falfe. For if both A _and B be leffer that
ki : - v
N, or both greater 5 then z:f_;;;;;“__ But if only
oug as. B be greater - than N, -dhen § is. Begalives

rb-sa

and z=

r<s " iy

That is, if each [uppofed number’ be multiplied by
the error of the other, and the difference of the pre-
duéls be divided by the difference of the ervors, wht¥
the ervers are likey or the [um of the produlls di=
wided by the fum of the errors, when the errors 67¢
unlike 3 the quotient gives the number [ought.

Cor.
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Cor, 2. Hence alfo is dorived mw!ber.mm’:{ar{ of
Working the Rule of Approkimation, or Rule of Fallz,
Which s this. .

Multiply - the “Bifferenice of “the Juppifed, ;‘umg&e_ar;, by
the leaft error, and divide the prodully "8y rhe d!!a

crence of the errors, if like 3 or by the fum if :;rz!:f:r.
Tie quotient 45 the corredion of the mumper;belonging
0 the fﬂy} ervor. o

Then ihis correttion i To be added or' Subtralied,
according as that number was too little or too great,

For let s be the leaft error, being the error of

> and g= the correttion ; then if A, B be lefs

rh——sa b,
than N, b49=2, and g=z—b= et —b=
B ""b'-—.rez——r]:-‘f-.c}a b—a
*%__'___‘____ i =ty
F— == r—.f'r

But'if B is greater than N, then b—g¢=z, and

' b sb—ib—
(=0l jif thiliat . _orbok b thigs; 5o

r4s = -3
R

ScHnorium.

Since it has been ihewn, that the number fought
will Come our exactly, by this rule, when the er-
oS aig exactly proportional to the diffefences of
the Uppoled numbers from the true one. There-
OT€ it follows, thar when the errors are #early pro-
Portional to thefe differences, that the anfwer will
Come oyt #éarly true. And thefe proportions wil_l
©the nearer to an equality, the nearer thefe
vPpoled aumbers are taken to the true number,
N therefore in all queftions where . this. rule is
applied, every operation will bring . us . nearer
the trye anfwer, if we always take the neareft
Mumbers, (where the errors are leaft) for new fup-
Pofitions, ~ Ang thus repeating’the operation, one

may
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may continually approximate to the true number,
within any degree of exactnefs required ; let the
particular queftion be of what nature it will.
Upon this rule alfo is founded the rule of finding
proportional parts. ‘

PROBLEM LXXXIL

Suppofe . A, B, C, D, &c.. to. ke feveral forts of
goods s  and m, #, p, g, &c. giten numbers;
and the values of thefe goods are :

mA — nB
2B ='¢C
tC = D
D = 9E

@0 find what quantity of the laft fort is equal to a given
quantity of the firft : and the reverfe.

Let z times the laft be =y times the firft, that
1s, let zE = yA.

Multiply all thefe equations together; the firft
fide by the firft, and the fecond by the fecond:
Then we have
mAXpBxrCxtDxzE —nBxqCxsDxvExyA. Then
mpriz=ngsvy. 'Then if the quantity of the laft

fort be required, .z:’:f;;)f . Butif the quantity
of the firlt fort bedought ; _y:,f: ;}{—: Whence
this

R. .Uk B

Place the terms in two columns, fo that theré
mady not be two terigs of a fort in either column.
Then multiply the numbers in the leffer column
for a divifor; and the numbers in the greater co-
lurin (with the odd term) for a dividend. The
quoncnt
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Quotient is the quantity of that fort which ftands

Ingle in the two columns, And this is the Rule
¥ Lxchange in arithmetic,

PROBLEM LXXXII.

Ty z'?z'b'{ﬂigﬂ"e numbers for rational fguares, cubes, S&c.

. Problems of this fort are often capable of an

finite namber of anfwers 3 ‘and yet none of the

qua?tities Can be affumed at pleafure, but muft
nveRtigated as follows. -

R U L E

Put one or more letters to denote the root of
e fquare, cube, &7. Which letters muft be fo
amed, that when the equation is involved, ei-
ther the given number, or the higheft power of
the unknown quantity, may be on both fides of
the equation, ang eonfequently vanifhes ourt of it.

\0d then if the unknown quantity be but of one

Menfion, the problem is folved, by reducing

< ®Quation. "But if the unknown quantity 1s
&il) 5 Iquare or higher power ; you muft faither
allume othey new letters, to denote the root, and
Proceed g before ; ‘till you get the unkoown
uantity  of gpe dimenfion; and from this un-

10Wn quantity all the reft are to be determined.

PPT the whole " are is, fo to denote the root of the

8lven power, that the unknown quantity may be
Teduced tp gne dimenfion.

vt o general ryle of proceeding can be given

' fuit al) cales; and therefore the folution will

often be lefy o the fagacity of the analyft, in con-

LVing fuch 3 defignation” of letters as Is propet
O the purpofe,

Ex,
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Fims X

T'o find two fuch numbers, fo that the fum of their
Squares is a [quare.

Let %, y, = be the roots of the fquares, fo that
dxiy=zz. Affume’ z=y4r, then x4y =23
=yyta2ry+rr, and ax =2ry4-rr; and 2ry =xx—t
where 3 the unknown quantity is of one dimen”

Sty

fion, which reduced gives y = i and
Ny—FT xx4-rr
4 r = r= —z.  Therefore the
7 2r + 2r fo
XH—TF xx =-rr

where ¥

numbers are «x, an

and # denote any numbers taken at pleafure.

But if the anfwer is required in whole number
then ary, aw—rr, xu4-rr will denote the roots ©
the fquares, where the fum of the two firlt is equd
to the laft {quare.

Cor. The three fides of aright-angled Iriangle ail
only be commenfurable, when xx-rr denvtes the PP
thenufe, and wx—rry and 2rx the two fides s % T
being any numbers taken at pleafure, fo as % "
greater than r. :

B2

To find two numbersy the fum of whafe fquares
equal to the fum of two given fquares.

Let &, v be the roots: aa, bb the given fquares.
Affume ¥=g—2, y=vz—>b. Then Xx gy =48
+-bb = aa—2av + vvt-vUEZ— 26TEbb 3 and
vV 4 verz=2av-F2bvz, and vdveg—20-+4202

2a-42b% . .

and v = o re gk ‘Where z is any number 4
' azz—2abz—a

ken at pleafure. Then =2z T1 > and

2ax 4-bzr—b or

J = 41
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Or thus, _
Letx:a-—-ﬂa, then 40— 26V YUYy =aa+bb; and

W—2av4-vp—}j,

Put y=vz—p ; then vuzz—
2¢$zfo+&5_2w+w

=bb, and vvzz4vv=2b2v4

2bz42a
2av, op VRR4v=2bz 420, and '0:-}?_*_—1- s
as before,
Bx. 3.
7o find twy

numbers, fuch that when either of them

1 added 1o 1hp Jquare'of the otber, the fum will be a

Qare pumher.

Let the numbers be ® ¥ then xx+9=,

Wd yy o 0. Let ety = r—w =rr— 2rp
X% 5 then J=tr—arx, and 2rx =rr—y, whence
¥= sy -
2r *
. Er=Fp - I
Again, affume WEx or 4= =ytv'=
V425040, Then {:{;;y = 2yv+wv,. whence
rr-_)’:4r)'v+2r':m » and 4Py —Rrov 3

rr—2ruv 21 4
Whence y= . And d= ’
4rU+ 1 WO
Where . may be taken at pleafure, provided
r be Breater than 2y,

Otherwife,

Since x-—-."r .J’ ’ » -
T ap i =alt o, and b oF, ay—
o T o, ¥
i et
ap = =0

L J o R
put JLW'-—-;;;%-'.#:F}‘-—;;—HJ’ =
,\ﬁ"
i

'}‘-—“-—4; » Then = 1670 and 7221 which'is

a cube
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a cube number. And therefore will anfwer the
queftion ; and we have r—1%; whence x=3—J;
and y may be any thing lefs than %

Ex. 4 i
T fiud two numbérs ina given ratio, [o that cithef

of them added to the [quare of the [fum, may make &

Jquare.
Let the ratio of the two numbers be as & to ¢
and put b4-¢=4d, and let the numbers be 4x and

¢k. Then the fquare of the fum i8 by +cx =

ddvii. Therefore ddxx+bx—=n0, and ddwx—+ex=[I+ f

S—
Put ddxx+bx —di—v =ddxx—2dxv-+v; thes
v

by =vv—adxv, or bx4-2dxv=17v, and x= M‘
ddvo4b dv
Then ddxx+-cx or ddx-+e¢ xe= %
Uy v
b4 m:ﬂ, but ﬂ_ﬂ{; = s thereforé

ddvv+be+2¢dv =0 (See Cor. 27, II. Axithm.)s

affume ddvv4be+2edv = dv—z =ddvv—2dvZ
422 3 then 2cdv + 2dz0 = zz—be 3 and

e W @ g
T = 5
20d4-24% here zz muft be greater tha
2
be, and expunging v, ¥= Fr—be
) punging U, ¥ = T

ScHOLIUM.

- Tt appears from thefe operations, that when 2
quantity, which is to be a fquare by the problet
is not an algebraic fquare; we muft make it fos
by affuming fome new quantities to compleat 1t
Then thefe fquares being compared, an equatiofh

is had for determining the unknown quantity. AT}B
i
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in working, one may multiply or divide by any
QuUantity which is fquare, and ‘what is left will
c A iquare, in g more fimple form. The like
for other powers,

PROBLEM LXXXIL

Lo detersmine the maximum or wminimum of a quantity

propojed.
g . 2 e Eea e
When a4 quantity is required to be the grea "&
Or leatt poffible, it is called a maximum ar s
Mim,  And ar the time it becomes fuch, it is at
[ 4 ) Sivesnmnlne c
8 ﬂ‘md, and at that moment neither increales nor
TCreales, Therefore to compute it.
R U LB E
Calculate the value of the maximutn of minis

™M two different ways, which is done by in-
Crealing the up

; KRown quantity therein, by an u:
ceeding finq]) part; then thele values are to bé
PUL equa] ¢ one another. The fame muflt be

One, i there be feveral variable quantities. : But
80 no farther than the frft power of the fiall
4dded pare, Q,

If the maximum or minimum confifts of two
parts ; Compute the exceeding fmall increment of

One, and the decrement of the other ; and put them
“Qual to one anorher,

Ex. 1.
What fra&lion is that iwhof: Jquare exceeds its cube
fhe g;-ff‘
Lo

ateft p(ﬁé[e_ ;
£t % be the frattion, then xz—a =say. Take
£ an “Xceeding fmall part to be added to x, then
You will alf h
x'lc%"?m?—-xl
""Ei\fc——x'___

AVE xde ~m :nc—l—.fl —may. that is,
—=3wemax. Whence pra—x'=—n
3%%e, and oxe—3xe=0, or g
1 I¥=2, or x=%

R Or
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Or thus,

Since x'—t=max. let ¢ be the fmall increafe
of x, then aye is the increment of xx, and qute
is the decrement of x? 3 therefore 2xe=3x%, an
x =1 as before.

B B

To divide a given quantity into two parts, bt
one of the parts multiplied by the cube of the othel
part 5 the producl may be a maximum.

Let 2 be the quantity, and ¥ one part, and
a—x the other part, and ¢ a fmall additional part
to x. Then x3 Xa—x Or aw—x+ = max. =
axi 4 gaxte—xr—qxie.  Then gaxte=4x'e, ant
x=la, for one part, and a—x —4a, the othef
part.

Ex. 3.
To find @—a*x+x3 @ wminimum, X being ur*
known.
Put x4-¢ for . Then g=—ax4x1= min. =
& —a K—ate -1 4 3¥%e, and —a*¢ 4 3% =0, an
gx¥=aa 3 whence x=ay/r. Then Gty K=

4—g /I F IV 1= X 1—iy/ 1 the minimum:

Ex. 44

baax 4 naxx—bxi—xt
baa -3
This reduced to a common denominator 18

a3
—= max. Put R i

—a-txbea aximuie

Let

ablbcak-aq [
0Ga X%

for x,

_Thcﬂ.
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Thent zﬁaﬁx+a@xx-—~£:;.-i—_£mi—-ax3:

bag -
zéaax+ 2bage4- goxse

= T 47X +- 2a0%¢ —byi—gbxte—Dbar—

baa 4 xi 3xxe
(D{'z-—._.:)ang

——R =
Then mu!tipl

ying alternately,
2&“‘”"‘i—aaxx—-—éz.x"—--l)(ﬁ——max* X baa4x'43xxe =
* 2baay +2baae -t qaxy - 28axe——bys—3 by e—ba’—

X =~ gaxi: y baa4x'.  And throwing out
What s Common on both fides,
?‘baax"{‘!?ﬁ.‘:‘.‘lc'—-é_};i.._z;,rzi—g_\'{ X xNe = baa—x
X 2&aae+z

AaNe~—13 by o— 3axwe. 'T'hat is (dividing
b fJ-; Gbaays - Jaans — gl?.x"—gifei‘.’fx— 3655 =
25!:&-#-.}.2534:«—-3&&@33:.\«_. glm:,.'x-{-z&mzx‘ + 2aax*
"“33).?‘?__.3(3:(,-_ REC]UCE:C], .i.&g;ag:';-{—aﬁ:(“’:'zﬁﬂ‘d* -+

2'5“*”“‘31555;60.@:; or d'aviding by ¢, and tranfpoling,
!4 i
: +4’5’“+3J’I’)»‘s':f.‘——2&:mx——wz‘ma:o.

T30 vy = myn—nxx,
and si—1y —may.
S_UPPOfC the maximum —m. Then X=m41y.
hig fu»bftituted in the firflt equation, and reduced,
8lves 4 38y = luyy—mmn, And y?-}qzmm):—-
".U’*l—mmm:o. Where m is a fixt quantity, Put
i for y; then 4 +12;;:-‘-_3'_;?}31—}-4::;:;::0;
P43y + ””“J’—FIZ»:'“L’—-H}‘—-—Z?U? + 4min=0,
Rl 3V*est L2m e—2nye—o0, whence A+ 12m'—
=0, or 21y — 2yy = 12mm. From this equa-
tfo.n" and V4123 ’_)'——;wq-q_m!n:o, the quan-
Hties 5 and 4 will eafily be determined.

Ex, 6,

Slfppgji}: J,q

Tllrazeg«b
%0 draw 4 right line BPC, making the area of the
rangle BAC, 12, leaft poffible.,
the 2V AP, and pp, extremely near BPC 5 then
“0e arey ABP-.}-ACP —

— :?‘J?J'-H}.i,':y_:y_ 1“ Ihe very
2 {mall

@ Ziven point P eoithin the argle BAC, Fig:

Ia
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. fmall triangles BP4, and CPe, the vertical angles

at P are equal, and BP=ZP, as alfo CP=cbPs
extrcam near. Therefore the areas BPb, and CPé
are to one another as BP* to CP* (Geom. 19. 1)
Bur CP¢ is the increment of the area APC; ap
BPJ is the decrement of the area APB. There®
fore Bis — CPr, or BP*=CP: ; therefor¢
BP=CP. Whence if PD be drawn parallel £
CA, then DB=DA.
Ex. =

‘

To fiud the greateft triangle inferibed in a cirde
ACBD.

Draw the diameter AB, and CD perpendicts
lar theretoy alfo draw AC, AD. Let AB=0s
AE=y, EC=y: then triangle ACD—xy=ma*-
or wxyy = max. but yy—dx—x¥; therefor®

dii—xt=max, = dx' 4 3dxte—xt—4xie (putting
x—e for &), and 3dx*e=4x%¢, Or 4x=3d, whence
w=2d.
ScuorLiuM

When any quantity is a maximum or minimut®
jts root, or its fquare, or its cube, &e. will Jike
wife be a maximum or minimum. Alfo when 40Y
quantity i§ a maximum or minimum, any gived
quantity may be added to it, or {ubtrafled from
it, and it will ftil! be a maximum, or minimuie
Likewife it may be multiplied or divided by an¥
given quantity, and flill remain a maximom ©
minimum.

PROBLEM LXXXIV.
A number or quantity being given 3 1o find r'!ﬁ_k‘g"'
rithms by a feries, or toturn numbers into !agm—f;.bmb
x . < fﬂr

Let — be the quantity given; M=1.

for the

AT - o =1
Never's logarithms, or M=,434294482,
- pi 5 commo?
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Cor : :
Mmon logarithms, And Jet Xy =7, ¥+y==z

Then ¢} N ‘X . ;
‘ the logarithm of —, will be denoted thefé
{ever 7
al : 7 1
of 1 ways following g, deduced from the nature
0“a1|1[1‘n'|s

X oy - a1t mad m 8
i i 4 v v ¥
I_.‘A-" —_ :I\_TX e e g [ Ry de— —NCs
N Vv 2y ' 33 -1,)‘ 5Y
Or,
) O R S S AR
B T EMMi— o o p— - &
X 2x* © gx fv A
Or,
byt a1 m3 5 W
n [, o ah T
b ] LOO' e ‘—ZI\I . _— =
g =M x:— + — L — 4 &,
i z 32 + 5% ' TZ +
Cor i ol :
Vo If v be farlefs than 1. Then
Log: 10— U wn ve g
2 14y MX i——  —— — & — &ec..

B APETR T

This ig 1]a; . -
$ 18 plain by putting y=1. For then

L=t A
42, and ‘—y":l -,

1%
C LO(T }_T_{-n--- ]OD- JI l \1 X .E. Py -—"7—-'
J 2
T3 A w
— — — &c.

3};,‘ _3):1-
i s it 14
‘T“)’—!-'u:.w s -I-Mx — + T e — + :‘ &ee.
g¥
or @y
9835+ '=logiy, 42 M — —i-—;—l—-f F—, &
. z 3z 5% 7=
ar ]00-- o 3
& ¥ Ory+v =logyx — =lg:y-log:

4

R

o
0
e




246 FUNDAMENTAL B.L

Cor. 3. If I=logarithm of n, _

and 14-s=logarithmn of n+v. Then the addi-
tional part of the logarithm, that is, '\

L7, Ok vl T4
s= M —_——_— 4 — ~— &e.
47 2n* & 3:2‘ 4n+ &
v e w13
or s=M):i— § =—r—— - &¢.
e 2040 3.4
W i s \
—z . 3 . — & |
or s=2M x T - . &

3.304v & z;v—é—a r

For fince I4+s=log: n+4+w, and I=log:n; there-
;r—{»—v
fore I4s—I=log: n4+v — log: n= log: ——»

#
. 71+'v
that 1s, s=log: — = . And by this prop. (writing #

: n4Y
for y, n+v for ¥, and 28-4-v for z); sor log:—~

will come out as above.

Cor. 4. Jf 5 be far lefs than a, then
Log: a4-bxdexr+-dvs &e. = log: a4 M X &
o

(=]
bx 4cxx4-dxy &ec. bx d-cexx &
@ N 2684
-.___,_‘i
bx &c.
—_— — &
3@
a
gnd log: ———— S e Y |
1 8" a—bx—cxx—dxs &c. N

—————

bx-cxx-dxy &c. % brd-exx &t

B

&
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and leg_- ‘I_ﬂﬁf-}w(xx_l_de &rc.

—_— = oM % :
B—bX—cxx—dxs 8C, )
bxdcyxd-dvy &e.  bx4exx &c.
a 3:?5
—————
bx4-aec.
+ —— &

5@

trhﬂ‘ frft cafe appears from Cafe 1, Cor. 2.
wting g-py4-cxx, &c. for x, a for y, and
b4 cxy &c. for v.

The fecond appears from Cafe 2. of this prop.
Witing 4 for x, g—by—oxx &C. for y, and
¥tcxx &e. for w.

The third appears from Cafe 3. of the prop.
WHUNG & 4-bx tcxn &c. for x, a—dx—oxx &e.
or y, 2bx+-2cox &c. for v, and 24 for z.

ScrnoLiuvm

Mw
The lf;;g ¥+ =log:y: +1’-2)'+U Very near,
:;161}11 ¥ 15 very fmall ; which is only the firft term

the feries, Cafe 3. Cor. 2,

PROBLEM LXXXV.

4 logarithm being givens to find the quantity belong-
g 1o ity or its number, by a feries. Or to turn
logarithms into mympers.

Let 745 be the logarithm given, 74 its num-
ber, and let / be ¢h

¢ logarithm of the number .
> . 1
Put ”’——2-302585093:M, for the common lo-
» OF m=1, for Neper’s logarithms. Then

by Cor, 3 laft Prob. s=Mx ; lﬂ—- E, + E &c,

garithms

R 4 and
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. § v * &cc. Then & \
and — or ms=-—+——— 4 — &c. Then by re-
M # a0 + an’ Y
. . v s
verfion of feries (Prob. Ixii.), P .
e =
744 ms e
= - &ec. Then
2.3 2.3.4
— —
i 8 ms )
1, v=nxX:ims + — 4 — &c. Whence
2 2.3
— 3 e *
s m s w5
B+ Uy s — F — o —— &c.and
2 Z.3 A 34
p— il
R4+v s s
B =5 = imit— 4 — &
i 22

That 1s,
Number of /45 = number of /% : 1 4 ms =

S — —
" .}' ms s
e —— L — &,

e 23 7 234

Cor. 1. If n=i, and l=0 3 then
1--7. or numbc of s= 1 + ms 4

— —_ -—_k

ms | ms 7 §
2 T s T ae
2 I B ESE
Cor. a. If I=login, and I4s=lig: ngv; then l
the additional part of the number, that is, '
PR =1 T e i |
ms ms i § |
=X ims  — F —— 4+ —— & '
2 2ig 2.3.4

Cor. 3. If L be 1be log: of the number N, theh

~ — - - 4
o P winl, ]

N =r14mel. + — . — —— 8.
2 +

2
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For, by Col I. 142 (numb. of s log.) =

.u? .5' my

. #19 L] ) 1
14+ — 4 25 &c.  Where 14v may

A
rep T
fC Iﬁlf ntany numbir, and s its logarithm. There-
ore let g4 =N, and s=L; th:.n

——uh 3

N (numb, of Llog) =14mL 4 —-1— -

2. 4

| "I-
&e, therefore by the nature of logﬁritl‘-ms,

N:‘:

(humb, of x1, log.) = 14mx L 4 ?#L

3 2

&e,

——
.r}. ]

2.3

Cor. 4. ]f Y =aew, =11 i:.z:g: . Then

avsp ] arynd
" . ——r}e , et THES
X adv =4 X 114 mel + s e ——
- 2 2.3
& ¥g /) F=-e 7Ttle—rv TW
i ==y

e  pie—i r-e—2 ik
. . - X = &e.

b 3 e

For ado e 5"t & Ty =

‘-——._r’___r "l' 2

l+ﬁ}; ’ but by COI’. 2o '.*e == ¥ '-l“ ?h'f‘j 1

S —3
{’_Ici{_ ’ﬂ::‘.'-) "'*r'r.+€ ! ?’-}-(‘ s
2 - T &ec. and 1 J____ — 14— x—
3 ,; i il
1o s Lttt )y
1 ‘ X — &oc.
2 Hnn &ee
Co
' i ‘r_'fﬂg. ny then
S = —— —2
h I"" - }?r 5 } ;,,‘,’."! s
S AKX el o + —— &e.
For here V=0 23
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Cor. 6. If v, ¢ Be exceeding [fmall, then

g

rv
a0 =nX: 14 meel +-;z— 3 nearly, being onr
Iy the firft power of ¢ and v,

Cor. 7. If n=dumber of the logarithm a; then
the number- of the logarithm a<-bx -t cxx4-dy’ &€

. R R | 1
= nX inte 14m¥ bx4cxaxs &c. 4 o

7 o P S ke —t 1+

bxAexx &C 4 — X bxoxx 8¢, J ——— X
. 2.3 2.3:4

ox 4+ &c, + &c.

This follows from this problem, putting /=
and s=bx+4-cxx &c,

PROBLEM LXXXVI

4 problem being vefolved analytically, to demonjirate
it fynthetically.

R U L E.

When a problem has been folved algebraicallys
the demonftration of it is to be deduced from the
fteps of the algebraic procefs ; by going backward
from the end of it to the beginning; obferving
how each ftep is formed from the foregoing, and
forming your procefs accordingly.
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SECT. VIIIL

Refelution of Equations 5 and the extratlion
of their roots in numbers.

The

—

PROBLEM LXXXVIL
To find the limits of the roots of an equaition.

W HEN an equation is propofed to have its

root extracted, it is proper to find fthi‘ h;
mits of the roots; left we lofe our time in fee ing
the roots beyond thefe limits,

R U L E.

quation, that the higheft term o
ave 1 for irs coefficient 5 then 1qunr_e the coer‘h-
Cient of the fecond term, from which fubtract twice
the coefficient of the third term, then the fquare
700t thereof is greater than the greateft root of
the equation, Byr the equation fhould be clear
of impomble roots,

or that quantity is the fum of the fquares of
e roots, by Prob, xl, Art. 9, and that fum, is
8reater than the fquare of any one root.

Reduce the ¢

Or thus,

Subflitute feveral numbers fucccﬂ"]vcly for the
pknown quantity 5 till at lat you find two num-

°rs which give, one a pofitive, and the other a
Jegative. refule.  Then the root is between thefe
Dumbers,

‘There are other rules among the writers of Al-
89012, which come aearer 3 but then they are more
iaborigus,

Ex.
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Byt
Let 834 3x*—gx—30=0.
Then 3X 3 —2x—;5 = 9+r10=19.
and \/19=4 3, &¢. Therefore 4.3 is greates
than any of the roots.

Ex. 2.
Suppofe ax—x—s=o.
If ¥=2, then the refult is 2—g5—=—3,

If x=3, the refult is 6—5=1.
Theretore the root is between 2 and —3.

PROBLEM LXXXVIIL

To refolve a quadratic equation, bnd extrail its yool
il RUMGErS.

I comprehend all equations under the name of
quadratics, in which are two terms involving the
unknown quantity ; and where the index of one I8
double to that of the other. As in thefe,

aa 4+ ba = d

g% +ha* — d

a® +bad = d, &ec.
where 5, d, may reprefent any numbers, affirma-
tive or negative.

Every quadratic equation has two roots, though
perhaps only one of them will anfwer the queftion
propofed. And to find thefe roots the equation
propofed muft be firft reduced, by dividing alls
by the coeflicient of the higheft term ; and then
tranfpoling the known quantity to the contrary
fide. Which done, the equation will appear thuss
ga+ba=d. Now add to both fides 424 the fquare
of half the coefficient of o, and we have
#a+ba+360 =:bb-+d , where the firft fide 1s @
compleat
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compleat fquare ; therefore extradt the fquare root,
and g1 — -Lx/m;' , tranfpofe 34 , then
OSSOV T 04" Sa S bectmes known, be-
Mg either t‘quL‘ (0 —ip \/:rff’)_-ﬁ) or to
.____5!:)___\/;&:,5 -Fd Whence this

: ROU LK.

The €quation being cleared, compleat the fquare
¥ adding to both fides the fguare of half the co-
elficient of the focond term. Then extra& the root
OF both fides, which may be either 4 or —3
then tranfpofe the known quantity. |

Note, If the abfolute number is negative, and
greater than « the fquare of the coefficient; the
€quation is impoffible,

]f tl‘{?-—ll-5a :d’

Then o= + /55) 5d — 15,

And the roor extralled in numbers gives a3 _b“t
iy X 4 o - P rS -
if b iy leffer than dy and d negative; itisim

pUﬂihlc.

Ex. v,
If aag - 5a—=68.

They a=+v/05 40 -._;:_M/?.tr.z;; —2.5%

FRWE £ Ri-a
74.2:(8 6168 B

h4_

Rl 4
]66);02; ‘ 8.6168
+6/ 996

—— Amen e B = S
l??l‘)?_c‘,ﬁ.) 4 6.1168=a
i o T g

—iy ~—~11,1168 =¢

7900 Tt e b

4 o
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Ei. 2.
Let aa—6a=27.
Then a=3+v g+27 = 3+,/36.
that is, a=34+6=9.
or a=3—b=—3,
Ex. ‘3.
Suppafe ag——2362=-—1153.

Then a=118 + v/ 110" —11553
that is, 4—=118 4 113=231

or 4=118 —~113= 5.
2 R U L .E,

When you have large numbers to deal with;
it is better to proceed thus. Clear the equation,
And if aa--ba=d, .

then a2 — e the form.

2 d
To find the firlft quotient figure, take 5 when

& is far greater than a; or take v/d, when a is
d
far greater than 4 ; or take 57 When a and &

are nearly equal; thus it will eafily be found by
a few trials. Or in general, take the firft figure
{uch, that when it is multiplied by the fum of it-
felf and &, it will produce the firft figure or fi-
gures of 4, or the next lefs : chis is all the dif-
ficulty. Then multiply and fubtrat as ufual, the
remainder is the refolvend.

Then to continue the divifion ; you muft find
a riew divifor for each quotient figure, thus. Add
the lalt quotient figure to the laft divifor (duly
obferving their places), for a new divifm;I fee
10w
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how oft this is contained in the refolvend, fet th;
anfwer in the quotient, and alfo add it to the di-
Vilor ; then multiply the whole divifor by that quo-
tent figure; and fubtrat the produ&, for a new
relolvend.  Bur when any of the figns are nega-
tive, the Proper quantities are to be fubtracted, in-
ead of being added. This work is always to be
Tepeated for each quetient figure. _i
hen any quotient figure is fo great that the
Produdt exceeds the refolvend, place a lefs figure
0 the quotient, .

When you have got more than half your in-
tended number of figures in the quotient, you
May continue the divifion without adding the new
Quotient figures to the divifor,

Obferve, each quotient figure is to.be added
twice to the divifor ; once before multiplication,
and once after , juft as in extradting the fquare
Toot, and for the fame reafon. For this method
€xtracls the fquare root, when #—o.

en one root is had, the other is found, by

adding this to the cocfficient 4; for the fum,
Changing jeg fign, is the other root.

'his rule is the foundation of the method for

Xtracting the roots of adfected equations.
EX. &
Let aa -394 — 4644,
then 4-(-)'-}-4-
& = s,
3244
c - 4”6(;0
SUPpole - - — 160 too mreat for 4.
32 - —
\/-%544:60, which is alfc tao great for 4. Take
_ 4600 =
4= 54_" =7, too great. fake 2= 50,




26 RESOLUTION o B. 1

J
32
4 50
82) 4644 (50
+ 54 410°

e e

136 . 544 ( 4
544 ~——

— | 54=a

-
Ex, &
Let aa+356 = 28349904
) A ~ 7
28345994
g =

3544
Here 2=y/28 &c.. =5000 nearly.
+35

5000

5035 ) aQ,mr'u (5307 =a
53 25175 °
10335\ 31749
307 21005
1{}042) 74494
74494
E.‘m‘. 6. |
Suppofe aa—53076 = =—184520.
— 184520 184220
then, g = =,
L i 5307
% 184
Here o' == = 3 peanly.

2
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5307) 1?4a"0 (35=2.
T39 15831~ .
——— e e ety
5277) 26210
=35 26210
‘_'-_._. N—
5242)

e

—

E¥, 7.
Let 414630 = 26648
266g8

74 e S

463 +a’
463) 265G8 (51.855342 =4,

+)O 2-7

—

“———-_\
513) LO48
+51 56
L2 - 504

564) - 45400000
~+ 1.8 6
e 5104

R e
505.8) '31.3600
+.85 283325

506.65) 30245
+.5.1.28335"
566.70 ' 1940
e M 1700
240H
226
14

11X

————

J 3
K¢ bxr=d. Put a=x%, then
'md find: 2 as above. Then X\ Sa,
S by

Scholium, If 3
Wn"’“éﬂ =N 3
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by extralting the root. And the fame for higher

equations.
To prove the truth of this rule. Let x4y42z &¢

be the true value of @3 x the firfk figure, y the
econd, and =z the third, e, Then fince

aa+ba=d, the value of 4 will be
b xaty+z + 3'-’+}’+Z=; whence x +y-+2z &c. OF
bra _ bitbyrbrF XEIAE |
e = 4 = e ) |
The operation. ‘
b )1’-”+b)+bz+xx+2x3’(x+y+z &

+x Ty F2xz
Mol +zz4-292
y divilor o4-x) bxdxx
+x-+y
s divif, b42x4y)  bytdzyy-foxy refolvend |
+y+= +zz424%
-+ 2y
by 29+
3 divill b42x42y+2) brt2zt2wx relolvend
425z
g+ 2z 422422 :
0

Here bx4-by &c. being divided by & gives *
in the quotient, and x addedto &, gives &+¥ of
the divifor, and éx+xx for the product, whic
fubtraéted , leaves the- refolvend by +bz+1%
+yy &c. |

Then in order to get the fecond figure ¥, the
refolvend &y-4-2xy+y &c. is to be divided bBY
b42x4+4y. Therefore x4y is to be added to the
laft divifor 24-x, to get the new divifor b2xt)

This divifor multiplied by y, gives by 2%y 2
which
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Which rUbtra&f-'d, leaves bz 42524 2y24-z2 for
the refolyend.

€n to get the third figure z, it is p]z}in, the
refolvend f52’-]-—2-’02"—{—2;.'z~1\-z:,-' muft be divided by
the divifor b4284 2y 42, but this new divifor is
+2x+)’+x+2, that is, it is the old divifor with
Then this divifor multiplied by Zy
- “btm&@d, O remains. ‘Therefore the root is
Tightly extracted, and the rule true.

* Lam upon this fubject, 1 fhall alfo fhew
_th’f-‘ truth of the rule for extracting the fquare root
0 Arithmetic, which is the cafe here, when 4=o0.

Let .x—}-y-]—zi be the rquare, that iS,

LAV, %) 00k asy gy 4ouz gy y 2zl by ta
-+ ) xn

2% ) 2y 42Xz 2y2 422
-y 2y 45y
g dm«i—y} R + 2524292 422
+y+2 +2x2 4 2yz 422
3 diVM) )

Here 4 being the root of the ficft term, its
fquare fubtratted, leaves the refolved 2xy+yy &c.

"0 to find 3, the refolvend muft be divided by
2%<y. That i, to the old divifor x, add Xy
for 4 new divifor 2%--y; this multiplied by y, and
fubtra&@d, leaves the refolvend ¥z 4212422,
Again tq find 2, the refolvend is to be divided
y 2¥+2y 42 that O.remain; that is, to the
ol.d_diViibr 2¥+y add y+-=z, the fum is the new
:]LV'lﬁ’r 2X+2y4-2, which multiplied by 2, is e-

a

dy fo that o remains; and the

5'2. PRO-




RESOLUTION o - B

PROBLEM LXXXIX,

To extraél the root of acubic equation.

r R U L E
Take away the fecond term of the equation,
(by Prob. 1i.) which then will be in this form,
@' 4-ba=d.
Then fubftitute numbers in cither of the following
forms, and extract the roots, by which means &
will be found.

3= mFr e ——— = l‘.‘:?
8 = A3V L — =

\/,.f-i-\/_.l_ri:.' -2 %

S — A= T —
Ord =/ id 1/ idd+5b  V id—Fdd 50

Note, When & is negative, and ;4 greater
than idd, the equation is impoffible.
VA
Let x—bx=—q9.

Here =—6, d=-—9g, and Viddt3b =
Vi1zi=3:.

and o/—4i+37 = \)—1 =~1, Therefore

I oe— 3
of /—4i—3i = /—8=—2, whence
a=—=1—2=—3, 2§ before.
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Ex. 2.
Let @ 4-65—1,

Here b=6, d=20, and vV dd+.,6'=v/ 103,
And \/TO_-]T\?FS = 14473 (Prob. Ixxii.) and
V107158 = 1—y/3. Whence
RELE (V¢ T ey

£# 3.
Lo a0 ; LH= 4L
I_']_CE 5’:-——15, d=4, and \./-,‘:f-f"l-.';é‘ =
VARSI, o
. And \)z::—,'/—':T =0 e = R
\/Z‘T-llv’-—r' = 2—/—1.
nce a:2+\/_l+2__. =1 =4

Ex, 4.
Suppofe @5 +240= 3587914,
Here b=ny, d=587194. Viidd+ N3 =
293957000};-{78.
l:r'lnd \/Z:.W = 83. 77231.  Asnd
3

77
33““:7 = 0958 ; therefore
v/

4 83-7‘?31——.0958:93 6773-
SCHOLIUM
It fometime

s happens that the root may be
found, though the NEgative quantity +%4* be great-
S than 147, ang that is when the furd cubic root
can be exrrafed, For then the irrarional parts,

in d'lﬁ"tl'cur

: parts of the equation, wil] deftroy one
4nother,

and vanifh 5 as in L. 3.

S 3 To
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To prove the truth of this rule. Put

y =\/idd4-=b s= \B/W Then a = s —

-3—5, and a!:s*—:—-bs b i—i-f;—“, and ba =bs— ?-j,

therefore 4'<4-ba—=s'~— 2—?5—; —id+r— %

_ydd - dr 4 rr — b

= ( reftoring rr )

- id-+r
dd4-dr 4 1di4 b =50 idd4-dr .
sd+r = Spap=d; tha

is, a'+ba=d, according to the firlt part of the
rule.
And the fecond partis proved, by fhewing that

- 2 = \}id——r. It is plain id4r X wd—r

S . — .1;!‘1); .
= ndd—-rr:fzyj-:’»!, therefore 2d—r = ;d—;ﬁr =
b $ b
L Rl e . e Pl ;
T and \/id—r = o Which was

to be proved.

Some of the cafes of cubic equations may alfo

be refolved trigonometrically by the table of fines
As fuppofe the equation x'—py=1g, to be g~
ven, By Prop. 24, 25. Trigonometry, if #=r#
L1
dius, y=fine of an arch; then 37— % = S.3¢
the arch, And by Prop. 26. if x = cofine of an
%3

arch, then 4—} ——% % = cofine of 3ce that arch:

rr

. : 3
Thefe equations reduced give y'—=rry = —

% fine of 3ce the arch. And wi—arrx =417 X
cofine of thrice the arch. Or putting ¥ for €=
ther the fine or cofine of the arch, C for the
fine or cofing of thrice the arch; then

7=



S&.VIL "EQUATIONS. 263
rr

Pi—irry— bk

and — for fines,

€N, if the given equation &'—px=-}g f§ to

€ relolved ; it muft be compared with the fore-
going, and 4 the parts made fimilar in both.
1erefore ' ler the equation ¥'—px¥—=+g¢, be de-
noted thus, ¥—'RRx—+iRRS, S being the fine
Or cofine of thrice the arch. Therefore IRR =p,
and R=y/155. Al g=iRRS = S, and
8- 31

-_

5 Whence by proportion R (vip): S (f)

L oC p——j—;—%, the cofine or fine of an arch.
Of which, y iy Jthe cofine or fine of the third part.
Then y being found, it will be r:y:: R (3p9)

s u - NP ! b
"% = T, as required. Hence this

the fign + being for cofines,

2. R U L&

Take away the fecond term (by Prob. L.) if it

have Any; and the equation will be reduced to
this torm,

o=t = &£ g

Then take -ﬂ- = the cofine of an arch (if

. VL
1t be +4)s or the fine (if —g). Find y= cofine

W/ ip
or fine of % that arch; thep "—?—14 = ¥ re«
Quired,
And this Jaft

arch may be either that we found,
or the fame 42400, By which
ave three roots or values of ¥.

Of, that 4 150,
means you wijl h

But note, when

279 . .
.p 1S greater than 1, the
el PV 3P
Queftion i lwpofiible by this rule,
S 4 Theres
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Therefore this rule fupplies the defe& of the
firlt rule, which only folves equations that have
but one root real, and two impoffible ones: whilt
this rule folves fuch as have three roots real,

Ex. 3.
Let a*—g1a=—330.
Here x=a, p=91, §=330, and Vip=11.015
and if r=1, }—3—;%:.987655:511@ of 8o very

nears and the third part is 27, or 147, or 2675
whofe fines are, ¥=.45399, of .54467, OF
—.99863 3 thefe muitplied by 11.015 product
5.0004, and 59991, and —10.9998 ; therefoff
the three roots are 5, 6, and —11.

Ex. 6.
Suppafe =19 =30.

Here p=19, g¢=30, and 4/3p=5.03323
and }:‘?\;p =.94112 = cofine of 19°: 453 anfi
the third part is 6° 35, or 126° 35, or 246° 359
whofe cofine is 3=.99340, of —.59599, 9F
—.39741 3 which multiplied by 503323, pro
duce 4.99998, and —2.99974, and —2,00024
So the three roots are thefey, 5, —3, and +—2.

PROBLEM XC.

To refolve @ biguadratic equation, by diffoloing it
into twe quadratics,

Take away the fecond term (by Prob.li ), and
let the refulting equatian be xé4-gy* 4 rx45=08
Suppofe it to be generated by the two quadraticsy
sx+ex4f=0, and yxy—ex-+g=o. Thefe beind
;null;ik)ll‘_i
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muliplied together produce x+4-f»* +egx+-fz =o.
+g —¢
) —e
Comparing the terms of this with the firft equa-
kon, we haye fHg—ee=q, eg—ef=r, and fy=9;

>

When(:c g_l...f:g +ee’ and g-—-—f: e— 3 and Conft’.-

>
g+ee+-r—- q-{-ee—-;-
Quently g= : y and fm—————=e, And

2
¢ g1-+2gee+ e .
(=) —_—Z = And by reduétion,
¢ Faget 4 99¢e—rr=o0. Put y=ee, and then

e

—

P +2gyt +99y—rr=q. A cubic equation ; whence
44 :
the following

. 3 e g

e biquadratic equation w4-}gx* ru
=9. Take the cubic equation y*<-2¢yy~-gg—rr
45

=03 out of which take away the fecond term (by

To refolve th

s

Prob, 1.)5 and find the root by the laft problemy,
OF otherwife; and from thence find 3. Then
r
S
take b=y and f—— __°  and
2
, r
f1-c2 L =
£ = :
Laftly, fing the roots of thefe two quadratie e-
Quationg, """"'“i""“""*'f:D, and  xy—onx 42=0. A nd

thefe will be the four roots, of the biquadratic

R gx Lrx =0,
Lxample.
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Example.
Let xt—25x* 4 60x—36 =o0.
From this you have the cubic equation y*—
5oy 4 76gy—3600=0. Take away the fecond

term, by writing w+§§q for 9. And we have

w—93 y = 150 Ang by Rule 2, Prob-
3 A7
: I
fatt, v=8.3333 &c. :8——;—, whence y =8 -5'
o

=+ %’ = 25, and ¢ = 5; therefore f =
6o o
"—25+25—‘5‘ —25+25+—

=—6, and g=—-——= =

2
+6. Whence xx4s5x—6=0, and :(x—5x+6
=o ; and the roots of the former equation are !
and —6 ; and of the latter, 3 and 2. Therefore
the four roots of the biquadratic, x*—z5x=_|..6ox
~—36=0, are 1, 2, 3, and —6.

And the fame roots will be found, by rhaking
ufe of the other wvalues of v, which are

2 23

_—"_:-'—, and —_——,

Schol, But this and fuch like rules are of little
value; for there is far more labour here in get*
ting the roots than by the method of converging
feries, which is to follow.

PROBLEM XCL 3
To extrall the root of any pure power in numbers.

Let G be the number given to be extracted

_#m the root required, r the neareft root, andh:
: t
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the remaining part of it; then r4¢” — G, that
: H—1
18 (Cor. -

7 77 |
1. Prob. v.) +" 4+ wr™ " ¢ + m.
|
=2 m—1 =2 phpme
L & er + P — ?_ rm 3 e &c, :G, and

: 2
rejelting 28 and the higher powers, as very {mall;

a - N m
ve have g™ Lot m B o= G — ",
2
7~ ™

r —T

and -__”___e Fagp G . Hence
Wil g et Mm—1 m—z
m."——--r . r
. 2 2
this
R U L E.
Tet G = abfolute number.
r = the neareft root you can find.
¥+e¢ = the true root,
m = the index of the root.
2r
b = .
H——1
G
D =

M1 g’
m, r

» nearly.

D
Then bet-ee=D, or ¢ = bte

W;h"ch equation is to be refolved by Prob. ‘]xxxvm-
When ¢ i had, then 74-¢ is to be taken for anew
value of 7, and the Operation repeated, perhaps of-
tener thap once., This rule generally triples the
DNambey of figures.

But if the third power

i3] el R M—1 H—2
g € = m. r e - m. ——

2. 3
Hz—-g 3
r Gt and fince le-pee=D, there-
tore

of ¢ be taken in, then
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; m—1
fore ¢¢=D—be, and & =De—bee, and m.l—; .

M2 113 M—1 =2 m—
e P sy 3 Dbt
3 2 3 [
m—I M—1 m— =1
whence mr e - m, e + m—
2 2
M—2 m—3 S m m—I
X De—bee = G—r ", and rre4--- = ‘\
~ ”m .
m—2 m—1 M—1 fit—2 G—r '
et D vl s bt = ——— =
3 - : w3
m
by fubftitution,(putt ety d
y fubftitution,(puttingF' = ———); expunge 4 an
mr
m
D, then rre 42— 22 =2 +
== ¢ £
. 7 2 3 X —1 —2 '
W1
2
m—1 m—1 == er .
yep == —— . —— X —— ee==rF ; that 15
2 3 X 1 X
4 H—2 P n—1 M—2 I '
rre — s — e — — ree = 121
€ 3 X ke 4 —g 3
h—2 w1 !

that is, rr-]-f?:f Fxc-}-—-fb—ree =rFy |
whence this r

8 R-WLAE

let G — abfolute number,
¢ = neareft root you can find,
r-+¢ — true root. k
m —. index of the root.
~ m ,
F ::(J—r 7
M—12
mr
o em—
br4— 4.F
The ol etee=SF :
en et pearly;
b L m—41

Which -
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T\’\_hich s t6 be folved as Prob. lxxxviii, and re-
Peated with new 7y if there be occafion: This
rule commonly quintuples the number of figures
i ,t]:‘c Troot, ‘true; at each operation.

1€ root of any number may alfo be extrafted
Y Prob, Jvii;. alter this manper.

3 RUL E.
Lttp—{—l’g, be then

umber given to be extraded.
P, the greateft power contained in it.
’¢, the remainder ; and
¢s the quotient jarifing by dividing the re-
mainder by the greateft power.
%, the index of the roo. Then

n x
\/1‘+1‘g =
2?1-—-..[

e CQ_T Dg &c. Where A, B, C,
€ are the

I H—1
i 8 — T B

preceding terms. In this rule, when

tWIO or three figures are got, put them equal to
Pe

...% 3nd'begin the operation anew ; and the feries
Will thep converge exceeding faft; and fo much
fafter o g is lefs. : :

Cor. Henee i follows, that
T I 1 3
WE 4By 2 Jrp S s

) X
s Dz — 1‘75 Eg &c. for the fquare root,
3‘—-“—;—' 3 1 2 5
\/P-i—lg S P e A?“—"E'B?""-"r— o
8 3 9
It
T2 D7 iy Eq &ec. for the cub: root.

11
16 07 &c. for the biquadrate root.
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T D al _l__ _4... ____9_ e
% Dy &c. for the fifth root,

P 2
VPP = Pi b Ag e By 2 € =

Z Dg — &c. for the cube root of the

12
fquare ; and fo on,
Ex. 1.
What is the cube root of 2. |
Here G, r=1, m=3, by Rule 1, =1
D :T;- =.3333 ; and e:&iﬂ)—k.

1. w3333 L6 =%
) 24

1.2 ). 0933 and r4¢ = 1,206
~+26 876

1.46 57

Again, for afecond operation ; ’
Let new r—=1.26 ; then G—rt = —.000376’
W1 000176 __

: . §70 |
000099471, and becaule ¢ is negative heré »

¢ = 1000099471 ’

and m.—z r=3r=3.498, and ‘D=

1.20—g *
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1.2600000].0000994710 (==000078950106
— 8
"-—-—-—hj____ ! 81951
1.2599300 11275900
—*8 10078816
——————
1.2598520 11970840
—8q 1133858+
1.2598,3 632253
Dt Szpgugs;
2332
1259
73
7= I .26000
¢ =—- 000078950106
3 —‘—'_‘——-_ﬁ_—_.-
W 2 = 1, 259921049894

Ex. o,

Estrad e 5tb root of 2327834559873,
Firft point every fifth fgure thus

2327834555873, ' -
. Then for brevity’s fake, take only the firft pe-
fiod, as an integer, that is 232." Then proceed-

0g by Rule 2, we fhall find 2,the root aof the
grﬁateﬁ power c

ontained therein ;3  and thence;
7:2, and For
222 =
m
2 =9
—— -
"
100" '= (F—p
mM—2
and 40 = myp
v 100
Whence 299 =5 =F
40

Therefore
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T PO T
Therefore 4ie4ee=3, or e = g ,
4.5) 5.00(92 =& -
+9 4 86
5.4 ) 1400 whence r=2.92 3
+92 1264
_hg.gz) 136
Suppofe again new 7=290. k
Then r1=2438g000. ‘
G = 2327834559873 |
r$ = 2051114900000 \
G—rs. = 276719659873 |
F = 2269.217 whenee
297.825¢+ee=2269.217
__ 2269 217
= 297.8254¢

297.825) 2269.217 (7.43375
+7 2133 775

304.825) 1354420
+ 7.4 1248900
312.225) 105520 !
+ 43° 93796 |
312.65|5 11724 '

+ 33 9380
212.68 2344
iag 2188
156

Whence r4-¢ = 297.4337, Wwhich may be t&
ken for new », and the operation repeated, !
there be occafion,

Ex
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EX, 3.
What is 1, 7tb root of 100000.

The neareft root of 100000 is 5, whence by
Rule 3d,

P4+Pg = 100000
P = _78125

Pg = 2187;5.
whence g: .28 &ec,

M dois aaind 6
And /P3Py = P +—l—Ag—-l—4 By —
13 7

] 20 2
21 C?"-E;Dg—-ggEg &e,
That s, VP = 45000
Sz = 200
By . w024
werlg S o004
—iD¢g = —.001
&ec. N
5:204—.025=5.179

But becaufe this converges flow, take 5.179 for

© Toot, and involve it to the 7th power, and
We ave
E:-}-Pg = 100000.
: = 99935.8652873004
Pq E_\‘G;.1347126906
q = -0006417587
7
Then \/p — 5-1790000000 = A
+rlg = +.DUC4748097 = B
"‘?}B = — 1206 =" C
ity = s o Te o)
5:17947480098
~1306

© 51794746792 ::‘_,r/;:)oooo.
& Schal.
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“ Schol. 1. If the rootis required for only a few
places of figures ; the eafieft way by far, is to €%
tract it by the help of logarithms.

Schol. 2. From the foregoing procefs, the rule
for extraling the cube root in arithmetic, may be
demonftrated.

Let a+e be the root, a the firft figure, e the
fecond. Then the cube is a4 3ate4-3ae €3
then @’ the greateft cube contained in it, beins
fubtracted ; there remains 3a% < 3ae*, fetting afide
e as being very fmall. Divide this remainder
3, and we have a*¢+aee, from which to find &
this remainder or refolvend muft be divided
aa+ae. That is, the refolvend muft be divide
by aa, the fquare of the root, and then to the
divifor, there muft be added ae, the produét ©
the root by the quotient figure; and the who'e
will be the true. divifor for finding e. But 38 4
was left out of the accounts the root got this WY
will deviate from the true root; and rtherefore you
muft, after a few figures are had, begin the opt”
ration again, with the new root which you hav
already got.

PROBLEM XCIL

To extrad the rogt of any adfecled equation,
numbers.

i

Preparation.

Suppofe Ax 4By 4-Cat4+Dxt 4+ Exs &c. =N
Put 74e=x, 7 being the firft figure of the_
and to find r, put 1, 10, 100 {ucceflively 107
and the peareft value of thefe being found, £y
intermediate numbers 5, 50, &% then expuis’
ing », we have

he root
X
¢he

AH‘A‘!
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Ay -+ Ae = Ax
Brx +2Bre 4-Bee =Baxx )
Crs +3Crie 4 2Cree +Ces =Cs ) =N,
Drg{+4Dr;e+bDrzc=+4Dre‘+D€*:DA‘*
c.

&ec.
Sum P+4e 4 bee 4+ e + der &c, =N.
And ae+-bee+cet -det e, =N—P=f.

Then fince e::*i nearly, we fhall have
~ )

detbe x "ja: =f. Or a¢ 4 Y =f. From whence

—
a
We fhall have this
! RULE.
. ‘——-—'-f—.._? ne‘lrl}r
a - Z?X-:Z-
b Qra_ if more exa@nefs be required, we may
'gin e, then ae4-bee=f, whence this
2 R UL E
- L
a f b cet - Jes &re,
Jetee ::-'E-, BIFY = s e Ao td
Y ?-—f—f

fearly, to be wrought by Ixxxviii. Rule 2,
I & be taken in for more exactnefs ; pro-

:
: efe—caee
ceed thus, .&fe:-_-f——gg, and por =22 3T whence

m’+§ee+cei:ae+£ee -+ -C‘Zfe = fg:“f‘ =/, whence

T 2 3 RULE,




246 RESOLUTION ¢ B. L

3 RULE.
of
a+—5
—— ¢ 4 ee=—, very near; to be wrought
= e

as Prob. Ixxxviii. Rule 2.

In any of thefe rules the operation muft be re-
peated after a few figures are had, by taking 2
new value of 7, and proceeding as before.

Ene, 1,

Let 1205874 3657x*—38050x=8007113.

By a few trials, you will find x to be greafef
than g0, and lefs than 40. Therefore fuppUr"-
y=30, and 304e=x the root fought, which be-
ing involved, and taking the leaft powers firft, as
in the rule, we have

—1141770— 38059¢
+ 3291300 +219420e+ 3657¢e }:8097115-
+ 3240000+ 32400064 10800¢ce+4 120"

Which being added,

53895304 5053616+ 14457¢¢ 12083 =8007115
and 5053616+ 14457¢e+ 12063 =2617585
or ac bee4-ces  =f.

Then to fhorten the work, divide by 1000, and

then sose-+14¢¢ &c. =261y, and by Rule !s

_ 2617 | 261y
= 505 =4.18 3 Or rather €= S 14 X518
261
7:4-53. Whence r-}¢ or Xx=34.5 for 2

577 :
new operation. Which being involved, beginning
at the higheft power firft; we have
4027635 + 428492 + 124200
}:SQ:J;'HS'

+43527443+252333¢ + 3057¢
—1313035:— 38e50¢

That




+.53 48885
"—-————___
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That is,

?9673431+257I236+160??88 = 80071:5

o 257123¢416077¢¢ = 39771.25
Whence 15.993204¢¢ = 2.473799
and by ryje 2d, ¢ — 2:473799

9932-{—:
_E9932) 2:473799 (:15352=¢
- 16og3z-

160932) 864479 7= 345
+ 15 812160 =P

10.2432) “gagig

r+e=34.6532=v.
.—'_‘———___
10.296l2) a3,
= 2 3260
A N
'16.30 ]71

Ex. 3,

Let 2 2t—b s — 10000,

Here 4

y afew trials = will be found very near
10,

Therefore let r=10, aud r4-e-4z. Tlhen

= 10000 4+ 4000¢ 4 6ooee &c. )

TR —200 — 6oz — i""m oo
+752= +750 4+ g5

Being added,

10450 - 4015¢ 4 £97¢¢ = 10000
or 40158 - 597¢¢ = ==ss50
or 072&-}-“’:-—0,”75’:

therefore ¢ 1s negative, and by Rule 2,

z4




278 RESOLUTION o  B.L

6.725) —0.753769 (—o.114=¢

—1 —bb2s "

6 625) — 9126 r =10.000
—I1 — 6515 e=——. 114
6.515) — 26119 r4e=9.586 =2
— 14 — 206004

6.501 — Il5

Again, put r=9.886, and r4-e=z ; then
9551738507135 + 3864.753593824¢

—293.198¢88 —  £0.3106¢

+741-450 - IaE

+586.297¢76¢e = 10000 ; that is by addi-
—3 e

tion, 9999.989519135+3880.437593824e-583
397976ee=10000 3 and tranfpofing,
3880.437593824¢-+583.397976ee=.010480865-

010480865
And ¢ = 7880.437 — 200002790955 nearly

Then r+4-¢==9.88600:70095=2.

: Ex. 3
Suppofe 75° 42100y —8000y* = 38 50000000-
By a few trials y will be found between 50 and
60 ; therefore put r=s50, and r4-e¢=y; then €X-
punge y. Or rather thus: Since the numbers are

large, transform the equation (by Prob. xli.), by

- 1 :
putting ¥= -3, OF y=10%, which done we have

700000¥* + 2 100000% '—800000x* = 38 50000000 ,
or 7x'+421x'—8x*=38500. Then to excralt the
root of this, put r=5, and r+4¢ or f4e=¥3
and x being expunged, we have

21875
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2'875 + 218750 87c0ee [;'3;(3#‘8
+2625 15756 4+ 31zee 4 217> =38 500.
T 200 — 8oz — See 5
That is,
443004233702 4-9057¢c'+ 17296 = 38 500.
and 23379¢4-9057¢6+1729¢ = 14200,
Thcn b)l Ru}e 2 g

f ca
3 -2;___271.[’ =

[_:4461, whence
7

§:675¢+-e2=3.0900.
5:675) 3.0900 (.5004=¢
== % 30875

——

6175
+ 15

— —

6.675

Again, put r

25

=5:5, and repeating the operation,
35229-906254—32027.]8}‘€+I164_6.2588
"‘34‘93-375 + 1905.75 ¢4+ 346.5 .—ve§:38500
242, = - BB g —8. )

That is when added,

33¢3t.‘;8125 + 37844.937¢ 4 11984.75 e¢ =
38500. n

33344-9375-}-11934.75&:18.218;5

Thes 18.21875_ f_,
R 33845 — 9995383= —=¢ nearly,
Then § % (—{:6 451, and (Rule 1.)
18.21875
33844,9m = .000538198 =¢, more
exadtly, Then

Poee = 5500538198 = x, 4nd ¥ = on =
55-00538198_

T 4 The
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The root may alfo be extracted as follows. Ha-
ving got ae+be* +cet +det=f, as before directed 5
Jet v be the firlt figure of the value of ¢, s the
fecond. Then putting v4s for ¢; 4 X V4§ +

bxvts +€X'U_-:J'1 &c. =f 5 that is, ay-as+
bv 42bvs &c. + cv’ + zevts &o = f. And
as+-2bvs 4 3cv*s &e. =f— av —bv* — cv} &
‘Whence

_fav—bv—cvy &e.

= a+42bv+3cv* &c. Whence this

S

P I L vt

Having any equation given, proceed as in the
other rules, till you get ae—-bee—-ced 4-det 8ec. =f;
Then find by repeated trials, the firft figure v, of
the value of ¢, fo that v xXae-4ov+ v +dvt &c.
may be nearly =f3 and take that produét from
/> to find the remainder,

Then to find the next figure or figures ; divide

this remainder, by a+25v+ 3cvv4-4dvs &, the
quotient is the faid figure, which muft be added
to v, for a new value of v. Then repeat the 0pe
ration with new v, wiz. take ¥ Xa—+tbv 4 cv*+4v
&c., from f, and divide the remainder by a+209
+3cv* &c. and add the quotient to laft v; aP
{o on.
And note, after the divifor once takes place, each
new quotient may be continued to near as many
figures, as all the preceeding ones. Alfo 10 the
divifor, you need not continue the parts of the di-
vifor 2bv, 3bv* &c. any fartherin decimals, than
to anfwer the number of figures, you would have
true in the root.

Centrd
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General form.

f
a6y

”:;sor Y= nearer 3 Of v =—

@+bvyogy Meater ftill; € then, next figure
o .{:ﬁjﬁfv"ﬁ—-w‘ &c.
a+2bv4-300v &ec.

Ex. 4.

Let @'—1p22 4 542=350.
Here 2 is.greater than 10, and lefs than 20,
€ r=10, r4e=z; then

I000 + 3ooe + 308% + e3
1700 — 3408 — 17z = 35°-
+ 540 + . 54¢

OF 160 + 142 4 136* + ¢ = 359

that is 14¢ 4+ 13¢2 4 & "= 516.

To find ¢, try 1, 2, g, &9 and you will find
€ Yery near 5, but fomething ' lefs. = Therefore
take V=35, and ¥ X @+ bv4-cu* =s5Xi14+65+25

=520, and 510—520=—10, then a+2bv
3‘7)‘:219, and

s = 5.000
¥ 219 =045 f (048
€=4.955

Let new V=495 them a+tboteviX v =
599:119875, and 510—509.119875=0.880125.

Allo: a 4240 4 36 = 216.2075. Whence
g = 0'880125 -
2162055 — * O0407, and £:=4.95407 3

whence
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whence z=14.95407. Or, if you pleafe, put
v=4.95407 for a new operation.

Ex 5.

Let 254—16x%+ 40%°— 308 =~—1.

By afew trials, it appears that x is between F
and 2. Therefore put r=1, r4e=x. Then
expunging ¥,

24 8¢ 4 1206 4 Ber 4 224
—16—48¢ — 48¢¢ —16¢3
+440-+8ce 4 40¢e
— 30308

The fum 1is

—4 + 10¢ 4 4o — 863 4 204 =—1
or 106 + 4e¢ — 8&% 4 2¢* =3
a b ¢ 45

Here we have ¢ = 136 —.3, or more exaltly
3 3
s =0 (13- 8
. 1044¢ 11.2 A

Then for the next figures of the root »

Y % gt bv vt +dvi =2.73893, and 3—2.73893
—.26106. Alfo 44260+ 300" 4 440 =10.595
and

then e= .2846

. -
Take new v=.2846, then '1';>~<ez-{-Jw—t—e:'v’-I—ﬁ“"“’3

=12.909869539, and 3—2.99869539:,00130451'

Allo a4 2bv § 3cv* +4dvi =10.51728. Then

00130401
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00130461
S e = PQD11404

10.51?3
2846 = v

28472404 =¢,
Whence #4¢ or X¥=1.28472404.

The roots of equations may alfo be extracted by

¢Ip of the Rule of Falfe Pofition in Arithmetic,
as follows,

e R TR R

In fuch equations as contain furds, expon(’ﬂtiﬂl
QUantities, &7¢, make two {fuppofitions in num'tgers,
or the root, as near as you can get them. Ihen.
€ach of thefe being put in the equation inftead of
the root, you muft mark the errors (that is, the
€xcefs or defect) arifing from each of them:

"hen multiply the difference of the fuppofed
nombers by the leaft error, and divide the pro-
du&, by the difference of the errors, if they are
like, (thatis, both excefles or both defetls) ; or by
the fum, if gnlike, Then

he quotient is the corre@ion of the number
_b_elonging to the lealt error ; and is to be added
I that number was too little ; or fubtracted, if
'00 great, This gives the root nearer than before.

In like manner try this roor, and the neareft of
the former, or elfe take a new {uppofed number ;
ten find their errors, and proceed as before, and
YOu will get a root ftill nearer. And thus by re-
Peating the Operation; you may eontinually ap=
Proximate, as near as you will, to the true root.

Ex,
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Ex. 6,

Suppofe X = 100, to find x.

By the nature of logarithms x X log: ¥ = log?
100 =2,

Here x, by a few trials, will be found greater
than 3, and lefs than 4. Suppofe x=3:; thed
I:x=.5440680, and #/:x=1.9042380, which fhould
be equal to Lolion

—.0957620 =1Er. 100
Kttle.

Again, fuppofe ¥=3.6, then /:x=.5563025
and x/:x=2.0026890
2

+.002689c = 2Er. too great.  Henc®

we have
1 num. 3.5 1 er. —.095762
2z num. 3.6 2 er. 4.002689
dif. o.1 fum .og8451
0.1%.00268
Then —_':_""_‘-9":‘002?3:(:0".
Q3045 i
2 num. 3.60000
correét. ~-——.00273

3-59727 =#:

Again, fuppofe ¥=3.597, then Lx=.5559404
and xl:x=1.9997176, which fubtracted from %
gives —.0002824 the error, too little, Whence

2 num. 3 6eo, 2 er. = 4 0026890
3 num. 3.597, 3 er. = — 0002824
e —

diff.,  .oo03, fum .0029714

Then
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Then 223X 0002824
10029714 ——-000285 the cor,

3 num. 3.597
or. + .ooco285
'.'--"—-m—

¥ = 3.597285 as required.

Ex. 7.

N;{:;’be the fine of an arch z, rad. =1, and

20 find 5 and =.
. By divifion SRy

5. The leneth of 1 degree
15 =.01745329 €9, e

fi By a few trials, we may
nd 2z between 70 and 8o degrees. Suppole

£=70 def. then ©1745X70=1.2215; alfo S.70
—'939=s and T=1.1469, and 1.25—1.1469
=+1031 the firft error, too little,

Again, fuppofe Z=75 deg. then .01745%75
;-16-308;', and $=.966, and sz=1.2642 ; and
2 4.'2-—-1.25:.0142 the fecond error, too much.

ence

I num. 50 T €r. —.1031
2 num, 75 2 @r +.Ol4.2
—_———— e
B4 fum 1173
5%, ! Q7
Then "X-—-—_O_T_‘d'_z. — A?:é;) the cor.
1173 117
2 num. 750
~— COT .6
R
2 = 734

R4=74° 1 247, s=. g631626;
i 8_j0'745329 X 744 = 1.298524 , and
o 9 5245=1.2 5068, 5» from which fubtra@ 1.25,
en ,0006395:3d

€rror, too much.

2 ham.
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2 num. 75 2 ér. +4-.0143937
3 DUM. 74.4 3 er. 4.0000895
diff, .6 diff, .o133105
_ry 60006895
Then st 0310,
01331
3 nUM. 74.400
L 031

S—————e

and z = 74.369 = 74°: 22" ; 8"
and s =.9630372.

ScHoLIUM.

There are alfo other ways of extracting the roots
of equations, though not much different from fom®
of the foregoing ones, particularly a method ©
Sir 1. Newton’s, which is like the procefs ufed 18
the fecond method foregoing; the principal dit-
ference being, that he every where takes a new
letter, where we find a new value of e.

Alfo furd or tranfcendental equations, may be
refolved by reducing fome of the quantities to 117
finite feries 5 proceeding by the rules of Seét. VI.

In equations, where the terms involve a g_ffat
many factors, which makes it tedious to multip!y
them together ; it will be a fhorter way to @
the logarithms of the feveral factors together 3 0
then find the number belonging, which will Bl
the numeral coefficient of that term. And thus al
the coefficients of the particular terms may
found.

We may note, that though the third rule _CC'“'
verges fafter than the reft; yet, as there 18 0
much trouble in finding the coefficients, an 18
vifors, it will be found not fo expeditions a3 the

fecond, or even the firft, In
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In maki-ng ufe of the fecond rule, after half th_c
number of places are found for the value of ¢ it
will be needlefs to form new divifors 3 for the reft
of the figures will be as truly found by plain di-
vifion, For what is added to the divifor, in places
fo far back, does not at all affet the quotient.
a € root may alfo be extracted as in the follow-
g problem, and the coefficients a, 4, ¢, &c.
ound as there direCted ; which is a compendious
Method, when the equation confifts of many terms.

PROBLEM XCIII.

To extraB the yogt of the infinite feries Az+4-Ba*4
Cxiq- Dzt 4 g 8&c. =N, in numbers Juppo-
Jing this feries 4 converge faft enougb.

Preparation,
Take y ag near the rogt 2, as you can find it
and Jet r+e=z, and 2 being expunged, we have

Ar 3+ A,
BB 4+ B
+C7"+3Cr=e + 3Crer 3= Cg —N
‘+‘Dr4+4Drle+ 6Drer 4 4Dret 4 Des -

+E?“+5Er4e+ 10Eries 4 jolipen + 5Eret - Ees
&e,

- the fum
Paae 4 pe 4 1o o dot 4+ g6 =N

—
and ae 4 po + €&} - det + g =N—-P=f.
Whence this
R U 1, =B
Take » very near z, and let r4-e=2, then fub-
ftitute the

Powers of r+4e for thote of 2, till you
8 Ptged-det 4om &c.' =N, and ae4-bee Bc.
= =/, Which equation is to be refolved by

= N—P
Erob. Ixxxviii 3 or elfe the equation ae- be* +ce?
et
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+det &e. =f, is to be refolved by fome of the
rules in the laft problem, and the operation ré-
peated if there be occafion.

And here the coefficients 4, 4, ¢, d, &c. ar¢
moft eafily had from the terms, which compofe
the value of P; for we have P=Ar-+4Br+
Crs 4Dr+ &c. Whence

o Ar 42 Br24-3Cri 4 4Dr+ &e.
&7 7
el Br:4-3Cri4- 6Dr4 4 10E#$
il rr
C Dr¢ E i
T r34-4Dr -::lo rs &c s a5 bl

the numbers in 4, are 1, 2, 3, 4, &c3 in b b
3, 2X32s 2X5s 3X5y 3X7> 4X7, 4Xg9, e 1B
€=1, 44 Py 3¢, 75 35, 8¢ &c. where p, g, 73 5
1, &c. are the foregoing terms. And in finding
a, b, ¢, &c. you muft go through all the terms
till they grow very fmall, and at laft vanith. But
you need not find above two or three of thefe 0
efficients a4, &, ¢, &c. and each fucceeding oR€
may confift of fewer places of figures,

Example.

Let i ) L 3 - 4 ..__—I--Z;‘
il + 2.3 agh F 2.3.4z +2.3.4.5
e, = %

Here by feveral trials z is found nearly =37
therefore put =%, and r4+-¢=2. Then P=A+¥
Br:4-Cr? &c. that is,
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,r:'333.333
+Er‘: 6172

trirs=

=it =—.055555
—ts— 514
34 —_—tf = — 2
‘-—h-—__.

*339539 — 056071
056091
e
P= 283468,

-"—-‘.‘-———-_____

*333333—.111110

T8 16—, 2526 +352019
then a= 170 —_ })z -—.[f3173
: I
‘716523, Al
055555 +.018516
j T 3084 4+, .+ 340 —.058669
== 30 +.018856
. e - L GESEER X9
- ? ]
= ==+3583. Hence
-283463+.7165ze——-.3583ee-_—_3:.2857!4
and .716526‘——.35838&‘:.002246

and 1.9998¢ — ¢e =.0062%
_ 00627

T 1.999—e
1999) 006270 (00314 =¢
== 5988
T— ———
1.996 2832
s 199
83
79

e

4
‘ U Then
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Then r = 33333
¢ = 00314

z = .33047

pm——

or put 7=.33647 for another operation.

ScHOLIUM.

If the feries breaks off, then it is no matter whe-
ther it converges or not. And in that cafe it €0
incides with the laft problem, and may be folve
by any of the rules therein.

And if e be very fmall, the equation ae-beet
¢t &e. =f, may be expeditioufly folved by Prob-
Ixii. Rule 1, in which you need only ufe the thret
firft terms ; which will be fhorter than taking ne¥
r. But that rule cannot fo conveniently be 2P
plied to the given feries, becaufe it does not con=
verge fo fatt as this.

PROBLEM XCIV,
713]

To extrafl the root in numbers of the infinite Jor'
Az+Bzi4-Czs 4Dz &c. =N  juppefing !
to converge faft.

Preparation.
Take r as near the root as it can be found b’;
trials, and put r-+e=z, and expunging %
#hall have,

Ar + Ae
+Bri43Brie4 3Bree +Be?
+Cri4 5Crte 4 10Criee 4 10Cr2es 4 5Cresdec. | oo
+Dr74-7Drée4-21Dree+ 3 5Drse’ 4 35Drie =R
+Xre %‘9[57’*5"?‘36&"!‘6—%— 84Eroer 4-126Eric*
the fum

P fae 4 bee + co0 +-det &, =N. 4
an
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and At +-bee4-cet L dos e, =N—P=f.
Whence this

R U L E.
by trials very near 2, and r4e=z,
ﬂ?e" f”bﬂ'imtc the powers of r<-e for z, in the
8Ven feries, il you get Ptae+ et 4-ce8ic. =N,
And ae-be* 1cp 8ec. =N—P=f.
Where

Affuime »

P:A;'-{-B;*«{—Cﬁ-}-DrT +E»r &c.
ﬂ_ﬁ'ijirﬁ-5Crs+7Dr7 &ec.

f

S
}

2
3Br 4 10Cr 21D Bec.
e SR

#
Sec,
T
V‘t here the numbers of a, are 1, 3, 5, » & of
ea’clf’f%?‘&_ 3X7 %9, sX11, 6%13, &e.  And
e Eries is tp be_contmuf_:d till the terms ‘her:cm‘xe
1Y fmall ang vanith ; which will happen in a lit-
5, becaufe the given feries converges. The
terms of g, b, ¢, are eafily had from the terms of
> 48 abOVe, without much labour; thep having
8ot Bet-beo e & =f, in numberss find the

100t ¢, by Prob, Ixxxviii. or by fome of the rules
N Prob. xcij.

Examply,
LI-’t y+ —I—. 1 L _3___ ¢ q'5 ”
X SRS A e £

m ¥? &, =.698132, 10 find 7.

The feries abridged will be 5. 327 %w
U 2 . s
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+ g,l;yz &c. =698132; Q, R, S, being the

numerators. By a fcw trials, y is nearly =.6, put
y—.63 then

r =.600000 r =.600000 = Ar
Q=.108000 3)Q= 36000 = Br?
R= 29160 BIRS a8y = Cr?
S= 8748 218= 1249 = D7 [

T 2750 9T = 306 &c.
V= 893 11)V= 81
W= 295, i3W= 23 f
X = g8 15)X= 6
Y= 43 . ANY= 2
75— 1 1glh= 1
643500=F"

Then a=1.2500, the fum of the firft column di-
vided by . &=.585; whence
643500 + 1.250¢ + .5856¢ —.698132
and 1.250¢ 4 .585cc =.054632
_ 10546
and ¢ = T 043 nearly.
054632 __ 054632
1.25004.585%.043 ~ I1.2500+4-.0251
054632 al +
= 1275 —.04284 more exactly.
add 7 = .6ec00

64284 = . |

and =

or take new r=.6428 for another operation.

PRO"
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PROBLEM XCV.

To CXirad? the ¥oo

YW unknorpy
Potnde].

4 of two given equations, containing
2l 7 i i e
Jhantuties x, y 5 though never fo com

R WL R

s find two near values of ¥ and
s and put r4-e=x, and st+v=y.
1€ powers of x and y, put in
"<+eé and s4+v, Then involve all furds
Y the binomia} theorem (Prob. lviii.), alfo re-

uee logarithmic quantities to feries ( Prob.,
Xxxiv, bexxv.), and the like for all compound
Quantities 3 fo that at laft the equations may con-
it only of ﬁmP]C terms.  And in doing this, re-
Ject al] Powers of ¢ and v above the firft, and
allo thejy produéts, ;

Then you will have two fimple equations of ¢
d v, which being refolved, will give their va-
855 and from hence x and y will be known.
hen PUt new r and s for thefe values of x and

J> and repeat the operation, which may be done
3 often g you pleafe, till you get the roots as
Near ag You have a mind.  And the 1;1_me form
My fand and ferve for all thefe operations.

By feveral trial

Ex. 1.
Suppofe V3y—xx 4+ =20 =20=}
\/)y+2x
Lot T
and 4&__\’;"_":@)‘_‘, = 0.096 =7,

Let a=7.

4: and y near
¥ trwnlution,
or v, we have

And by fome trials we find » near
135 then put r—g4, $=13s and

and putting r4-¢ for x, and i4v

U 3 Sy
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$5—rF - 25U—2r¢" “ars + 27T 258 X

e ¥
ss+ 25v4ar4ae *=b and
l.
log: r-e4-ri-2re4s54-250°
ST =4
________ — 51 —
but ss—rr - 250—2rer = V5517 i et
\/_Lg__-ff
—_— 1 1 25U -}-ae
and Ss-ar-25u4-ae . e . _I—_«—--“'.,’l

&85 +ar 2X 5§ +ar?

alfo rrss2re+25v" = Jrras + #o 45U

P
Put dd“‘.r:—urr =ssar, gg=ssi-+rr_Then ¥
N T N, ST
i = arit aro e £ oft 4
=b, that i )'“ rooags o8 nr':m_.r
e e M fa stt’"i"E'i'f b
2rs
XV = b—gd — —,
J
Again, ot ”‘+I-f+zre+2w; = (=
s4v
7é—-50
1@£:r+f+g+ : i et
J (g , and logir +e4-g+ 7

= s+vXe Put t=rdg, I=lg:t.
m. =.4342045, then (Prob. Ixxxiv.) I+

mie—-msv . "
T — ¢cs4cv, which reduced, is (2)
mte + msv = tg X cs—i . Then numbers being
i, fgt
fubftituted in thefe two equations, give
(1) 1.588¢ 4+ 1.075v = —0.190

(2) 76+38- . 33¢6'v = 0. wybgb H

And
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And thefe equations being refolved , give
":“'0743, and ‘L':-——.r_‘,ﬁ?l s whence r+4¢ or

¥=3.926; and s of J=12.933.

Or for another Operation, pur r=3.g26 and

T=12.923, and ﬁnding new values for d’. S & :.3
and 4, you wil] have two equations, which will
8ve ¢ and o more exactly.
Ex. 12,
Let ¥tlogy=} — 8 7679114
and I+login—¢ — 3.4760046

By a few trials, we find nearly =8, and
Y=2d,  Put T=8y andr+e=x; allo s=2%, and
ey, Alf M::.:Jr342945 3 then we have

— M
*te 4ls4o :&:r+g+3;5+—3;* (Pr. 84.)

o BT M
and Ll o Y :c:J-}-v—i-f-’?“i'_rf'

Thefe €quations redy

ced become
I\V’Iﬂ
€ 4 s =d—r—5.
Me
Vi = ol
And PUt intg numbers are
e+ 17390 — «3700.
anf{ —“"é—.o"" éd == G n
544 — “.,:’O.
Which equations being refolved give e=.3608,
and ¢

—-0535; whence

r = 8.0000

-— - Q -

&+ e — .Jﬁou 535
'-_-""—-__———

¥ = 8,268

M
[ N

Oty

L
|
to

tn

Ty
a

U 4 ‘
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Again, put r=8.3608, and s=2.5535, for &
nother operation ;3 whence will be found L =

M
.170078, ~ —:051944; and b—r—Ls=~—

0000245, ~—i—I:r==.0002568, and from thenc&
will arife thefe two equations,

£ + .170078v = — .0000245,
and v 4 0519442 = 0002 568.
Which being refolved, give ¢=-—.0000688, and

v=.0002604 3 therefore

r= 8.3608000 $§=12.5535000
¢ =— 0000088 +v= .0002604

¥= 8.3607312

—

y =2.5537604.
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The &eometrical Conflrultion of Equations.
“-——-_____g

HE conflruiiion of equations, is the drawing

right lines or curves, aiter fuch a manner,
a5 by their interfetions, to give the roots of the
®quation propofed. This method is ufed for a-
Vouding the tedioufnefs of computation 3 and is
exact ¢nough for finding two or three of the firft
gures of the root, but not more. For where
great exactnefs ig required, we are not to truft to
3 conftruction by lines ; but make a computation
10 numbers, to find the root. :
In geometrical conftrutions, the fimpleft is al-
Vays to be made ufe of, or that by which we can

“ome the thorteft way, to the roots of the equation
Propofed,

ug

2Ut fince the extration of roots by converging
Eries, j

» 1S now brought to fo great perfection; geo-
metrical conftructions are almolt laid afide. There-
ore I intend to trouble the reader only with the
1orteft methods of conitructing equations as far as
‘¢ fourth power, When we come to higher pow-
SIS, there is fo much trouble and difficuley in draw-
g the lines proper for them, that their interfec-

tons cannot be depended on 3 and ope may fooner
“Xtrat the root in nambers,

tl

PROBLEM XcVvL
To conftrust a JSimple equation.

RU L %

1. When there are-{everal fimple quantities, con-
fected by the figns + and =, From a cerrain
puih[,
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Fig.
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point, draw a right line, from which point fet
all affirmative quantities one way, one ad-
joining to another 5 from the laft point, fet
all the negative quantities the contrary ways
adjoining to each other as before. Where the
laft ends, the diftance from thence, to the fir

point, gives the fum (or difference) of all;
which is affirmative or negative, according a3
it lies on the affirmative or negative fide 0
the firft point aflumed.

2. When you have the fquare root of WO
quantities, find a mean proportional' berweenl
them, by Prob. 16. B. VIII. Geometry.

3. To reduce two compound quantities t0
the fame defignation. By Prob. 15, B. VIIL
Geometry, find one or more proportionals
thus ; fay, as the firft letter of the firfk quan-
tity, to the firft in the fecond, fo the fecond
in the fecond to that fourth proportional. A~
gain, as the fecond letter in the firft quantitf
to the third letter in the fecond ; fo the fourth
proportional laft found, to another fourth pro-
portional.  Proceed thus till all the letters I?
one quantity be exhaufted. e

Note, when any term is of too low adi
menfion, make 1 to be one of the faflors, 3
oft as it iswanted. And when you have f¢*
veral fimple quantities, add them into one, bY
Art. 1.

4+ For many compound quantities, reduce
them all to the fame defignation by Art. 3.

Ex» 33

Suppoft avp-b—c=x.

Draw the line DAB, and from the fixt point
A, fet of AB=a, and make BC=#, both
forward ; laftly, make CE=r, backward:
Then +AE =x. Ex.
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i
%6, 2, ¥ 8

Let ax=bc, 1 Jind

Make AB (a): AC (3):: AD'() : AE &

=X,

Oy Frob. 15, Geom.)
Lx. 3.
Suppofe 28bex = gdefp.
Make as 26: 5d::o:m (Pr. 15, Geom.)

e
and - fiim:n
and nip

then, 2ab; hdfgiie s p
and 2abep = sdefy = 2abex
or p=x,

Ex, 4,
Lt abx—/br % x = dav/ ac—bd.

By, Prob. 14, Geom. make a:5:: 42 " 5
t]](’_‘n J}d:ﬂm; and \/ag—_g;d 7 \/L?C—ams

rg‘ak@ C—m=n, then Var—bd = +an.
Find » 3" mean proportional between 4 and
% and g a mean between  and ¢5 (Prob. 16.
Geom_‘}' then the given equation becomes
bx—fa=ggp

efe three terms to the fame defig-

Reduce th '
nation, thus @if::q:r, whence fg=ar, in

m like manner dd—gs ; then the equation is
al ¥—arx—asp, or by—rx=gp. Putb—r=t,
then W=sp, and t:5::p: 4 required.,

X8
Let 204040 efg o 3kllmn = 4qrstz—snopla,
0 find . *

Reduce all the quantities to the fame de-
'8hation, then

4g?’.‘-’£
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Fig. 4qrsx = snopl

4qrstv = 2abcdd
4qrstw = eefgh
4qrsty = 3klimn.
then the equation becomes
AYSIVs—4 7SI~ Aqr Sty == 4q1 St 2—m4q ¥ X%+
that is, tv—iw 4ty =tz—xz
Put v—w-+4y=A, t—x=B, then Ar=Bz
P SE e Tacy 8

P R OB, XCVIL

To confirull a quadratic equation.

1 R wln B,

If itis a pure quadratic ; reduce the quan-
tities concerncd therein to the fame defignd-
tion (Prob. xcvi. Art. 3.) by which mean’
furds will be denoted by fimple quantities, an
at laft you will get all the known quantitie$

equal to a known fquare, whofe fide is the
root.

Ex., 1.

Suppofe yy=ab— 5:4—{— d v/ aa—i:.

Make b:c::d:m, (Prob. 15 Geom:)
! dd
then ¢d—=ém, and —Eb- = éj;:i!.:md. Alfo
make 2:5:: ¢:n, then bc=an; whence
YW =ab—md +dv/ aa—an.

Let p be a mean between 2z and a—™
(Prob. 16. Geom.) then \/a’rz——am.:p-Wh'i”Cc
Yy =ab—md--dp.

Let d:a:: b: q, then ab=dy.

then yy=dg—dm+-dp.

Laftly, put g—m+p=r, and find s 2 mead
between d and 7 then yy=dr=u, andy=",
’ 2 RUL E
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EQUATIONS. 3ot
Fig.
2 RULE,
In adfe@ted qQuadratics, reduced to this form 5;
2+ ba—ny. D

— raw a right line AD, then take
2y point C; and make CRB =14, towards the
vight hand if +5, or towards the left, if —2.

rect the perpendicular BF=#. From the
Center C through F, deferibe the circle AFD,
0 cut AD. Then (BD, BA) the diftances of

s from the interfections A, D, are the two
Toots, the affirmative to the right hand, the

fegative to the left of B. i
Ex. 2.
Let 2+43a=10,
. Draw the {ine AD,"make CB=1: on the &
nght; find 4 mean proportional beth:'Cﬂ [
and 10, for i in the line BF, perpendicular
10 AB, with the radius CF defcribe the circle
AFD; then a=BD=43, and a=BA=—j3,
the two roots required,
Ex.g;
Suppofe ea—3a—13,
Draw the line AD, make CB (on the left ¢,

\—-_l_g
——

> find a mean proportional between

L and 165 at B eredt the perpendicular BF,
and make BY = the ‘mean 3 - with the radias
CF deferibe the circle ' AFD ; to cut AD in A
and D

sthen ¢ =B =45 anda=BA=—;,
the rooes required,

3 RULE.

In fuch quadratic e

quations as may be re-
Cuced to this form,

: aitba=—nn, From any
Point C a5 3 center, in the right line BD, with
Tadius 1), defleribe the circle BFD, ere& a per-
Pendicular at D op the right, if it be 43, or

on
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on the left at B, if it is —& ; whofe length 1
BA=n Through A dtaw AFG parallel &
BD, to interfeét the circle in F and G 3 then
AF and AG are the two roots of -the equd”
tion; which are affirmative, if they lie &~
wards the right hand from A ; or negativ®
if on the left.

Note, if the parallel does not cut the cirelés
or touch it, the equation is impofiible.

Ex. 4.

Suppofe aa+7a=—10.

With the radius 31, and centerC, defcribe
the circle BFD. At theend of the diametef
D, on the right, raife the perpendicular DA
a mean between 1 and 1o. Through A dra¥
AFG parallel to the diameter BD, to cut the
circle in F and G ; and AF, AG, being ¢
the left from A, are two negative root *
a=AFz=—2; and a=—AG=—;.

Ex. 5.
Let aa—3a=—1o0.

With the radius CB=3%, and centel Cy
defcribe the circle BED.3 at the end B, of the
diameter BD on the left, raife the per,pendl-
cular BA, equal to the mean between ! an
10.  Through A, draw AFG parallel to th?
diameter BD, to cut the circle in F and U
then AF, AG, lying on the right hand from
A, are the two affirmative roots ; and 2=+
=2, and ¢=AG=3.

4 ®ULE,
When the unknown quantity is higher thﬂlg
the fquare, and the index in one term doul 9
to that in the other; it may be broughtto 10

of the foregoing forms, whofe higheft ter® L
a fquart




EQUATIONS, 303

a fquare. Affume an unknown quantity, whofe Fig.
Ietangle with-fome given Quantity, is equalto

the f; wn quantity propofed ;

quare of the unkno _
for this fubftipy e that rectangle ; and you will

Ve an equation i required.

Ex, 6.
=

Lt v pon

Affame dv=zz, then by fubflitution, ddus

—bdi=y, anq XY — & = %: Letd:::
1:p; then b=dp; alfo make d:n::1: g
and 4. 5.

*riigir, then ddiwi:iv:r, and
ddr—p.

And the  |eaft equation, becomes
5§ dp ddy
A -—...-—-x——

d ¥ = g thatis, su—spe—r whichis
o be conftruted by fome of the former rules,

To demonftrate thefe rales.  Let az4-ba
—n,

¢ Here we have CB=25, BF=n, and
if BD:Q, then CD or CF=qa+14, and
CF‘:CB*-}.BF&, that is, a+—§b":--b&+nm
Bug if BA =—a, then CA or CF =—a—ib,

and di

b =ibb+nn. In both cafes ga+
ba=pnp,

Again, if aa~~ba—nn, we have as Before €,

Y BF =#, and if BD=g4, then CD or
1-._s2—-;!3, and a—:p =3bbt-n,
Buc if AB——, then AC or FC=—s

*14, and =4+-30 =un--'bk, in both cafes
@bz =y,

Again, if 88—ba=—puy, heye BC—_‘if‘,‘ 7s

BA=yp, 104 AG=BD—AF, therefore if
AF =4, then AG=b=2, and AG x
AF = AB-, thar is, b—axa=nn,

But
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But if AG =4, then AF =BD—AG =/—1%
and AFXAG=AB*, or b—a X a = nn. In
both cales ag—ba—=-——nn.
. Laftly, when aa+bs ——an, then BC=1b
BA=—n, as before; then if AF=—a, then
AG—=BD—AF —=b+4a, and AFxAG=AD"
or —a x&-l-dt'z = nn.
But if AG =—ua, thenAF =BD—AG =4+
and AF x AG=AD?, or b+4a X —a = #h
In both cafes as<4-ba—=——umn.

PR OB XCVIIL
To confiruid cubic and biquadratic equations.

To conftruct a cubic equation, that has .aﬂ
its roots real, by a circle. Let the radits
OB=R, fine EF=s, GH the finc of the
arch GB or gBE. Then by trigonometrys

3= %{%:GH- Draw CD parallel to AB,
and put SF=c, ES=x, GH=5, then ¢+¥

this

=s, whénce 3X¢x~— A s =b
RR g

reduced gives w' + Zoxidgeex 40 &

— iRR+ #RR
— #RR

Suppole this cubic equation be given,

¥ +px* g 4#=0. Comparing this with the
former, and equating the coefficients, we h%"c
p=3c, and c=ip. Alfo g=30c—IRR=57F
—iRR, whence R=3vpp—3¢, and 7=

+:#RR—IcRR ; whence 5:%% + i

Hence arifes the following

« R ULE

il
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Sy 5
‘Having the equation X pxt4gx4r=o. 10.

given ;

T With the radiys Vpp—3q, defcribe
the circle BGAK, )
2. Draw the diameter AB, and CD payalltj.f_
Lo it, at the diftance of ips above it, if
the 47, but below it, if —p. :
faw alfo ZG parallel to AB, at the di-
ftance =27

pp__gq-{-;'p, above it, if it is affir-

Mative ; or below it, if negative, Let it
Ut the circle in G,

4 Take the arch BP:_;,BG ; and make
PQ—-Qx =KP.

5 From the points P, Q, K, let fall perpen-

iculars, upon the Jing CD, which will be

t0e roots of the equationy the affirmative
4Dove the line, and the negative below it.

Scuorruiu

. 1 39 be greater than pp, the equation is
'™Pofiible , f;

: 3 for in this cale the equation has
two im

-Mpoflible . roors, _
OBAJ{O if 2=0, then the radius of the circle
—_ F gt oy

=3V=3¢3 and CD coincides with AB;

i 3r
and the diftance of zg from AB is — =,
And jf

g is affirmative, the equation is im-
Pc}ﬂib]e, ele conftrudtions are extreamly
€a

: " AR

Let x’+9x‘—~22x——1zo:o.

Here the radius OB=ivpp—37 = ..
3¢m6:8.0829, and Jp=—3, the diltance
of CD, above AB.

X And
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Fig.

11,

2.
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gr—pg , _r—1p80 +198 Lo
And }"P—“Q I =" Sq—_l—}-()b— 4= 5
——646=0, the diftance of GZ from AB3
therefore ZG coincides with AB; and the
arch BG and alfo its third part is o, and
falls on B and making PQ=QK=KP, and
letting fall perpendiculars on CD,we fhall have
PS=—3, QI'=+4, and KT=—10, the
three roots required.

Ex. 2.
Suppofe x3—17x*4B2x—120=0.

The radius OB:’?\/-zéig——zdro = 4o 37
ip =—5.66, the diftance of CD below Ab,

gr—pg , _—10804-1204 34 =
and = ———— T =
PP—".%9‘+ i 289g—240 3 ¢
7.302——11.333 =—4.031 ;. the diftance Of

GZ below AB. Take BP the third part®

BG, and making PQ=QK=KP ; and rﬂﬁ“;
avi

furing the perpendiculars upon CD, we h
PS=+44, QI'=+10, and KV=+3, the
roots of the equation.
Ex. 3.
Let y—13y+12—0,
In this example p=o0, therefore CD_EQhr
cides with AB; and radius OB=3%/—3~

" e
3v/36=4.18 ; and i opgln :—_?6 =277 the

- 3
diftance of ZG above AB. Take 3’;}?
BP=: arch BG, and make PQ\:('{K:K ’

and let fall perpendiculars on AB, thfl:;
PS=41, QT=+3, and KV=—4> .
three roots required.

i ed BY

Cubic equations may alfo be conftrue ' AC
ine, LetFEV

a cubic parabola and a right ]
be a cubic parabola, whofe latus reCtum 15
Dra¥




.\]El‘i'hr;]

D

AT e 50 &
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Draw VE the tangent at the vertex, perpen- Fig+
icular to the axXis VS, and BI parallel to it, 1a*
OBC perpendicular to AB.
€n put VH =5, VD=¢, VI or SB=mn,
=4, VS=», then SC=n42, and b
the Property of the parabola V8=SCs or
- 3

*=nfa, By fimilar triangles, Vfi () :
VD (¢)::8H (x—5): SC :Ei;i'; and

th—pp
BC or :7——»—1:, and bl =px—ithtyp,

1
Whence rv—p, o

cb4-nb, or x— ; a =44

ub

7> that ig (€xpunging x) i 3u*a - 3nat 4

& b nh . "
el 0 W which reduced {3

c ]

G B kgng + 3una o+ w = o,
b

T
£
nb
I T
ol g SR 5y 'V by

any cubic equation, By Comparing them,
:ﬂd Cquating the like Yerms ; we have gnip,

n=ip.  Alfo

Mt~ — = and i-— =g = Tpp—
¢ T SN0 =E 2 Sni—g =ipp—.

Again, ”‘*-—5-—?;:7, or p —p— 1p
1
Xipp—yg =7, Whence b=ipg—iipi—y,

b b

A A o

nd ﬁ‘nCE 7 = 7?]:’_‘95 ¢ = pp-——-—g
= PI—ipi—2y e

o "“;‘;‘é—-— Whence we havé the fol-

X 2 2 RULE
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2 R.U L E.
Given the equation @ +-pa*--ga-+7=0-

r. With the paratneter 1, and the axis VS
deferibe the cubic parabola FVAC, draw
the diameter RAB, diftant ip from the
axis VS, to the right hand, if affirmd
tive ; and draw the tangent at the verte¥
1VD.

2. In the'axis VS take VH=1pg—7p'—"

downwards, if affirmative.
vH

3. In the tangent IVD; take VD=—"30
Z.53 - _;PP‘——.!
_ PP the left, if affirmd

~ L pp—34
five.

4. Through the peints D, H, draw the right
line FDHC, to cut the parabola. From
all the points of interfection, let fall per-
pendiculars on the diameter AB, which
will be the roots of the equation ; tho'®
on the right hand of AB affirmative?
thefe on the left, negative.

When any of the aforefaicd quantities arc
negative, they muft be laid the contraf
way to what is directed above (AfF Is

R 3

lfx

ScHOLTU M.

If the fecond term be wanting, p=0 "
AB coincides with VS 3 and then VH=-"

v
and VD= —.

If the numbers given in the equation bf
too great for your parabola; the equatiot
calily changed into another with lefs
by Prob. xli.

umberd

22
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Fig.
Ex, #.
Let the eqitation pe @ 4 1.8a"—=. 51250~
P g
1.o5=0,
r

The parabola being defcribed, we h;-w'e 14.
' =3P=.6, the diftance of 1B from the axis
VS, on the right; and VH =ipg—pi—r
=:3105, taken downwards from the vertexV.
And VD:%@_:_‘.%, on the left froni V..
Through D, H draw the right line FDHC,
cutting the parabo)a in F, G, C; from which
points letring fy]) perpendiculars on AB, we
have J:?R:-—I-?s‘ GL=—.2, and CB=
F.75, the three roots of the equation.

By, =,
Let H—dix+E2=o0.

Here p=0, and therefore AB . coincides 15
With VS, then make VI'I:——-r:—I, up-

oy
ward ; and VD =—=—1, tothe right hand.
Then through H, D draw the line FDC, to
€Ut the parabola, in F, G, C; from which
Ctting fall Perpendiculars on VS, we have

——Th GL=4i and CB=41, the

three roots required.

ubic and biquadratic equations may alo 16,

" conftruéted by the common parabola. Let
be a parabola, VS its axis, AB a dia-
meter paralle] o i, EA, and SBC two or-
‘Nates perpendicular to VS, Draw alfo HD

Pe"PEHdicu]ar, and H arallel to VS,
draw HC. b

X 3 Put
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Put EA or SB=¢, AD=d, DH=5&

HC=f, and BC=¢. Then QC=g+4 la-
tus rectum of the figure =1. :

Then by the property of the figure AB=
FBXBC=2ca+aa, and DB or HQ=2¢a+
aa—d, and HC*=HQ*4-QC*, that is, f=
a4 4ca’ +4ccan+dd —scad—2doa+gg + 288
+aa 3 which reduced is,

avd-acad - 4eca*, 1+ 2ga 4+ gg =0,
— 2d = 4dc 4 dd
. -
Let a*4 pat + gat 4 ra 4 s =o,beany
biquadratic equation 3 compare this term by

term with the other; to find the values of

the quantities o ds f., g Then we hav&
4c=p, and c=Ip.
Again, gqec—2d+41=g, and 2d=4cc+ 17"

g=ipp+1—q, and d:ﬁp;kz—[_—-q.
’
Again, 2g—gcd=r, and g = f’:.'ffift«

2

= pdt-r

55 emeny

Laftly, gg+dd—ff=s, and ff=gg-4dd—¥

From hence arifes the following conftru¢tions

3 RULE.

Having the equation,

r;4+pcﬂ-{-ga‘+m+.v:o.

or al-tpat-qe-t-r=0.

1. Defcribe a parabola FVAC, whofe P3”
rameter is ,, and axis VS. Draw the diames
ter AB at the diftance of !p from the axis
on the fight hand, if p s affirmative. hent
for the central rule.

7, P‘forn

T T——————




1’1 ‘[[ '-1)/)'_!"’](!
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2. From A, the top of the diameter, take Fig.

71 1 O P ]

AD :_B&'ZI %, downwards, if affirmative.
3: From D in the perpendicular DH, take
DEp - 2XAD 47

towards the left, if affir-
Mative,

4 But when any of thefe quantities are ne-
g#ive, fet them the contrary way. _

5. From the center H with the radius
\/A_B—‘:!TD-E_I:-_—-;_‘: vV HA*—s, defcribe a
circle which will cut the parabola in feveral
Points as C,

6. From the points of interfection, let fall
Perpendiculars upon the diameter AB, and
thefe will be the roots of the equationy thefe
(BC) on the right fide of AB, are affirmative
T00ts 3 and on the left fide, negative, And
there are always ‘as many real roots, as there

IC points of interfedtion; and the reft are
impoflible,

ScunorLrum

If the fecond term be wanting ; then p=o,
and the diameter AB coincides with ¥S; Then

T

o Av= =1 2 pH=!,

o cubies s s wanting, and then’ the ra-
dius HC becomes —[ A.

the' numbers or coefficients be too large
O your parabola, you' muft transform- the
cQuation, into another to fuit your parabola,

Y Prob. xlii. and then conftrudt ity and laft-
1y; refore the trie’ roets.

X 4 Ex,

16.
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Ex, 6.

Suppofe y3 4 20y*—500y—6000=0.

The numbers being too large, put ¥ =+
or y=rox; then the equation becomes
100043 4 2000¥*— 5000%—6000 =0, that 15
X3 - 24*—5x—6 =0, where the numbers are
{mall. :
The parabola FVC being defcribed, make
EA=}p=1, onthe right, and drdw AB pa-
rallel to the axis VS.

Make AD= ':f"_'____P"I;'“‘q — ?ﬁ'l'_i
downwards. Draw DH perpendicular tg

AD o
AD. and make DH___P_X__;,_'*;’ :z—x—'gz'—-—"
=1, to the left. From the center H, with
radius HA, defcribe acircle, cutting the pa-
rabola in R, A, C, F; from which letting
fall perpendiculars on AB ; we have RA =—1,
BC=+2, FB=—3, the roots of the equa-
tion x4 2x*—s5x—6=0, and multiplying b¥
10, we have —10, +20, and —30, forthe
roots of the given equation y!+-20y'——500)
~—600=0.

:32,

Ex. 4.
Let b — 1.75% — 4.625% + 4.875%F
6.75=0.
Defcribe the parabola FVC, and draw the

axis VS, and make EA=ip=— 44, to the
left, and draw AB parallel'to the axis, make
AD:M:;IQ downwards. DraW

DH pcrpen:Iicular to AB, and make DH
o RXAD AT

2
“

= — 306, the right.
From
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a3

From ‘the center H , with the radius Fig.

V/I\_B;—*—ma-:z, defcribe  a circle
cutting the parabola in F, R; G, C; from
Wwhich drawing perpendiculars to A]},..,wn
have RO=—;, FB=——11, Gl=2, CP=
2.25, the roots required.

2

Given the eqiiation x+—-1. 5% 4 ¥ —QK—-

—0.

Deferibe the parabola RVC to the axis VS,
and make EA =¥ =-—.375, to the left, and
LW AB parallel to VS.” Take AD =
ﬂ%j:—[.;z upwards.  Then (per-

. XAD 4
Pendicular to AD) take DH :’1}—-—2——-—

821, to the right, With the center H,
and radiug 4:39 (= V' AD*—=DH'+6), de-
cribe a circle, o ingerfect the parabola; from
the points of interfection, letting fall perpen-
‘culars on AB, gives the roots, RO===x;
Md CB=415." The othér fwe roots aré im-
Poflible, ‘which 'is known' from this, that the

Circle interfe@s  the parabola %n no more
POInts than thefe  two:

Ext g.
Lot #4—5.67x* 1+-.806x 4 3.864 =0,

Here p=0, therefore deferibe the parabola
Fac, whofe axis is AS; and make AD=

I—¢

—

25:3-335, downwards; and DH<!r—

493, perpendicular to AL, to the left. With
md‘“‘i‘ VAL *FUH 3 863 =2 72, deferibe
4 Circle cutting the parabols, in R, G, C, F3

and

a8.




Jr4
Fig.
20.

21.

CONSTRUCTION o ' B.L
and the perpendiculars from thefe points UP”
on AS, give RE=—.8, GI=41, CB=+
2.1, and Fs=—=2.3, the roots of the equd”
tion.

ScuoLIUM.

Geometrical equations may be conftruéted
by lines as well as by numbers. For proper lin¢s
may be found for the coefficients, by proceedif

according to Prob. xcvi; and fo the whole

may be done geometrically. :

Quadratic equations, whofe general form 1
a*4-pa+q=0, may alfo be conftrafted by
the laft rule ; and then r and s will be =07
but the method of conftructing by the circlés
is ealier.

4R GLE

Any cubic or biquadratic, equation swhpp¥
gt 4-ru4-s=0, may be conftructed me
chanically thus: :

1. Upon a plain fmooth wall, draw ‘a horl
zontal line AB, and CD perpendicular 0 ity
and take CP=1p, to the left hand if p i85
fitmative.  Hang a thread and plummet E
to ary point E, in the perpendicular bt s
make a knot in the thread at »; and tie the
other end fo to the fixt point E, thar P#m3)
be —:. Then with a.pin or the point of 4
compafs, move the thread EF fideways toW&™
CD, till the knot # falls in the point ™ 7
mark the point D in the line:CD; where the

pin is, when that happens.
2. From D take DG=

downwards, if affirmative. And in the peE”
2 -

if

pendicular GH, take GH=

v
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if it is affirmative, Byt if any of thefe quan- Fig,
tities be negative, they muft be taken the con- 21,
trary way, to what is direfted above. 4

3. __Then with the r;{dms or di :mFC

HD'—¢ a0d one foot of the compafles in

» Move the other foot along with the
thread, round in 5 circle, and the weight F
will afeend and defcend, as the thread EE
Moveg ]ateral]y. Obferye always, when the

f0t 7 falls. in he line. AB, and mark all
thefe points, Q, N, O, R.  Then the di-
ftances of thefe points from C, are-the roots
Or the €quation ; the affirmative on the righ,
. ¢ Negative on the left hund of C; thus RC

5 an affirmative foor, and QC, NC, OC,
Negative ones, ]

It is plain, this rule is founded on the 1afk
or the Moving point of the compals is al-
Ways in the curye of a parabola, when the
Point 3 is i, the line AR, To prove which,
f’-‘PpOfc the Parabola ADB, w0 be defcribed,
Whofe focus 15 E. Then by the property of
the figure, EL+LR:EI’+.‘_ parameter —
E.: +Pn or E”:ED-}-DC. Therefore the
Circle cups the parabola in L, 204 the diffapce
« from DC, thar is RC 1S one roor of the
quation-, and the like for the reft. '

-+ 0 T el
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Rules .and Direitions for the invefligation and
Jolution of Problems. '

PROBLEM XCIX.
To find if a quefiion be truly limited.

Queftion is faid to be truly limited, when 'z.
A admits but of one folution ; or at moft, ©
as many as is the index of the higheft power of the
unknown quantity in the final equation. And Wh€”
ther a queition be limited or not, may be knoW?

from the equations, by this

R1U =L -E.

When the number of unknown quantities, is joft
as many as the number of given equationss
depending on one another ; then the queftion "
truly limited.

But when the number of unknown quant
exceeds the number of equations given ; thed [hlc
queftion is unlimited, and capable of innumerabié
anfwers.

And when the number of unknown quan
is lefs than the number of given equationss %
the queftion is abfurd and impofiible, except “%
equations be dependentupon one another 3 iD W o
cafe the dependent ones may be ftruck out.

Equations are faid to be dependent on oné
ther, when they may be formed or derived f,!m
one another, by any operations, with the BEP
of the known axioms, For

jties

tities
then




Sect. X, Ruresg

~ For by Cor.
Uty may be tak

fer folving Promrewms. 31y
I, 2, Prob. liii, one unknown quan=
€1 away by each equation ; fo that
at lagt there will remain but one equation, %Dd one
Unknown quantity in it ; and therefore it is truly
limited,

Bur i there were more unknown quantities than
€quations, there will remain more unknown quan-
tities thap one, in the laft equation. And then the
Queftion js nog limited ; for all of them, but one,
3y be at pleafure: and this is the reafon of

I g unlimited,
altly, if there be Mmore equations tha_n unknown
Quantities, then a¢ laft there will remain one un-
30Wn quantity for fevera] equations 3 and then

the queftion is more than limited ; and will .th'crc~
:OT8 be impoflible. For the unknown guantity be-
ing ©Xterminated, there will be an equation con-
Wing of all known quantities

3 which muft be con-
U‘adith)ry to one another, except they were fome
Way or other depending on one another, fo as to
Make an equality,

Sceunorivwm

As a problem s truly limited, when the number
independen €quations, is equal to the number

unknown quantities : fo likewife a problem is
truly limited, though

there be never {o many equa-
tons,  provided all, above that number, are de-
?endmg upon thefe, and derived from them. This

18 plain from any algebraic procefs; for in the ope-

fation, all the fucceeding “equations, are derived
rom thefe, firft given ; and all equations fo de-
tived, make no alterations in the limitation of the
Problem,

A problem
Mited, though
the number of
When the equ

may be impoflible and more than [i-
the number of equations be lefs tha.u
unknown quantities 3 and that is
ations are coniradictory,

As




318 RULES fo g — BF
As if & 4e429=4, _

And 244-264-4y=¢3 @, ¢ » being unkhowh
quantities, and b, ¢, kiown ones. Now if it hap;
peti ‘that ¢==25, the pfoblem is unlithited ; but if
¢ is not =24, then the problem is impofiible.

And therefore in general, probléms are abfurds
when the equations given are derived from abfur
equations, or may be reduced to fuch : even thoug?
the number of equations be equal to or lefs thB
the number of urnkpnown quantities.

The equations given in a problem, ought t0 be
independent, otherwife they will either be core-
quential, or contradictory to one another. In the
firlt cafe, you will 4t laft find fome quantity equ®
to itfelf. And in the fecond cafe you will arrive 2
fome abfurdity, where a greater quantity is equ?
to a lefs, And it often happens, thar at the €P
of an operation, the equations given, are found 10
be' either dependent or inconfiftent with one an®
ther ; which at firft, ‘could not fo eafily bedifcovere®:

PROBLEM C
To invefligate an algebraic problem.

R.UJ L K S

t. When a queftion is propofed to be refolved
algebraically ; the firlt thing to be done, is to €002
fider the nature and circumftances thereof, to 09
out what is given therein, and what required. A%
the nature and tenor thereof being clearly U“d,er‘
ftood ; reje every condition or circumftance, which
bas no neceffary conneion or relation with the
thing enquired after. Then give names to all the
quantities concerned in the calculation, whether g
ven or fought ; that is, for the feveral numbers or
quantities, or ‘at lealt for the principal of _therf".
put fo many different letters, as directed io*
potarions
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taking care to make the fame letter ftand

‘Wvariably for the fame thing, throughout the
Whole operation, -

And in general problems, it will be convenient
*0 make choice of fuch letters or fymbols, as may
ome way reprefent to the mind, the things de-
ﬁgned b e

¥ them—, as r' f

And if

fere

or radius, s for fine, [ for
m, v for velocity, ¢ for timt_:,. &e. _
there be never fo many quantities of dif-
ot forts, we may reprefent them by any num-
'8 we like ; or even all of them by 1, which is
the moft fimple notation. Thus we may call any
Cgree of motion 1, any degree of velocity 1, _and
We may put 1 for any quantity of fpace, time,
Matter, &¢.  But then we muft take care to re-
Prefent other quantities of the fame fort, by pro-
Portional numbers. _

Ve can alfo meafure any kind of quantity by
Ay other kind of quantity, by taking parts or de-
8rees of one fort, proportional to the parts or de-
grees of the other, Thus, quantities of force may

¢ Meafured by right lines proportional to them’;

Odles op quantities of marter by their wei‘ghts;
velocities by the fpaces deferibed in equal ‘times ;
and

all fores of quantities or things by numbers.
2. But as thar folution of aqueftion is reckon.cd
the more artificial, the fewer unknown quantities
re affumed a¢ firft.  Therefore when the princi-
Pal quantities are denoted by letters ; fome of the
Quantities, that may be ea'[iiy derived from the
reft, are left without a name, As when the whole
IS given and a part, the other part is eafily had
1om thence; or the Parts being given, you may
nd the whole. Alfo when two fides of a right-
angled triangle are denoted in algebraic terms, the
third fide is had from thefe, by addition or fqb~
action of fquares. Likewife three terms of a
Proportion being given, the fourth term is eafily

derived
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derived from thefe three; and in all fuch like
cafcs, where the values of fome are eafily derive
from the reft. And by this means, there will be
fewer terms to exterminate.

3. After the defignation of the quantities, by
letters, as aforefaid ; . we muft next abftract I
from words, and tranflate it out of the Engh !
into the Algebraic lapguage : that is, we mult df“"
note all the conditions of it, by fo many algebraic
equations : and this is. called fating the quefiron. In
order to this, we muft fuppofe the thing done
which was required ; and then, without makiog
any difference berween the known and unknoW®
quantities ; affume any of them, known or 4%
known, to begin your computation from ; taking
fuch as you think will bring out the fimpleft equa”
tion, or give the eafieft folution. And it is belt
affume that quantity to begin with firft, which 3
cafie® found or brought to an equation. AP
therefore it is often. more convenient, not to begi™
with that which is direcly required, but with fom®
other, from which the quantity required may f
eafily had.

From thefe firft affumed quantities, you mulft
proceed in a fynthetic method to find other quaf
tities wanted, and from thefe to find others, e
according as the nature of the queftion directs, til
you get what equations you want. To this PU
pole, you muft attend ftrictly to the patures de-
fign, and meaning of the queftion, and fearch 11~
to all the circumi{tances of it, and examine int@ t“_z
particular relations of the quantities to onc another #
10 that from thence you may get a proper nufl a5
of equations. But fometimes thefe equations €207
not be had from the words of the queftions *:
depend upon the hidden properties of the quant~
ties concerned therein ; and then the equations b
to he deduced from them, by a proper chain,
reafoningr
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Fealoning, according to the pature of the fubject
Under confideration. Thus, in numerical que-
'ons, we puft proceed by the properties of num-
TS: In deometrical problems, by the elements
Of, ge0metry : in mechanical problems, by the
Peinciples of mechanics : in trigonometrical pro-
ems, by the rules of trigonomerry : in philofo-
Phica] problems, by the laws of motion; and fo
of other fubjects. "And here great care muft be
€0 that your equations do not depend upon
One another; and that there be as many as there
e unknown quantities, otherwife the queftion
ill not be Jimited.

4. Having got A Proper number of equations,
Our bufinefs is NOW, o exterminate them one by
One, as faft as we can, till there only remains one
Unknqyp, quantity, in one final €quation : then the
Problem g faid to be brought 10 a Jelution. And
by thefe €quations, you mult exterminare thefe
Quantitjeg firt, that are moft ealily exterminated ;
thae is, the fimpleft firft, and fo on 3 till the quan-
"ty that remains at laft, may give the fimpleft
®quation poffible ; or more imple than if any
Other ‘of the unknown quantitjes remained in the
3l equation. And in al] your procefs, great
Care muft be taken, to keep to 2 Juft equality 3
will certainly be, if You obferve all along,

to worl according to thefe juft rules of axioms, at
he eginning of  this book.

: A48 Lo the chufling fit terms or quantities to
bﬁglﬂ the calculation with ; it {ometimes happens
that there. s fuch a relation of two terms of the
qut_&if’“, When compared with the reft, that in
Making ufe of cither of them, they will bring out
quationg exactly alike; or that both, if they are
Mie of rogerhar, fhall bring out the {ame final
“Quation, a5 to torm. “Then it will be the beft way
™ make yfe of neither of , tlefe rerms , bue inftead

(!'zf:rr:Uf.
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thereof, to chufe fome third, which has alike rela-
tion to both. As fuppofe the half fum or half diffe*
rence, ‘or perhaps a mean proportional; or any0 .
qtllflixrity related to both indifferently, and with

a like.

6. The proper defignation of the terms will oft€?
tnuch abridge the operation. As if two num £43
are fought, whofe fum or difference (#) is givens
it will be convenient 10 take in+4a, and sty
for the numbers.

Alfo when feveral numbers are fought n arith-
metical progreffion, where the common differenc
(d) is given ; we may properly put a—d, d, * b
for the numbers, when there are three: or g—11
a—id, @+d, a+1id, for the numbers,
four are required 3 and fo on. '

Again, if feveral numbers are fought in geome’
trical progreffion ; putae, az, e, for three nambers !
and 4, a%, ae*, &, for four numbers : and 4% e/
a*e*, aes, ¢+, for five numbers; and fo on. ¢
note them by fuch other feries, as will give thef®
all, with the feweft letters. ;

2. Bonetimes problens will run up inte very high
equations, where the unknown quantities cann®®
be expanged without ‘great difficulty. “There -
in fuch a cafe, if you can fubftitute new leteers for ﬂi:
fums, 'or produdts, or powers, &9¢. of fome of ﬂ;d '
old quantities ; and then expunge all thefe ou
ones, and get a proper nummber of equations s '
may often find the valueof thefe new quantitie Y
eafy and low equations ; from whence the 0 “;ﬂ:
tities may be more eafily determined. And you ™ !
find thefe new quantities by trials, fuch, that ¥I¢
shey are fubfticuted, they may render the eq¥
galier. See Prob. xxiv, xxv. B. 11, ol

Likewife in any operation, when you have & no
titude of unknown quantities, for the caefficient

fe
any power of the unknown quantity; put # *;‘;%er

ation’
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letter for them all, which will much abridge the
Operation,
8. In geometrical problems, there is often more
40our and fkin required, than in numerical ones.
B thefe you myft firft draw a figure, according to
What the queftion requires to be done. And then it
S often requifite 1 produce right lines ; or to draw
tines Paralle] Or'perpendicular to other lines ; and to
Certain Points, or through certain points ; or ro make
T triangles, and fach like; all preparatory }CO“
the folution of the problem : always endcavoqrmg
2 TeGlve the feheme into fimilar triangles, or right-
2ngled ones, or givenones, Then affume fuch.a line,
. for your unknown quantity, as you judge will
ring.out the fimpleft equatien. For you may begin
your computation with any quantity, known or un-
=0own : which done, you muft proceed fynthetical -
ly wo find the reft, In general, Jet thefe quaatities be
denaged by letters, thag lje neareft the given parts of
oins SUFe; and by means of which other parts ad-
Joining may be eafily had, without furds. In trian-
Sy draw g Perpendiculat from the end of a given
{idﬂa and. ppofite to a given angle, Such prepara-
tons a5 thefe being miade, juftas you find neceflary
Ot the method of folution you intend to try 5 pur-
Ve your compytation according to the nature and
YOperty of lines, and the conditions given in the
Queltion, proceeding from the Guantities affumed,
to oy I quantities, as the relation of the lines di-
Ju S you get two values for one and the fame
duantity, or find one quantity denoted two different
¥ays, by which you will get anequation, The ge-
feral Principles for carrying on the computation are
UCh as thefey the addition or {ubtration of lines,
2 And the fum of difference. The proportionality of
ifing from Hmilar triangles), where three
JeIng given to find a fourth, The addition or
fbtradtion of (guares in right-angled triangles,where
I a two




324 RULES for foving  BL

two fides being given, the third may be found:
Likewife the doétrine of proportion will be of fre-
quent ufe. Befides we muft make ufe of fuch pr”
pofitions in geometry as are fuitable to the purpoi¢}
fuch as B. I. prop. 1,2, 4, 8, 10, 11. B.11.2,3, 1%
135 14, 15, 18, 21, 24, 25, 26. B. IlL. 1,6, 7» 17
20. B.1V. g, 12, 13, 14, 16, 17, 20, 27, 3} '._‘md
fome in the following books, as occafion require:
By help of thefe principles, and a chain of right
reafoning, we fhall obtain as many equations as "
known quantities, which being had, we muft chang®
our method, and exterminate the fuperfluous quan”
tities, and find the root of the final equation.
g. If the method you go upon at firft, for the
folution of the problem, proceeds but badlys "
tunning into high equations and furds. You muft
draw frefh fchemes, and begin your computatio?
anew, till you have hit on a method as elegant
poffible. For the principal art, of refolving, pre
blems, isto frame the pofitions with fuch judg”
ment, that the folution may end in as fimple a0 ¢
quation as poffible. For {ome methods will £
duce more intricate equations and folutionss chah
others. But the fkill of finding out the moft fim-
ple and eafy ways of refolution is not to be pre
fcribed by any rules, but is only attained by con”
{tant practice and experience. : ke
10. If you have any doubt what quantity 0 ©2°~
for the quantity fought, fo as to bring out the ﬁm_
pleft equation. Suppofe you have got a final fq"'au
tion with x; take fome other quantity y, which )on
fufpect may be as fimple, feek an equation betwee!
x and y; then if y be of as high a power 35/
the final equation, if y were ufed, would be 8 6
as is the final equation with x, b
. Or, Having got an equation between and_.?’
fubftitute for x its value in terms of y, In the ir:”’
final equation with % ; and you will find what P"cr




Se&t. X, PROBLEMS. 325

o y will arife to, without forming the procefs anew
Or y.  But if the equation between » and y be e 3
2 fimple equation 5 ip will often be as well to begin
the procefs anew for y,
7s If there be feveral quantities, and you do not
now which will bring out the fimpleft equation.

Ut letters for them all, and get as many equations.

€n by €Xpunging fuch as are moit eafily CX{;{
Punged ; you will, for the moft part, get the mo
fimple equation, . :

1. Laftly, when the final equation is obtained,
xtract its root by Sec. VIII, and you have the
anfwer in numbers, :

Note, The numbers given in a queftion, cannot
always he taken at Pleafure, but muit often _be' fub-
Jet to one or Mmore determinations or reftrictions,
Which for the moft part are difcoverable by the theo-
Tem refulting from the refolution of the quetion.

12. When you have an equation containing the
Quanticy fought ; and'the equation is alfo effetted
With a fecond unknown quantity, which you want
0 get rid of ; the extermination of which runs you

0 a very high power. Now if it happens that this
fecond unknown quantity, is but in a few of the
Wrm8, which are but {mall in refpect of the reft.

en if you can nearly guefs at its value, you may
Tetain it in the equation, putting that valuc.for it,

Which will make little difference in the equation, a-
Mong o many qQuantities, if you mils its value a
litle, Then the root of the equation being extract-
ed will give the other unknown quantity very near.

nd thig being had, the fecond unknown quantity
Will then be foung more exactly, and may be fubfti-

tuted for it again, and the operation repeated, &5,
ften guels nearly at the value of

4nd one may o
this fecond Quantity, from the conditions of the pro-

lem; e pecially if it be a geometrical one, from the
conftruction of the figure.

Y3 Thefe
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Thefe forts of equations may alfo be refolved by
the Rule of Falfe Pofition, as directed in Pr. xcils
Rule 5 ; as alfo by Prob. xcv.

13. When you want to compute a problem for
fome practical ufe in common life, but by puriv-
ing it in its mathematical rigour, you fall upon
fome irrefolvable equations or intricate furds or 1€
ries. Then you may often refolve it on very -
ple principles, by neglecting fuch quantities or fuc
conditions, as ferve only to embarrafs the pmb,lem,
but make little or no difference for the purpofe you
want it. In fuch cafe, neglect fuch quantiticsof
fuch conditions, as are of little moment; and 10~
fhead of fuch quantities as make the calculation dl'f‘
ficult, take others nearly equal to them, which wil
make the operations more fimple, or as fimpl
poffible. Or fome of the lealt moment may be €0”
tirely left out. And thus one may come at an ¢3!y
~ {olution of the problem.

Thefe are the general rules of working ; all which
will be made clear, by the examples in the follo¥*
ing Book II.

e a5

= "=
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BOOK I}

The Solution of Problems.

. e

Problem is a queftion propofed to be re-
: folved ; and the Solution of a pTUblC‘_mi =
m =~ the finding fuch numbers, lines, ¢, as
Will fulfil the conditions of the queftion.
problems thefe are determined, that have a .
det_erminate number of anfwers; and indetermined,
Which have innumerablean{wers,
roblems are of feveral kinds, as numerical,
Beometrical, trigonometrical, philofophical, me-
t‘hanicg[, {ff.
. A problem of one, two, three, ¢, dimenfions,
S that which has one, two, three, {J¢. folutions
Or anfwers,
‘e have hitherto been laying down fuch rules,
35 are neceflary for the inveftigation and folution of
Problems, The reader muft take particular care,
'0 make himfelf well acquainted with thefe rules,
cep them in mind, fo that he may h‘avc
them ready for ufe, upon all occafions; for with-
out them no problem can be folved. But as pre-
Cpts are but of little ufe without examples, and
generally reach no farther than mere fpeculation ;
fhall therefore, in the next place, apply them to
Practice, and that in the folation of a great variety
of Problems, in the moft material branches of the

Mathematics ; which. 1 fhall now begin with di-
reltly,

SEC'E

[
N




SECT. L

Numerical Problems.

PROB L

There are two numbers whefe fum is 25, and the pre°
portion of ome to the other is as 2 to 3, whal
are the numbers 2

Suppofe {
per queft,
3x

4+ (2)
per queft.
6x(2)
7+ (5)

|

Suppofe

per queft,
2 X
3 tranf.

4= (5)

O Oy VI B N -

-

L5 S S FCU N

o

@ = greater.
¢ = leffer,

F Rl N 3
2a=3¢
a=1ie

ate=e4ie=25
2¢-}-3¢ =510

e=%5 =10, the leffcr.
e¢=le=135, the greater.

Otherwife thus,
a=greater, s=fum, =253
s—a =lefler.
2:3::5—2 : @8
24 = 35==20
5435
L 4 %
=" =% =13, the greater pul
ber.
S=—g—=10Q, the kﬂ'&r.

then
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PROB I
4 man bayiy

A 8 & certain number of pence, gives fo

z of them, to B 4, t0 C 4, and 10 D +5, and
then bad 3 remaining.  How many bad be at
Jrfp 2

Let 1| a=number of pence he had.
Per quett,| o 164 ta + ta+ . a=a—3
2 3| e =g—3.
3 tranf. 4 .,:'-‘ a=3
4 X 5| a=7y2.
PR OB I

A man bired a labourer, on condition, that for every
day be wrought, be fhould bave 12d. and for
every day be idled, be fhould forfeit 8 d. After
390 days, meither of them was in debt. To Jind
the number of work days “and play days.

Let 1) @ = the working days, 4=390;
then b—a= the play days.

124 =390—ax$8 =3120~8a,

20a4=3120,

8:3;20:156, the work days.

" ba=23y4, the playing days.

Per queft.
2 tranfp.

AW e

3 + (20)

I

oy

P R O.B.
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PR OB IV.

Seme young wen and maids bad o rechowing of 37
Shillings 5 and every mam twas fo pey 3 [hilling 5
and every maid 2 5 now if there bad been as WY
men as maids, and maids as men, the reckoWTS
would bave come to 4 fbillings lefs. FWhat 15 it
number of eack ?

Suppofe | 1| a=men, e=maids, =37, ¢=%
er ueﬁ{ 2| gat2e=b
perq 3| 2a43e=b—c

2X(3) | 4| 9s+6e=3b

3% (2) | 5| 4a4+6e=2b—2¢

4—5 6| sa ) =b42c

6= (5) | 7| a="22—g. the men.

2—34 8| 2e=b—3a

8- (2) | 9| e= ﬁ_;“;a =35, the women.

PROB V.

A man being afked what & clock it was? anfoer th

that it was between 8 avd 93 and that the bowr

and minute bands were boik tegether,

Let 1| #=time required, 2=8, ¢ =1t
a=1. gl
2| fince the two hands divide tf-
hour, and the whole circumi®
rence in the fame proportio™
therefore ¢:x : = d 3 x=0s

3 M 3| ex—cbh=dx
gtranf. | 4| ex—de=ch
ch 96 h, mS fees

AL 387

S o x‘f——d_l_-:b. 43
' : pROB
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PROB VI

A man gives the firf beggar be meets with, : of the
Pence be bad and 4 d. move: to the Jecond % the
rematning pence and § d. more : 1o the thivd 3 1he
Temaining pence and 14 d. more, and fo on, in-
Créafing 4.d. every time, till at laft be bad notbing
left 3 and then all the begpars had equal [bares
Ruery, the mumber of pence and beggars.

SUPPOfc 1| a= pence he had at firft.
perquett, | %+4: pence given to the firft

beggar.
e S -34—4:: remainder.

3+ (6 | SRR, A Y :
(6) | 4 %5 = & the remainde

r.
4+ (8) 5 f—ga—% +8= pence given to fe.
cond beggar,

2=s 6l = -5 4
. g +4-.§ga---g+8,perque&.

X(36) 6 -
7 tranf, § atf-:j; ;3.4'"5“_24"_288

%s 9| 204-4=24= fhare of each.

%9 liwo I—E-’: 5=number of beggarss

PROB.
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PR OB. VIL

There are three numbers, the firft with } the otbe,
swo makes 14, the fecond with % the other V¥
makes 8y the third with v the other two makes
8. What are the numbers ?

Let 1| a4, & y be the numbers.
‘ 2 ﬂ+%‘y:l4
a
perqueft 3 e+?:g
a-¢
4 y+-g—:8
2x(3) | 5| gatety=s
3% (4) | 6| geta+y=32
5—0 71 28—32¢210
5X(5) 8| 15845¢4+5y= 210
4 X(5) | 9| a+ets5y=40

§—9 10| 14a-44e=170
7X(4) |11| 8a—1206=40
10X (3) |12| 42a4126=3510
p14-12 [13]| 508=5450

13 (5)|14] a=11
7 tranf. | 15| 3e=24—10
2010

152 (3) |16] ¢ = z =4
5 tranlp. } 17| y=42—30—2=5.

PR OB, VI

Having given the fum of two numbers 8, and ’Ejf
difference of their fquares, 16 ; to find the PP
bers,

6.

x=lefler number, a=8, #="
¢— % = greater number.

162
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Y82 | 2| sx=f{quare of the lefler.
2@ 21} 4 Aa—2ax J-xx :fquarcof the greater
45=3 5| #a—2ax=b per queft.
Stranf, | 6| 205 —40—>
[ __ﬁﬂ—-—b_ 0
= 2g 7| w= =% the leffer.
2, 8

a~x=s, the greater.

PR OB IX.

There 4y three numbers, the fum of the firftl o ffs’»’
Jecond s 9, of the firft and third 10,¢f the fe-
cond and third 13. What are the numbers ?

Let Tl % 5, 2, be the numbers, a==0,
b=10, £=NE3%
2| ¥+y=a
Pmlueﬂzg 3| x4-z=5
4| ytz=c¢
2=x 1 5| y=a—x
3—= 6| z=b—x
4 5,6 7| G—x by =¢
7tranl '3} 3=, - bms
£ o __{I-!-if—-!'___
=(2)] 4 Aome—2=3
5 o] y=g—x=06
6, 1 2=b—x =7
PROB x.

Two travellers A and B, 360 miles diftance, Joi out
at the Jame time. A travels 10 miles an bour

How far does each travel before they meei ?

Suppofe I} A travels x miles, then B tra-

vels g60—ux.
bYP"OPOF- 21%:360—x::10:8
2 X 3 | 8x=3600—10%

2 tranf.
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3 tranf, § 4| 1Bx=3600

0 -
4=018)1 5 x:g—loﬂizzoo, A’s journey.

1, 6| 360—w=160=B's journey.

PROB XL

If three agemts Ay B, C, vcan produce the effet?s ”}
b, ¢, in the times e, f5 £ refpediively. In whé
sime will they all jointly produce the effeis d?

Let 4 1, == time fought.
ax 3
2 £::1%:241 A’s ¢ﬂ'¢&mfh‘
time X.

‘by pro- e e e T L e 1 ime &
POfliionl 3 f.x..b.f_Bseﬁ'c&mtl

4| gix:: ¢ %:C’seﬂ'c& in time ¥
ax l:_"' £% =
2, 4|5 ';+f-+-g~_
5 reduced | 6] = ——=—— = time required-
3 1]
e "
P R O B. XIL
A woman can buy apples at 10 a penxy, and P‘;Z :

at 25 for 2 pemce; if fbe lay out 9% PO f
100 apples and pears together. How 1D

each muft foe bave?

a
£

Let 1| a=apples, then 1 00— = pears

2 lO:Id.::a::!—O’ price of the

by pro- apples. ¥
portion UTERT ¥r Ioo_a:w__i}".‘.;—-,

price of the pears. 207
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PROBLEMS. 235
: @ 200~—1z1
Pﬂ” qlle[t. 4 "l—'o + 25 :91‘
4X(50)| 5 584 40045 =475
5tranip. | 6] a=75, the apples:
7' 100—a=25; the pears.
PR O B. XIIL
Ay

intner would mix wine at 1o d. the quart, with
anotber fort ot 6d3 0 make a 100 quarts to be
Jold at”9d, oo much of cach muft be take ?

Let T a=quarts of 10 pepny, ¢=quarts
of 6 penny, b—10, (=6, m=
. 100, f=7,.
by pro- { 2| v2d:iada, value of 4 quarts.
Portion 3] 1:¢:e:ce, value of » quarts.
per qu, { 4| bat-ce=mf.
51 ad-e=m
Sk 1 6 e=mes
4, 6 7| ba-tcm—ia=mf
7t | 8 dg—sa =[h—cm
8 . 1 fm—cm
' N SSEEES
6 __ bm—fin
] 10 — T
b—¢

PR OB XIv.

4 faioy exchanged 6 Frepth croagns and 2 dollars
Jor 45 Poillingss and g French crotoms and 5
dflfars Jor 76 pillings.” Wbat 55 sbe value of &
French crown and a dollar ?

Suppofe | #%= Erench crowns, 3 = dollars,
l 46, b2, d=y, E=B, r= 45,

J =76,
por
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perqu.{
2Xe
3xb
4=5
6 -

8 tr.

NUMERICAL

<0 N ot pw

10

ax+-by=¢

dx +eoy=f

eax +-chy=ec

bdx 4-eby=0bf

aex—bdx =ec—bf
_ec=bf :

A =ge—bd— """

ec—bf

e e =

Th ec—bf _ bfa—bde
V=T ae—2d * = ae—bd

af —cd |
AT
PR OB XV.

To divide a number b, into four parts; [o ¥hal ,’l_”
Sirft being increafed with d, the fecond diminifle
by d, the third multiplied by dy and the fourth 9
vided by d 3 may be all equal.

Let

5Xd
2, 6, 7, 8,

9 reduced

Nt B R

\O 00 7

a, ¢, #y ¥, be the four parts.
atetuty=>b,
a4-d=e¢—d

a+-d=dy

1
a+a+2d+{:.:£ tad4-dd=b
bd—di—add—d

e TR g

B. 1k




PROBLEMS. 337
bd4-ds 4-2dd 4-d
6 —22a+2dd+d
i 0 dd42d 41
i
el L B s v
g - bdd
il 7 S o
PR OB XVL

A merchany bought (4) bufbels of wheat, (£) bufbels
o barley, and (€) bufboels of oats for (m) pounds.

Yerwards b bought (d) bufbels of wheat, (&) bufb-
s of barley, and () bufbels ~ of oats, for (n)
Peunds,

Aud after that, (g) bufbels of wheat, (b) bufbels of
ﬂf’/g‘y, and (é) f)uf})e[_; gf oals fgr (p) j?a!!?hfi‘!,
m'fbfm‘f at one price. What was cach per bufbel 2

L % Y5 25 be the prices of the wheat,
' barley, and oats,
2| @xtbydcz=m
pw ‘]U-; 3] deteytfz=n
. 4 ,gx+b_y+.{'z:p.
2xfk 5| afko-bfky 4 cfiz—fim
3Xck 6| ckdx+ckey+cfkm—cin
S | 7| daxdofby+efiz=cp
561 8 afkxmmckdy 4 bfky—ckey= fRin——ckn,
6"?"7 | 9| fhdx—cfix +-chkey—cfly = chn—cfp.
fubitic, 8,1, Ax4By—C
: 9 (11| Fx4-Gy=H.
C—Ax
10 A
reduc, |15 ==
I redye, 13 ¥ :H__F "'“_
12¥ G
| C—=Ax H—Fy
12= . CO
=3 iy T
X 115, GC—GAx=BH—BFx
Z ; 15 tr
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NUMERICAL B. IL

15 tr. (16| BFe—GAs =BH—GC
_BH—GC
'7] ¥ =BF—GA"

befkkn+ vefkep A-cffkbm
by refti- — ffbpk—cf kkem—ccfhbn
tution ¢l 18l x= ey e Ul B &
10, 1 i ? .'é“r;"f-r‘:;' kd <+ -“1.‘"\" € +a£jfkbd

— &fﬁgizz——u;__a".{r’l'r.‘—t‘ff kb
_cfk _ bkn—bfp-cep—kem+ /i "

18+ cJk 19V ¥ =Bkd—bfg 4-ceg—ack +afb="

x being had, y may be found by ftep gath; @°
then 2, by reducing the equation in ftep 2d.

If the number of oxen a, eat up the paflure by in 1h

P R O B. XVIL

¢ 0

time ¢3 and the oxen @ eat up as good a pafp¥
in the time [ and the grafs grows uniformly:
find bow many oxen will ear up the like pafih’® b
in the time b.

State it thus : Oxen.  Weeks. Aeres.
a ¢ b
d f ¢
¥ b J4

Let 1{ y= number of oxen fought

2| x= grafs upon an acre at

z= grafs growing upon an
a week afterwards.

4| 1 = grafs which an ox ¢4
week.

bx, ex, gx = grafs on the P"&urgs

‘atre, 1

s iﬂa‘

ac, df, by = grafs eaten by

oxen, @, d, y, in the times &

-3

5
s € K- of-
by ‘nro-‘ 6| cbz, fez, bgn = grals growh in
V'Jf:)ri’mn wards on the paftures & L4
3 l the times ¢, [, &. e
&

h
o




Sedt. 1.
ber qu,

8xef
9Xch
Sy

13-5..-.
IXg
10xe
16-—-]5
l?-....
83
19, 14, 18
Pue
20, 21,
2Axpreg
23 tr,
24,

21y 245
QG‘ 21

27

5 1’2.7

10
II
I2
13
14
Is5
16
i)
18

PROBLEM 3;
ac=bx 4-chz
O Zex4fox
Yo=gxthoz
agcef icf&xieﬁ&z
cbdf =chex 4-¢ befz
acef—chdf —efbx—cbex.
_ peef—chdf
= tfb—eih
Y =gex4gfex
eyb=ogn -ehgz _
Ob—gdf —ebpr—sfis
QR —gdf

339

X

—b—-:x-l-.rz

ac . actf=schdf ceyb—cgdf
T = ofr—eb ehg—efg *
p=f=ct, r=b—f, r4p=b—.
aéef—cbdf czyb—-cgd_f
o= =
acpreg =acefrg-—chdfrp 4 preybbo—s
cdfeh
pey;;&jg apreg < aefrg + bdfvg +
TN
Pebky =areg X p—F + bdfgxr +p.
Pebbyz=—gregc - bdfy X r+4p.
Pebbys=acepxf—btbdfy x b—e
_acegxf—b + bdfr x b—c.
e beh % f—

Za PROE,
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To divide ten thoufand into two fuch parts, 1 that W
each of them is divided by the other, the fum 4

NUMERICAL B. 1L

P R O B. XVIL

b
of the

quoticnts, may be 5.

Let

2’4‘?' qu. % -

2—a
4@ 2
3 X ae
‘1‘}5)0
7.5
8 =

g reduc.
45

| 1

2

3

CONY Oy

O

10

a, ¢ be the parts, b— 10000, £=2"
P )

ate=b

a ¢

T + Z =

e=b—a.

e =bb—2ba+aa
cae=aa-cee

cab—caq =2aa—2ba+bb
2 +¢.a0—20 -+ beva =—Dbb.

. —bb
aa—pa = 2:}
bW b 268
a= 4 €+z+ 5273:
£=1726,732.

PR O B. XVHL

e

A general would range bis army in a fquare battlts Z'ﬂ!‘
finds be bas 284 joldiers to [pares but ife e
creafes the fide of the [quare with one ks Ji

wants 25 to fill up the fquare. How wat)

diers bad be ?

Let 1| a= fide of the fquare.
2| aa+4- 284—number of men

i 3| @41 —25=number of meD

i 4 m¢+28_;raa+2a+l—-—2)

4 tran. | 5| 28=308

52 6| a=154 of
7| aa+284=24000, the pumber

men.

pRO¥




Sett. 1. PROBLEMS. 341

FR.D By

Several perfons dining at an i, the reckoning came
fo 25 ﬂ:illiﬂgs; but 1w of them finking awav, the
refi had Io_ﬂ_lg"!'é'z'rzg_; a-piece miire 1o pay.  Qhery,
the Humber of perfons 2

PLI(.' 1| &= number of I‘,PI'F&T)I‘IC. at firft,
V74
2| = = each man’s fhot.
Der qu, “
? s 195 :
3| a—2 ¥ a T10=175.
3 X 4| 17584 1080—350—p00— 754
4tranf, | 5 1048—200 =350
iy 6 As—2q=13¢
6 refolved 7| a=2 L
i B 5
25 8 ;" =235, the club.

PRO B. XX.
There is 4 numd,
Produgg ;¢ 31
double 1h° fe
adde] makes

“E inverted.

ers confifting of three digits, whofe
52 and the fum of the firt and laft is
conds and that number with 396
@ nitinber confifting of the [ame digits

SuPpofc Il a5 ¢, 3 the digits, ;j : ::
2] a4y=q¢
Per qu, 3| sy=315
4| 10024106+ y +396 =100y} 108
+a,
4+ 5| 99a4296—
= 390=
5 (99)| 6] a3-4=y =
E""“ 7| 26—a—y
=7 8| a4 4=20—0p
Z.3 8




142
8,
6,
3s G 10
11 refolv.
gy 10

Put
per quedt.

2,
afflume

4y
s 44 5
6—x
7 tranf.
8 refolv.

4

NUMERICAL

9

1O

11
12

A3

I

[ ]

—
O 6o~ O\ H W

a=t—2

y=t+4a

aey=txE—2 X t+2 =#'—4e =514
e=7

d=g Y=0s

PR OB XXIL

b =49 62

3 T
o' —g =la
;’: 4

4" —a"° = ba

x¥%=a, then

o s
a*=x9, and a° =¥+
%9 - pt = bxs

K5l = bxx

MS—bxn =1
¥=1.74256
4=27.998

P R O B. XXIL

a‘e’ 4-a*e’ —234000 =B,
ae4-ae* J-ae3 =1860=¢,

to find a e.

¢
a*c—i—ea-{—a‘

1 1 b
a' g =

4 ce
Pl et o

e+eee g+ ce4¢

B. 1L

To find the valus of ay, when \/41_:/‘{;:4‘9625’

5%X¢



Seét, 1.

PROBLEMS. M3
¢ e
SXE N | ¢ =
etetee  Tqete
6 x 7 5Xm_1:cre ¥ 1 4-e4-ee4-c*
reduced | & be® 4365 - Ghet 4 7bes +-6be
w—l P e g
+3be4-by _
—hy 7y

PROB xxL

There is 4 cafk of ram, out of whick was taken 4%
&allons, and ‘filjed upwith wwater, and the fame re-

Deated three times mope, At laf there was found
8 the proof, 10 remain 25,2

935 gallons of rum in
W What was the vaptent of the cafk ?
1. b=4r1, c=25.293%, a=cafk’s con-
Let ‘ tent, then —p =firft remainder_
2

And fince the quantity of liquor is
as the fpace it pofiefies 3 therefore
4ia—0 (1 rem.) ¢ 2 a—b:

cz—-——bz Y a——_bl _a—b

' ¢ ° aa

o P, .
| (3 rem.) :: EE” : [i:g——(ufm)

3

2¢r queft, e,

3G 4| ¥ —4ba* + 60batmmsbi g4 b —car
4 tr, 5| 9 —4ba’ +6bbar—sbig ——ps.
—
5 refol, 6

4=124.84 gallons,

Z 4 PR OB




| Given I' !
| 2
Ts ! 3
2, 4
5
Put { 2
356 |7
e | 8
45 8 9
dd 10
9X %

10 X 11
1T = ‘Iz
Q, 12 ;13

F
13X 14
14 % (15

NUMERICAL

P RO B. XXIV. |

'»‘+~ 'y yrix -y =dxy.

X +r‘y +yier 4y° =bbxxyy.

x* +'-‘ X x4y =dxy

Ayt X &yt = bbsxyy

Xy=a

xt+y=e

e—24a xe:da_x -I—_y X & +}’
da

Ce—24 — —é- 4

ddaa
75*-——2052 =X4]yt

= T %

¥ +y* =bbxxyy=bbaa.
dd—2ee X da =bbe?

bbes
i :d_:——Z ﬁ’cfé‘
2bbet o dbres :
o fi"i:—.zdeé - .d‘—zdﬂ.’

die3—2des —2 bber —dbbes
di——adee— 2 bbe—dbb
ce—{-%‘;—be: {d—:j-é 5. ta quadrat}c

which gives ¢, and then 4 by
ftep 12, and x and y maY
found from ftep 5 and 6



Sedt, I,

Given

that i,
I, 2
Pyt

395,6
4a5,5
7X38

9&03

7+ 10

o

8 = 1o

5~be

13, 14
15 red,

PROBLEMS.

Suppo{‘c |

345
PR OB XXV.

@Se—bdat -20a’ec 4 bbaes —adbbate
—bide* =ds

a‘¢e — 2bda‘e 4-bbdda* 4 bater w—
2dbbaer 4bbd 4-bid e = bad-,

;z;:{:l;lx ae—bd =d°,

ae—bd ¥ aa-+be—=b*d".

aa4-be—=x
ae—bd=y
xz), :d&
yx=bdd,
Xy =bags,
xy=>bdd\/bad
4o d: ( Lgey
= = —/bbd
bdd/bdd PP
[r/""féﬁ'[ - 4 {f E TZ:C{
S gy 4 Y
aa—x—ba
y+bd
a=

e
- :y1'+25a’y+5bdd o
ee 3
Xeg—=bet =yy - 2bdy 4-bbdd, a cubic
equation which gives ¢, whence
@ is known by ftep 14.

PR OB xxVL
To find four numbers
of every three

s I 2, v, baving the produl
given.,

i l Xyz=p

2 | yzv=¢

3 | sun=d

ot g

(TE]
7
~

P




346
IX2X3X4
5 w2

6= 2

10

NUMERICAL
szt =bedf
Xy2U = \}Edff
x:\’/écdf
¢
 bedf
d

y=
o/ bedf
7

S bedf
L/ g T

P R O B. XXVIL

To find 3 numbers, x,"y, %, baving the produl? of
each and the fum of the other iwo, given.

per qu.

1 +2+3
4 =(2)
F—1
5—2
5—3
6x7x8
9 w2

10 = 6
10 =7

10+ 8

O WO oo N i AW Nm

]

II

¥ X y+z=b
¥y XX¥+2=¢
z Xx4y=d
2xy4-2xz4 292 =b+4c+d

b d
xy+xz4yz= )+:+ —s, by fubft.

yz=s—b
P et
xy =s~—d
XYY 2R = 5—b X 5—0X —d
2=V 5—b ws—t X 5—8
Vis—ixs—d
ey S
b x s—d
b $—t '
v s—b X 5—t
s—d '




Ged. 1, PROBLEMS. 347

Fig.
PR OB XXVIL

To find any polyzonal or figurate number.

A figurate o

of a {;

becaufe

eries of
greflion from ¥

poligonal number is the fum
numbers in arithmetical pro-
And thefe are fo cilled,

2T.

: they denote the number of points,
Which f]

ftances, on |

ftant,
Owing

Rals, and the p

them,

Hes thew

on the

and the pol
Number of

Rank,
1

N O e B "/

lare

to the
table th

ews the arit
oligonal nu
he numbers of the ari
what number of
feveral parallel lines
igonal numbers,
the points contain

points are

gular poligon, placed at equal
nes drawn parallel and equidi-
fides of the figure. The fol-
hmetic proportio-
mbers formed from
thmetical fe-
placed
of the poligon;
thew the whole
ed in the figure.

Arithm, propor-
____ tionals,
5y 1, ¥,

"2 3456

s 3 5 75 gy
Iy 4 7510,13,16
15 55 9,13,17,21
I, 6,11,16,21,26

) Iy 7313:19,25,31

Let

——
’I,I,I}l

Poligonal num-
bers.

Iy 2, 3, 45 55, 6

I 3 6,10,15,21
13 4, 9!.‘6’25’36
Iy §:12,22,35,51
I, 6:‘5,18545a66
I, 7‘18,34,55,81
1, 8,21,40,65,96

~——

Names,
laterals,
triangul.
quadrang,
pentang.
hexang,
heptang.
oftang,

1

= any rank, x—
ber fought,

poligonal num-

n=place of » ,
mon diff. of the

ill‘ilh.pmp 2

then »—1 = com-
arithm. feries

P 14#—1 X r—1= the s term in
r. 6, the arithmetic progrefiion.
. Pr, 5 | 5] 24—t xr—1

_ the poligonal numbers,
2 i1 =1
W3 |4 x-__:-‘—-{:—~——2-r>-(—h‘- X n.

= X n=n* term in




SECT. IL

Of Intereff and Annuities.

PR OB, XXIX.

The principal, time, and rate of intereft being g;';)t.ﬂ:
to find the amount, or money due at the end of %%
time 5 at fimple intereft,

Cor. 1. Henee p =

p=principal, #=time, r= raté of
intereft of 1/ for a certdi®
time, as 4 year, & s = Ul
of all the arrears.

1:7::p:7p, the intereft of 7
for a year.

1irp::t:pre, the intereft fOf
the time 2 d

p+prt = whole arrear at the €0
of the time ¢,

p4prt=s, the arrear fought.

1 art

s ]
T whoen 3, !
ri-1 y - 258

. e :
Cor, 2. f= o ? when s, P, vy are Qivem

- e
pt’

ben 5, Py ty are gived.

pPROP




Se&t. II: INTERRST 21d ANNUrTIES, 349

PR OB XXX,
The annuity

s time, and rate of interef being piven s
%0, find > of intereff being giv

20 ‘arrear, at the end of that time. at
Simple intore ’ f E

Put '} 4= annuity or yearly rent; /=
time of fotbearanice ; .r= inte-
_reft of 1 /. for a pear, e 5=
whol€ arrear.
2\ o=intereft due at 1 year’s end.
by pro- )| 3| e=sinterctt at 2 year’s end.
Portion § | 4| 27a=intereit at 3 year’s end.
51 3ra=intere(t for 4 years.
6f =5t *a=intereft for ¢ years,

L 7| ta=rents dye at the end of ¢ years.
13v0:5:05) 81 ok 14243, ., t0 f—=1 X into
o 7 ra-ta=y,

) : Xt—1
Prop.». | 9 OtI4243 .., t—1 = -
Pi—1
% 9 |10 5> ra4ta=s,
t—1.r-}2
10, 11 X ta=js,
2
COI‘. : (% 4= 25
b—1r42 wy
St
Cor, 2, 7= st & 2—r)? gy
ar ar |77 T

Cor. 3 = 25—ia
I—i Xia

PR OB.




450 INTEREST od ~ BIE

PR OB XXXIL

T find the prefems warth of an annuity, ta confimi 4
given time, at a given rate of fimple interef-

Let 1| p—prefent worth, a==annuity, /=
time, r==intereft of 1/
Prob. 29. | 2| p4pri=s i
t— 1.
Prob. 30.| 3 Ir-‘l'-’zh::.r
I—1.7 4 2
2=% 4| ppri = ———t
fo1
BLESE a4l
¥ A—=1.r 4 2 4 ____2__:_?__44,
: 5 2ré+2 = ri41
PR - - " WU 4
‘{:or.x.a_.t__l X T
A e

2 2 2
Cor. 2. :t+-;--——--§—-z xt:;g, whence ¢ M) i
found.
2fa—2p

Coi: 3. ¥ = ===t ¢
2p——t——1.8X}

P RO B XXXIL

The principal, time, and rate of intereft being gi’&fﬂ’;
to find the amount at the end of that HWt
compound intereft.

e g — inte*

Let 1 | p=principal, t=time, 7= mutn!
reft of 1/. R=1+r the am®
its i , $=

of 1/, and its intereft hat

f

qf money due at the endo e
fime.



Sedt, 11, ANNUITIES.

351
Per quett, | o

t+47 or R=money due at 1 year’s
end.
3 1:R::R:RR = money due at
2 years end.
by pro- 4 1:R::RR : R:= money due at
portion 3 years end. -
51 R' =moneydue at ¢ year’s end. )
] 6l- 1:R7:: p:pR* = the amount of
? for the time ¢.

6 |4l pR'=s
Cor. 1. p = 25
2 X
Cor, 2. R = 5 __logzs—log:p
s 2 R - P’ or [_'_H—-———-—[ag,l{ *
' log:s—log:p
Cor. 3R = \/;j—, orlog:R:iiT‘—gi‘

PR OB, XXXIII.
The auntily, time, and rate of intere, being given 3
10 find the arrears due at the end of that inme, at
compound intere

Let 1| @ = annuity, or yearly rent, s=—
time of fnrbcarmce, r —interelt

of 1 [ for ayear, {5, R=i 4,

s=fum of all the arrears.

2| @=money due at 1 year's end.
2¢+ra=a-+4 Rezarrear at , years
3 end.
b 4| @+aR4-4RR =arresr ip 3 years.
yProb, 5| a+aR 44gR*4gR3 — arrear for 4
32 years.
6 4+ aR 4-4R* 4 4R} .... to

Rt |
@R =the arrear for ¢ years.

geom,
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geom.
piopor.
pmp.zﬁ

6, 7

I, 8:

Let

Prob. 32.
Prob. 33.

2-=3

4R

Cor. 1.

INTEREST “and B. IL

e
ST +R+ R +Rs% .. 00 R
_RXR[—K—I : 2 Rb—i
_-: =gt 7 Ly
Ri=-
g ! 4 = money due a the end
. of ¢ years. '
e S
9 4=
¥s
B =
R—1
[ ¥y
g +1

rs
Cor. 2. R'.:';—]-I, or 1=

To find the prefent worth of an anntity, to
given time, at a given rate of compound interef

|

lgiR

[

Cor. 3. %R—R’: 7—{; , whence R may ot

found, and then 1.

P R O B. XXXIV.
io continke

p—prefent worth, a—the annulf}:”
t—the time, r—intereft 0
R=14r.

PR =3
R'—1
—_— a3
v
3 I{'—'l
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Cor, I. a — __}0_?__
1
) e
R*

a log:a—Jog-a—opr

Cor. 2, R'= e
a—pr

log: R
x a

Cor. 3. R* 4 ZRr . et =7 Whence R
and r il be Sound,

PR OB xxxv.
To find the value of an annuity to contin

ue for ever,
at a given rate of compound i

ereft.
Let 1| 2 = prefent worth, 4 — annuity,
r=interelt of 1/, R—; +7.
Pr, 34 Ri—1
ftep s, 2| p= T
Prob. 73

*| 3| but fince 7 is infinite, R’ is infi-
cor. 7. nitely greater than I, whence

Rie1 —R.,
R’ a
2, 4| p=| — = 4
- H 1 7R - ) %
COI\ I a"‘p}‘.

PR OB XXXVL
bat rate of intereft will 1001,
in 9% years

At gy

amount to 200l,
s @t compound iizn:)‘qﬁ.
Let

Pl’Ob. 32, l

Iy r=rateaf 1/ R=i4r ¥rgl,

1I00R* = 29

2 0. per queft.
A a




354 INTEREST and B. 1L,
R :L"::z
Ris=16

3
; 4+ %
4 wgg | 5| R= \716:1.07_37by10garit11m5
6
7

R—1=r=.0737
7.3%7 = rate of intereft per cents

PR OB XXXVIL

If a principal x be put out at compound interdfts ﬁ;
% years, at x per cent. fo find the time ¥
which it will gain x.

Prob. 32.] 1 pR’:;-
ft.| 2 pomime "R X =t
per quelt. g P — —, =
P N F=Hy 100’ =1+ 700’
$= 2%, "
Z
: I, 2 3| XI5 = 24,
x £
= 1 - ‘:
3 o+ 4 100 2
nature of P
logs. 5| X145 X M = .3010300
P rob Ss]. X xx 5t
’ X - o - ;_ ____“_ _'__/
; O e 6] #X 755 20000 + 3000000
! 30103
b 1= SH
Ly X3 ___if-/ &c
6, | 7| 165 — 35000 + 300009
100 20000 300 |
, i =,603147
by reverf, | §

x¥—8.49824 years, ‘

pROP®
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PR O B, XXXVIIL
Given the ¢

feéfe per cent, for a year (5L), to find
what the amoyny of any fum (rool.), will be at
tbﬁf;’”a" s end, at compound intereff 5 fuppofing it to
Tije from the prin, ipal and interet due every day,%c,

Lt { Ll r=intereft of 11 fora year,
2| m=365 the parts of a year.
x

3| - = interelt for r day.

r
3 4| T+ =money due at 1 day’s end.
Pr ry
eb. 32,1 5| o + ;| =money due at the year’s
end.
b IOD 4
¥ os'\ 6| n X log: 1 -{—? = log: amount
6 for a year —.02 15604.
f’Xl‘o 2 I.6509 =—amount for a year,
o B 105.09 =amount of 100/
Ot '~ Ll 7. =1
5 9] T4 =) =14 » re =+
n + + 2nn
LS S
mo—1 , p—3
2.2 1 &c. the amount
for a year.
10| If 1he intereft is fi

ippofed to gain
intereft every moment, by be-
coming part of the principal ;
then # is infinite, and
ry: r: 2 re
1 Tl=mlrd— e e
+n e 3'2‘3‘{23.4-
&c. the amount at the year’s
end.  Bur this fedies is the pum-
ber belenging to the hv perbolic
. o'y J
logarichm », whence '
A i The




6 INTEREST and B. Il

10, 11| The number belonging to the 10;
garithm 43429448 r= amoun*
of 1/ for a year =1.0513°
and for roo=105.13, to §3*
intereft continually.

0
19,1

Schol, 1f the intereft for a day be required, fo
that it may amount to 147 at the year’s end;

) aXh
compound interelt 3 then the amount at I day
n
end, will be /14735 which is fomething lels chat
?.
r ¥
1

P R O B, XXXIX,

A man puls out @ fum of money at 6 per cent .;f
continue 40 yearss and then both principal and ":._
sereft is to fink. IWhat is that per cent. 10 cont
nue for ever?

i . . - C

I'he queftion amounts to this; if 100 L. bs
paid for an annuity of 6/ a year for 40 yeais
what is that per cent ?

of
Put 1| a=6, p=100, f=4o0, y— raté
v R =1 r.
Prob. 34. ’ l?’*g-'ﬂ—irﬁ'.’{.'tf-——[;?'
COf 24 2| IS T
g:R —r
‘ Jv_-——‘
a5 T op R & e - MEEEN
3| 5 —_ 7
I y ISR —
10— 0—1007"
440 ) . aﬂd
suppofe 1 41 R = 1.053 then ?‘:’I'O_z’) RZ
E L:R:.f;;rn_lg_“ whenec
l 1.046 which is too lirtles il

5 .04
|~ LiR =.023424, and R=H v

Sy [ - i el &
wuppole ! 51 R=1t.053, then £=:2955? %
|
|

Thed




Sedt. 11, ANNUITIE 8. 357
Then by rule 5 Prob, xcii, B. L you will find

=1.052, and the rate =5.2 per cent. which may
€ repeated for more exadinefs,

XL.

ence ; and 8o 1. 5 years

JC’J‘IfE s in wh

6]'[ f'?ﬂ'( &3 ] .:_/LL fl’ ;‘1“ 1"’[’&')‘._), al
5 per cent.
P o Il ¢ = the time.
rob. 22, 200 1
cor. 1, 2\ 152% = 172.56, the prefent worth
05
of zo0 /.
: fo )
ib, 3| Too = 62.08, the prefent worth
1.05
of 8o/,
P 23 4| 235.44, the whole prefent worth,
lob 22 .f:_,.‘T g O__“‘;\r ';u R L;_‘__"
Co 5 _— L 1 o i
ek fq;f:l.o‘.; —=3:552
years,

PR 0 B XLI.

What | mft I pay for an aniuity of gol. o0 begin 6
Jears bence, and then to continue for o, years, at
5 per cent ? -

Le o8 -
: Ll e=730, t=g;, R=1.035, x=s.
) A i)
Pr R
ob. 34, 2| —=——a=prelent worth of the an-
nuity 7 years hence —;,
i
J)F(Jb. 22 3 § S e
cor, 1, o e ————¢ = prefent worth
1{‘ |)\.
of ¢, 7 years hence, fr() *o_p.’
the prefent worth of the annuity
in reverfion

Aa gy SECT.
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B. IL

< 3 o WG 1 | 8

Arithmetical and geometrical Progroffion

—

PR OB XLIL

% : P
A traveller [ets out ond goes g miles a days 3 doy

) g F / y . s oady
aftery ancthber follows bim, who travels the i a4
les, the fecond 5, the third 6, and fo o

4 i

In

what time will be overtake the firft ?

per queft.
arith. pro-
greflion.

per qu. %
$—35

6 reduced
7 extr.

[0S §

x¥=days the lait travelled.

x—1 44 =his laft day’s travel

it -fb, . i
"*"iix.’c =his whole Jm.l‘ﬂCY

x+3 = days the firft travelled-
% 43 % g =firlt man’s journcy
Xx -4 I

=X kg
2 )X 27
Xx=—15X=154.
U 1

P R O B. XLIIL

A ; 1he
There are three numbers in arithmetic prag?’fﬂ_’f”‘ be
or awith the Drodud
[quare of the firft together with the pr oduils

sther two is 16 3 and the [quare of

1he meah o

) I
gether with the prodult of tbe cxtreams ¥
What are the numbers ?

Put | I la——e, a, a-+¢ for the pumb

per qu, { I

2

3

efss

b=10, TR
2aa—att-et =0
2aa —Ee =6

243



J‘XRH‘HMETIC 1. PrRocrEssION ¥Eo
2t+3 | 4 =b+4c=s by fubft,
4 tran. | z '

tran, | 6 -
0X aa 7| Gace—= ra%—caa
© 218 == 10at—8sa* g5
= 9| 16a4—Fsa +-Jr = 2at—caa
£ ——
I]Oreduc' 10 T4gr—pgy—c.an “+5i=0
¢ - .
11} 4q= =0, a=3.
> s A448—%
Thot B8 10T GPE R S
' é =
1, 13} and the numbers are

P'R°O B! XLIV.

Trbt.i‘ j
4 mr:‘ Sfour numpers in arithmetical pro;
Woole commmey 4; i

Let

T ,Arf-. 1.
-"r‘.
& FEYivlEy

erence is 2, and pr pmﬂ O5.

I 2b=2, or b=1, p=3405; cr~—3!'?,
a—b, a+b, a+3b, the num-
bers {ought.

as—gbb X as—bh =p

a‘*—ixochlbar +9L"—

4| da=64, a=3,

51 the numbers are 55 7y 9, I,

PROB XLV.
o find JSive numbs

TS in arithmetic proprefion, whofz

o, end produg are givei,
PL]E 11 a—ze, a—e, a, g4 g, ¢ L)_:_‘ 1":.,:4
the nﬂ"ﬂh‘aﬂ -‘J = iLl"‘}. — LB
p=produc =32 :30.
g 2 5(?-—_;1'—}— =58 =0,
ker m » a ] -
7 U 1 3| a=—=wm by fubft,
Iy B
- i a X "fﬁ's-“"-{» T X aa EE — 1

A a4 2




Let

per qu. %

A=y
5Gr2
6, 2
a4
3 8
g e
2 X 4
6—r11
12 lw 2

5+13

5=t

GEOMETRICAL B. Il

7
8
| 9

To find threc numbers in geometrical progreffions
the fum is 20, and the fum of their [guares 34

1

\D 0N v B Lo W

I
12

12

14

15

m X mm—aee X min—ee =P+
m X mr—sminee -4 46+ —=p

'l
4er—rsinmee - m4 = g

ey L=l
and the numbers are 3, 4, 5» 6, 7+

PROBLEM XLVL

¥, v, z be the numbers, p=1%
¢ =140,

Xa=9y

xfytz=b

xx 42z =C

xz=b—y

wx 252422 =bb—2by )Y

xx 42z 4 2yy =bb—2by +3)

xx + 22y =bb—2by

bb—2by=c.

4¥Z=4)y
287 22 =bb—125by—3Y)

x—z =8/ bo—2by—3)3

__i‘)-—ﬂ_)'*i-\/t"fi'-——zb_}'——::ﬂ =
o 2
13:44/12}
4 gk
b—y—S bb—2 bv—3)) —
== a1
2

13;—/13%
o=,

pROB

qhert
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PROGRESSION. 361

PR O B. XLVIL

To find L four numbers in geometrical progreffion, whafe
Jun i 15, and the f!(m of their Jquares 85

Let

ber qu,
N

22 4

by propor,

Put
2, 4

55 7)8

Bug

i
l

2

VI

S0~

&

U, X5 ¥, = be the numbers, =15,

£.=85,

’U—l—'\'—i,—"}—[-'*—'!;

Vipx by pm=e

:':i“t—-l-‘_i—‘ = r—!—\' + vz
2X %4y X v+5 = *¥taxy 4

11'_*_ "U+2 1 + . 4 —t‘ 2 Xf‘-’i‘)'
x v +f>— hlr
._]__, \)l._l_

"ﬁ"_\\r

a=x 4y, E=Xy =z by pmpor[lon.
J+2=b—p,

ct-de+20 % b—g —bi.
XX i L b ]
Wi the pature or
- 5 > y

proportion,

’X““T""X —{-—;_LJ

nX s
i +x-+y +—;— =0

w1yt

3

a- =
.*.).'

1) =as=x'43 %%y + 3xy° -+
JL!..{_JH-— 1_3\1 e :‘+}l
X3-Ly3 a’ a’

¥ Ty AT 3%

at
R

al—apge—}e
bed20e =gt




362 GEOMETRICAL
as
bl
9, 19 |20 +v+ ﬂ—}-qab—zm:é!)
bb—c
20 reduc, |21| 2aa+ca—= ]
21 extr. [22| a=6,
19 23| e=8.
— e — A e
7 24 J="Ts 8=XA4 2
24 X 25| ax—xx--¢
25 reduc, 26| sx—ax4-¢=o0
26 extr. 27| x=2.
10,24 (28] y=4, v=1, 2=8.

PR O B. XLVIIL |

To jind four numbers in geometrical progreffiors _”f:
that the difference of the means is 100, G4 !
difference of the extveams 620,
Let 1| 2, e, #, v b=the numbers, =10
c=b20.
per quett, | 2| y—a—¢, u=e—b. of |
But 3| au=ce, ay=cu, by the nature ‘
progre(hion.
3y 2 4| ae—ab=¢e, aa—ar —eo—iths
ee
e S A=ed
‘ FL ces __'”__rlt.
45 5 6| sa—ac ——— — i |
£ =d
- - —
O X a
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PR OB XLIX.

The fum of four quantities in geometrical progreffios
being given, and the ﬁm': of the fquares of the
Means, to find the quantities.

Lf:t 1

@', a‘e, ac*, ¢ be the quantities,
b=fum of all, ¢=fum of the
fquares of the means.

2| @atetger o —p,

@i t-gres —¢.

4 Cidetarta=ga e Xate=

@’ +a'er X aret-get

Put 51 y=a‘e+ac,

56 2| 6| Y=ater 4207 J-aten

w

YY—c
6, PR 4
@l = "
7 ¢ 2
oy '
3 45 5 8] ; J —b
y—1¢ .
8 red, 9| byy—acy=be
[ 0—¢
ST —d
7s to| ae =% ——
y v
5s If gte==— — =
s d
10 =2 {12 e:-d-
a
d ¥
'L, 120 | Gl =
3 +zz a
Va
14

aa -—-'7 +d=0, whence a, e, and

all the numbers are known.

PR OB,




364 GEOMETRICAL Bk

PR OB.'L.

There is given the fum of the fquares of the extreai
(0)y of four quantities in geometrical pmﬂ?‘t’l/f"’”’
and the fum of the means (¢) 5 to find ihe rpmm:t {20

Let 1| @, a%e, ae:, & be the quantities;
2| ab<-ef =4,
r qu.
Fer a8 { 3| a*e*4-artet—c.
243 4| a®Hate' tatet b =b - r_,f'
51 a*<-¢* X:i{-ﬁe‘ = rw--l- ce ;
5 Xatet 6| a° —|—d et Xatert-e® — (wg'—'f-.'rl'*
Put 7| y=a®+atee
4—7 8| aret4-ei=d—y
32,6, 7, 8| 9| ¥y X d—y=c,
257 10| @®—2ateet-anet=y+¢
1olw2 |11 @daee=vy+4c =p
3s 42 75 |12] ateet2atet et =cf-d—y
12w 2 |13] @40 =vctd—y =g
11413 |14 zu{«:g-}-gcl_{—g'—p_;_g ‘Whence
the numbers will be found 45 in ,
the lalt problem. ,
Or thus,
XX vy
Let 1 'k X, ¥,= be the quantitics- '
ad '\’f
e qu. %l & + ; =5
? b
3| ¥+y=r¢,
e 4| y=ot—x
2 X yyaN 5 :c‘—f—v”:&.x-:.;r_\r \
45 5 6] w6 qi—x = bux % i— |




Sed, IIL

PROGRESSION. 365
6

71 X 4cb—6prx 4 o HEAXE—2003%7 -
1562686035 -6 = hocxt—2zbexs
+ by
2XSm G’ - 1 eextean oot '3
A
T I5edxx—605x b =0,
—~bee

Teduced | g

PROB LL

Ci’b‘t’n ZiLE ﬂfm Of rbe &r[?.fa”;s (1,) Gfﬁ‘vd’ ?i{(?}i:‘f‘/f‘{qs
h geomelrical Progreffion, and the Jumn of the three
means (¢), to

Jind ghe quantities,
Let a4 ave, grgr, ae’, ¢+ be the quan-
tities,
perqu, $| 2| atdes=,
Ll 3 @ +arer 4 gor — ,
+ a’-e‘x;t{—mﬁzngxmz+cc
5 :‘:a?-i:_a;;.
Put 5| y=aace. .
2, 4, 5 ('J: I X b—l-z.j = —y
6 reduceq 7| w4by+2g=c.
2ts5 8 a*taaace+et=b+ 2y
il { gi 2a+ee=v"h+ 2y
10 88 —et=y/b—2y. Whence a4, ¢,
and all the quantities are eafily
found,

PR OB.




366 GEOMERICAL B. Il

PR OB LIL

Of five quantities in geametrical progreffion, there ;}
given the fum of the extreams (b), and the Jor e
the [ouares of the three means (¢) s 1o find ¥
proportionals.

Let 1| a*, ase, a*¢®, ae’y ¢4, be the quar”
ticies.
2| at4-et=b.
Pﬁ'?‘ qu. { 3 ﬁﬁﬂ“‘"l—ﬂ“f"—f‘ﬂzfﬁ:f.
4| a¢ X at-e+t—aSee+a'e’
Put 5| y=aaee
2, 3, 4 5| 6| yX b=c—atet =c—y.
Oy, Li7) by=e.
255 8| attrateetfev=b+ay
g| aa -1~c’c_‘:\/b+-z_y.
8 lw 2 {
10| aa—ee=\"b—2y.
whence all the reft are found:

PR O B. LIIL
rii0F |

There are four quantities in geometrical P”ﬂpﬁg! i,
difereet, whofe [um is b, [fum of itbe Squat
and fum of their cubes d; to find the numbers:

Let 1] % ex, y, ey, be the numbers: |
(‘ 2| xdextyteo=0b
per qu. ? 3| w*etkt4=yr-l-a*yr =¢
4| ¥ex Ly ety =d

Put { _ xy=w, ¥*4y =2. s |
6] 14-¢=v, 1=t 148=

On

P Ll
" o Ly
VV—3Z e e H

5@2&c. | 7| vy = ——, # 4y ="

7
s




Se&, 111,
356
4y 6, 7

8,9

10, 11

reduced
6, 13, ‘

PROGRESSION, 367

1I

I2

13
14

2=
3%y
2

vu—d.

b e
‘U:-s—, b A —— ";‘
3bcu bu
P Y
3bcs bty —2.53d.
and reftoring the values of s, #,# 3

then 2bc % 1o X 14¢ Y
B X1+ X1 4ee = 2dX1+¢
X 1+4-¢¢, a pth power.,

And ¢ being known all the reft
are eafily found.

SECT.
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IV.

Unlimited Problems.

it be done?

Let 1

per quelt, | 2
i 3
3+ 4
-2 _:_ 5

5 abridg. | 6

43¢
= 6

a3t |7

7%(5) |8
43¢
S_ 3

£ |~

g X(4)]10

7==15 li1

11 X (43) |12

>

How many ¢ld guineas at 21 5.
178 will pay-1001; and

P R OB. LIV.

I

oles 0t
6d. and f{;!mﬁs_j’
kot many ways ¢

1=

215 ba:

a=guineas, e =piftoles ; 1
_p611CE5!

43 lix-pences,17s. =34 [ix
and 100/, =4000 fix-pences:
430 348=4000,
34£ =4000—434.
¢ 2 11638
__4000—34¢
—_— ‘L.—"—_""? — 2.
1—34¢
43
Q41
43
45841

—avh

2y
—

=ah,

—=wh,




Sed, 1v. Uxsrimrrep ProsrEMs, 369

PROB. Lv.

that, which being divided by 2, 3s
4 5 6, 7, 8 9 10, 11, 12, there will remain
Vs but divided by 13, ther o will remain,

Phat numper ;s

1) It is plain 5x7x8 XgX1r, or
27720 is divifible by any of
thefe humbers.
Put 2| 2= fome whole number.
; 3| 13¢= the number fought,
Per queft, § 27720841 =13¢
4 - 5 e:w:w[,
13
5abrid, | ¢ i’z‘*‘!_”
ag W
1
Sx(p) | | Loty
3
(I}h? 8 '(‘E?é_._‘wf'.:“
13
8 x

C

—

G=13P+3=3, 16, &«.
&y 10 e:6397.
19 X3l 136=83161 the number fought.

PR OBEB. LvL

A may bought 20 birds Jor 20 pence ; geefe at 4 d
Guatls gy balf pennies, "and larks at Sartbings. [ow

many did pe Sel of each ?

Let 1 a= geefe, r— quails, y— larks.
per qu. { 2 Ate-py=—ap,
3 404 e44y=r0,
2 tr, Fl Y Ed0w—p
i RN
5 rt.’! j (ol ‘_-';-’1'"{ g 3.




370 UNLIMITED p. I

6, 71 4 2 4.
2 tran. | 8| ¢é=20—a—y
a4
3,8 9 44+10+;§y———2—y:20
g red. 10| 7a—zy=20.
10 Il aC. 2
| 12} a=3

2, 12 13} e4y=17

3, 12 14| le4iy=38.

14 X (2) | 15| e4y=16
13—15 |16] =1, y=2.
13, 17| e=15:

PR O B. LVIL

A, B, C, and their wives P, Q, R, went 1o ibi
market to buy hogs. Each man and woman bog
as many bogs as they gave fbillings for edt )};
A bought 23 bogs more than Q ; and B boug®”
11 more than P. Alfo each man laid owt 3 g#:,
neas more than bis wife, Which 2 perfors wel

aman and wife.

Let 1| x = hogs fome man bought »
x—y—=wife’s hogs.
2| the money for the man’s =%%
per qu. 3| xx—2xy4yy= wife’s monej
4| xx—xx—2xy+yy+03.
4 tr. 51 29y=63+y
fj')_%..-yv
5 = 6| x =——= =wb.
2y
63—y
b6~y 7l a—y= »—%}—— =wh
But 8| In this cafe y muft be a0 g
J £5¢ by
number, =1, 3, 5 729"
it cannot be 5.

8




Ses, IV,

3, 9

Per quett, | ;o

Il

1o find £ ¥ in
=184,

1

L
T by
4 5
5 6
Pyt y
6, 9 3
7 8 6k g
8: 10
59 (@]
=) ey
I, I?

PROBLEMS.
If y=

u—
~3
o

A —

3 A=YT|21, ¥=32
J=23," Wl ve - vk 12,
=7y ¥*—y= 1, x— 8

A has 32 hoUs and Q o,

Alfo B hm 12, and oA

Whence (133 ;23 p ~(are man and

Aand R ) wife,

PR O B, LVIII,
whole Alinbers, [o that W——te}-22¢

To depref‘e the equation put y=x--e.

u’—i—zve‘—\l-{—zxe-f-z"e—lgi
184 —u 02—y
P et

s =T = wh,
22+42x 11
therefore ¥ muft be an even
number, Therefore
184—ay
rather make 2= = —a},
11 =%

reduce the e

quation as low as it
can

> then 26 = ~— ¢ 4+ 11 4
3

=wh, Therefore take P=any
divifor of 63,

that is =
/‘J Q'u 2’\ 6?

-
o &

then ¥ —= ——10,—8§ —4,—=2,10, 52
63
_-[‘)— = 63:’ 21, 0, 7y 3 :
2 = 84, 40, 24, 20y 4y —40.
€ = 42,20, 12, 10, 2, —20.
F = 32,13, 8, 8,12, 32
B b 2 .-{'1:‘&.]




372 UNLIMITED B. 11

And any pair of thefe will folve the problem, which
are all the poflible anfwers in whole numbers.

PR OB. LIX.

A vintner bas wine at 24d. 22d. and 184d- P;: '
gallon 5 of which be would mix 30 gallons; ¥
Jold at 20d. How much muft be take of cach

Let 1] a, e, y be the quantities of each- .

; 2| a4ey=30.
o { 3 24a+2ze-f-18y::600.

2 X (24)]| 4| 240+424e424y=720.
2% (22)| 5| 22a4226422y=0660 :
4—3 6| ze4+6y=120.
6 = (2)| 7| e4-3y=60 . e=bo—3y.

s 8| y 220,

£—3 g| —2a4-4y=60 . a=2y—30:
9424 |10| gy=6o+424a.

1, 1| yc. 15.
8, 10, 12| y = 16, 17, 18, 19.

9 13| 8= 3 4 G .&

7 14| e =12, 9, 6, 3.

PROB LX

. érd
To find the value of e, y, u, %, = in wholt it

in the two given equations following: .

Civ 1]. ey +u+x+4z=60.

1x(4) | 3 4e+4}+4u+4x+42:24‘; i
1X(9) 4 98+9)i+9u+9x+921:'54 - 0
2—3 51 —¢ +u+43x 4 52=200 r_gl‘{»-;-' \
4===2 6} Ge-+5v+4gu-2x ‘:f_f_‘f_-j/'
Suppole | 7 e=10.

Jasg 8| y+u4x4z=60—e=59 e




Bedt. 1v, PROBLEMS. 373

e 9 D +5ut x4 g2 —440—36=410.
8% (5) 1o

5V 5u+ 554 52 =250,
8 x (9) |11 9y+9a+9x+¢::450.
9=—1u |12 —y +2x+42=160. yr_o.
U913 Hdautar = 40,3068
S%Ppofe 4 y=a.
==y g Ut s 2= 50—y =46,
9—4y |16

5u47x 492 =41 0—4y=3094.
15X (5)|17 543 5%+53=1230.
15X (7)]18 IUt7x492=23122

161+ 19 2%¥4-42=164 . z .3 40L.

16—18 |20|—3y +22= 52, z=orc. 37
—— %

Suppofe |21 Z=y0,

15—z |23

g Utx=46—z—¢,
10—gz 123 5u+7x‘:.394-—9z:34
22X (5) |24 54+5x=30

23—a4 25 W= 4.x—=2
fi—x |26 =6y =y,

{\” ne anfwer ig got,' ViZ, 610, y=4, U=4»
2=40. for 10444442 +40=60.

' 3><=0+4x++5><4+7><z+9x40:440-
PR OB. LXIL
L6 find q ]Jfrﬁ;«fl nimbery or ene which is equal to the

Jum of all ips aliguot parts.

n’ -
Suppofe | J ¥ = a perfe& number.
2| then T4y<43 ... to )-” s +x4
ARyt L to k0 = fum of
all the aliquot parts. =
t B L e
Pér queft, 3Ly =14y, .y 4ux Yy L,

B b 3 Cor




374

Cor. 13
Pr. 26.

propor. (

54 5

6 x tr.

7 =

9 tr.
10 ==
11 tr.

1, 12

8,13

UNLIMITED, & B. 1L

oy = I

# b I
AT Foloy 0o F TS g
y—I
”
- ¥ oa—1 A P =]
1-4y.. —
s LR o
n41 "
6l g% Lo T \F TR
J w= y—1 = },__l)-
71 y—1.5 —}'"—l.m:))”“‘"l
n-f1
8| » = Er?

g—ry ey

9 But that ¥ may be a whole nu™
ber,

j——_I.y” -—-}'” F-1 =1,

IOJ _}'———I.y” :Ju

Il y—1=1

12| y=2,
13| 2" x— a perfe@t number. -

141 % o 2::—1—1;"1 = poiiedt umbets
where 2”7 '—t'muft be aprit®

as appears by ftep 2.
15/ If # is an odd number greater

2+1 .
1, then 2" '—y will be acom”
polite number.

than
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SEC T V.
Rational Squares, Cubes, &ec.

M

PR OB LXIL

70 find tuwe Jauare nugbers, whafe difference is given.

Il Let xx and 3y be the numbers,
a=difference,
Put 2! “T‘:tf " s
2. T HH Ty
26 2 | g W:m
4
Sl 2Z=—220 L v
w4 R,
3~=4 5| 20=xx—yy
L 5 6| 2v=a
a
71 Take v at pleafure, then B=)
whence & and Y are known,
8| If gis awhole number, and ¥ and
¥ are defired in whole numbers ;
take any two faQtors that produce
a, {o they be both evgn or both
: odd numbers, if poilible. And
therefore ¢ muft be either an
odd number greater than 1, or a
| number divifible by 4, to have
| & and J in whole numbers,
if *297: “Take VEI, 2=y, oT W33, 2=¢"
f a0, T2, 3=




B. Il

RATIONAL

PR O B. LXIIL

To divide a given [quare into two other [quarts:

Let

afflume {

2@ 2
36 2
445
per queit.
7

8 =
2, 9

39

1

S~ OO hows W

10

I

aa, ee=the fquares required, 4=
the given lquare.

a=sv
e = rv—>_
80 =55VY

te =rrvv—2rby4-bb
aa4-ee=rr 4 ss.vv—2rbv 400
17+ 55. 00— 20bv +-bb = bb
r.;?.;}.‘w =2rby

or
v= A
rr--4s
2rbs
a=—=.
rr-ts4
Fr—rs1
= b
e

P R O B. LXIV.
To find a fquare number (aa), whick multiplied mf :fl—’;

b

given number (1), and a given [yuare (6%)
1o it the fum may be a [quare.

Let
affume
2 G 2

1=3

4 Tr.
(')'-:—ﬂ

Sy B Lo N =

~J

naa--bb=yy.

vau b=y
viaa—2bva+4-bb=yy
vag—zbva+bb—=naa-+bb
vvas—naa =25bva

V.8 =25V

250 B
8 ? where v may be tak
V==

at pleafure.

pROB




Sect, V. SQUARES, &, 377

PR OB. LXV.

o find two [quare numbers,_ (aa, ee), that their pro-
441 added 1 4 given number (d), may be afquare.
Let U aaced-d—yy

affume | , at—y =y
2 © 2| 3| asee—2aev+vV=yY
1=3 4| aaec+d—qace—2a60 49V
LD 5| 2aev=—vpy—d
LA L ) I
6| P2 where 4 and v may
2av ?

be taken at pleafure.

PR OB LXVI.

D0 find thyes Juck numbers x, y,

Z3y fothat yy=xZ3
and ¥y, and Z-=Y,

may be two [quares.

Affume I | ¢ X4y —=aa
= 24y =ee
& 3| ¥=aa—y
Qﬁy 4| = :fﬂ—-—_}'
3X4 3| X¥BZca—y X ce—y==)y per queft.
5 X 6 X =ate*—aay—eey +3y.
6 tr, 7| 8¢ =aateey
aage
— — e, may be
8 e where «, e, Y
taken at pleafure.
3, 8 asee g+
’ 9 x_a‘g—aa—f-ee = aa4ee
aaee e+
4, 8 — £ w——
: Wl s aa+-¢e€ ~ ga4-ee

PR OB




p. 1L

RATIONAL

378

P R'OB. LXVIL ‘

o find a number, from which two given rmfﬂﬂ’f’:
(ay &) being feverally [ubtvalied 5 ithe remaindd :
Jhall be two fquares. |

Let

1| #= the number fonght.
2| N—n=y)
Pﬁ" (l'l.]. { 3 x——b:‘_fiz
24a 4| x=a<yy
2 4 5| e+py—o=2%
affume 6| v—y==x
6 @& 2| 7| vv—2my+p =2z
By 8| a—b+yy =vv=—2vy43y
8 tr. 9| 2vy=vvtb—a
'L“'U—}-—Zf—"rz
9 +2v |10 y=—"F—.
VU +b—a
4,-10. 11| ¥ =a 490

PR OB. LXVIII.
To find three members (3, 3, %, whfe fum ol ¢ |

Jquare, and alje the fum of any two to be a fquate

1] ¥4yzTer
21 . X4+2=4i5
SUPPO[E 3] yz==U l
4] ¥4y =00
4 ¥ (2) 5| 2vv=2xt2y4-22
14243 | 6] 2x4-y+422=rrfss it
5=0 | 7| 2vv=rrdsst1 [
Put 8| s=p—v, t=g—v
75 8 9| 2vv=rr4pp—2pr--v% ‘
+gg—2qv-+vV
g tr. o| 2pv+2qv=rr+pp+19

43




Sedt.v, SQUARE N O
11| v=2I1PP+gq

2p¥ayg
faken at pleafure; whence s and 2
are known (ftep 8).

379

» where 7, p, ¢ are

4—3 12 X —=wv—i;
43 B3l Y=vo—s;s;s
4—1

4] 2= upe—yr

PR O B. LXIX.

Lo find three Jquares in atithmetic propartion.
Cl 1] s Yy =T
S”PPofe?' 2| xx
Cl 3! axdy—2zx
14-3 4| wvzwv-taz
alliime 5 vV=s—x )
0| 2=t—x -
4s 5, 6 7| 28X =55—28K 5%
R ) My Wi
7t Bl ase-2tx =srdss
8§ = ‘ Js=11
- 9 Xmme———
| 25424 :
5S4 20ttt
5 9 10| V=g—pe— —i——-—
25428
25t fr—ss
6 9 |rir By = ‘—w_-}———%—-
25424

PROB ixx

To find two numbers (%, 3. fo.that Y+, and
¥y+y, may be fauares,

per qu. '{ et R 2
2 | ®+y= a{quare,
.. T

o
o gl rti=—

-

]

(48]




2, 4
55

6 red.
Let

7, 8
g red.

4, 6, 10

Let
per qu. -{
3,4
Put
5.6
5 ir,

8 = ar

4

OOy OOy B U N e

O

o

L=,

O ey

10

RATIONAL B. Il

VU=
L
vv—x
o ¥ s41=0
to effect this, let x41 be the fides
Yo X
then =4I
VPU=XX +2x:fquarc.
r—zx =lide,
rr—2rx¥ Xy =xx 4 2x
rr
Moy ;
2r-2
rr 1
. hetd
— w ay be
y I+zr+z’ here r may

ken at pleafure.

P R O B. LXXI
To find two numbers, whofe fum and differencés f}:’gﬂ

be 1wo fguares.

a, ¢, be the numbers.

a4-eyy
a—e= a {quare,
a=yy—e

yy—2¢= a [quare.,
r—y=root of it.
rtre—2ry+-yy—=)y—12¢

2ry—rr+-2¢
rr+2e : he 18
Y=o where r, ¢ may be
y

kent at pleafure ; then

a="\y—2

pROB

'
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PR OB, LXXII,

To find thyee numbers (a, e, Y)s that the fum of their
Jquares may be a [quare.

Per queft, | a0 4ee 4-yy=vv
affume 2] v=d4y
8 ) 3 vV =dd+-2dy4-vy
=3 14 Ga~-cc +yy —dd 4 2dy vy
4 = 5 J’:ga'——:,;-————dj, where 4, ¢, andd

are taken at pleafure.

PR O B. LXXIIL

To divids @ number into two parts, fo that the fum of
the fanares may be a [quare,

Let

1] 5= the number ; 4, ¢, the parts.
per qu, { 2| s=a4e
3| @ad-ee=vv.
2@ 2 | 4 ag<-2ae 40—y,
4 — 5 Aqte=s55—24¢
2emy 6| ¢=s5—a
356, & 7| dat-ee=ss—2as4 28—y
ffume 8| ra—s=uw,
3
7s 8 9| $5—245+28a=rraa—2rsa4ss
r—Ii
9 reduc, 10| g———x P
rr—z X 2
6: 10 Aen
11 =
| g T, M T

PR OB.




282 RATIONATL B. 1

PROB LXEXIV.

To find two numbers in the ratio of b to ¢, f0 f"f
eitber of them added to the fyuaie of the 9P
Shall make two fquares.

Let 1| Ja, ca, be the numbers.
g 2| bbaa+-ca= a fquare,
il { 3| ccaa4-ba= a fquare. ,
Put 4| bbaatcs = ba—v =ibaa— W
v
4 tr. 5| 2bva4-ca=vv.
Vv
5 = . azzbw—}-r
v s o
2, 6 7| ccaadba= by g +b X ho+t
s 8| ccastba = ccvv-fabhv + b X
v
e = @ fquare. )
8+ 9| ccvv426bv4be= a fquare = o
Put 10| 2==¢u—T7, p.
9, 10 i1 cwv-}-z!)f;-:!+£=(:fc7..'~v~—-2£"~‘?'+”
= i S
11 reduc. |12 J_m.

PROB LXXV,

: 778 : Hine

To find a number, to which aaatny a given H{éﬁ’ 7; e
ber, the fum fhall be a cubey and [ubtraling e
sber cube number, the reimainder Jball be a o

3 1 wo
Let 1 [ x# be the number; b, ¢F 1€ 4
’

cubes.
2 | ¥4 = a cube
ér qu, '
per q { I g ‘x——-"': a cube

un.l]mc



S&.V. SQUARE S," &, 383

o
affume 4| #+b=p 4 8 =& 3t
3¢t 5
—E aa - W S
‘ Lx s
4y 5x:ocg+grm+b:z.
i
affume 6| Kompt G—f == @ == 32a% -}
6 Jacc—3
’ 7 ¥ =@ —aatc 4 zacc
nr4
Y= = 3
b+ 7 8 -__Eat‘-_i_ a["___ga‘ .-J.-b; aa +
Pl
76 @
8 = 2ré "5
= 9 a-gc:-;: + =,
- 23 1 '1’5!"1
9 reduced | 1! 2 i 368
= oo VIR =g}

PR OB 1xx 34 8

o diy; . P p | 2TV
© drvide tbe fum of two given tubes into 190 othir

cubes.,
Let L1 %% 33 be the cubes fought ; 27, ¢
the given cubes.
x'—ﬂ-l-c~
alume
me ) ’ Z:‘If’
| —
3 hey ce
2 & 3| a A‘:Z;=.4_3,557;.J_-.¢,m'+@‘-
'8
. y 6% a°
3@ 3 5 J"'—Tc""—gf&z'—l- re— -u’-——-é';, v’
bt L ]
gt N
45 6 MIPZo o dgber - Sty
J)’;
T @ V=840, per quett.




384
I

Pl

7 X5

g8 ~

Let

per queft.
eyt

affume g

4 G 3
5@ 3
6)738)

a’
9x‘2)’0

Suppofe

or fuppofe

RATIONAL, &

7
8

9

PR OB LXXVI

To find three fuch cube numbers, whofe fum may be both
a fquare and a cube number.

i §

O 0o oWy A W

=
]

-
-

x—=2, a=1, then 2 =%, and ¢

B. IL

b be
gbvt 4+ %v‘: 5 VIt

‘U—é:——-—tf b S L
GOt X S &1{_1..‘1.

a, e, y be their roots; #¢ the fum
of their cubes.

at 4 -yt =xb

&3 oy} =Sy’

x‘

——g =t

aad

Xx—D =Yy

a'—a cube -
X2 28 =8

-{—:;5’03___ B Dt e JH Pt per

i

+x6—3x40 4 3P VP i q

xh’- 3'.‘.!

—_ e 7ol tst ey’ ==

po W= VU gnrUt—1 =

X1 U—ai V=5 —x'gs X 34"
sb—a’ 347K
m‘f’x 3‘1!"{":3-(:—{—{:?
x and 2 may be taken at pleafufﬁ’i
then v being known, ¢ and y &€
known by {tep 4, and 5. a
¥=1, a=1iy then v=y when 2
e=3, y=3% and the numbers #f

; B
s i 4 =1,

. where

o —

e lz:??s
the numbers

3?46?“_.1 C T.

S E

and

y="%s

I+

2048383
274025




SECT VI.
Geometrical Problems,
\_

HAVIN G hitherto, in all the foregoing fec- Fig,

tions, kept an account of the whole procefs
b-y rt‘gi[’cering the feveral fteps at length in the mar-
&y fo that the reader may {ee at once how each
P is derived from the relt; and by this means
-ceome acquainted with the manner of proceeding,
' any operation, Ty may be prefumed, that by this
Ume, e will be able to fee the connection of the
tveral parts of the procefs in any folution, without
fch 5 formal explanation, Therefore, for brevity’s

fake, iIn what follows, I fhal] ROt tie myfelf to this

Method, but generally write down the procefs after
: a'a:hl)fter way, without -notifying all thefe particu-

s .

dad! ad content myfelf wich mentioning only fuch
sdua :

1008 as are lefs obvious,

PR OB LxxVIL
T the Iriangle CAD 5 there are grven AC, AD y 23.
and the Jipes CE, DB. drawn 10 the given points
> B3 1 fnd 12, point of interfetion F.

Pur ABZ‘_"J", CB=m, AE=p, AD=d CE=f,
=£ 5 and the line fought CF=sz.
I to DB,

Draw EI
By the fimiar triangles CBF, CIE (Geom. 1II.
. ?‘,‘.‘f——_‘!r’
lzs)ﬂ:f—-a::m: ':“:BI, and d:p::r:
Pr @
d=AL  Then Al 4 BI = AR, that is,

o
)
Cec -




335
Fig.

23.

24.

GEOMETRICAL B. 1L
mf—ima
a

dmf—dma=dar, and dra4dma—pra —dmf, whent®
dmf

= dr4-dm —pr i

—7, and multiplying by da, prot

P R O B. LXXIX.

To divide a triangle ABC in a given ratio, by 8 Jine
drawn through a given point P.

Through P draw ED parallel to BA, and pU*
AB=4, AC=d, BC=f, BE=¢, EP=p, BE="

and the ratio as m to #, and m-|—r::1

By fimilar triangles, g4x:p:: x g—i—’f =Bl
then (Geom. IL 19.) BIxBF : BAxBC : A
that is,
pJ(N‘ . w R e __JP X J}f‘f"’
i bf 1 1 m: 55 then bmf""g—«]—x’ and 2
bmfx+bmfg : by which equation x is found.

PR OB LXXX.

. s . orE . Tistp
To divide a triangle into two equal parts, by 6 4%
a given length,

f

Let BD be perpendicular to AC, KH the mvf;
line, and HL parallel to BD. Put AC=4, BL= L)
HK=¢ CD=d, CK=«; then (Geom: 11. d
ACXBC = 2KCxHC, or ab—2xxCH

ab 13)
CH = =» and by fimilar triangles (Geom. IL. 15
ﬂ.f /i = __,-1
bid:: = -”f —=CL; and KL=KC—CE
2x 20% )
abd abxx— abd ; . 5
—sbx = — . But (Geom,Il. 21 cor+ 8

}{K_ —




Se&t. VI, PROBLEMS,
HK» 1. — CH: — L,

or
3 + M Y
4b$t'cxx—-_.£&£;x4-—alb-’dl + qab dx athb—arbrdt
4bbxx — 4bbx
Or gbbgs 4bbeexr

—44dbb = —arbt, whence will be
found,

PR OB LXXXI.

To find 1he macceffijls
triangle AC D;

~ Thrmlgh B draw BEF, and draw EG PF‘m”f’] Q
L. Put AC=4, AD =6,CD=¢, AE=4, CF=f,
and AB— ., Then, by fimilar triangles, AD (4):

CD {C) it AR (cf) ' EG ‘.:_%:—i, and AD {‘ﬁ') : CA (:!)

. ot gl 30
diffance AB, by !.'«r.:,“’ of the
CAB being one right line.

AR (), pg =

o
Then GB = ir—;-if And by the fimilar tri-
"neles BGE, Bep, op (f) :CB o
< : i : p, d}r-{— by
-r}_) : GB (f‘%ﬁ) Therefore — 7 =
da ¢y —f

£, , g L
b 3 OfX——cdy __—:afg—-fr,f;;, and x —n‘()f

-:i u}d.

PR OB LXXXII.
If the line EFB 2. dragn from the angle E, per:
Pendicular 4o 1he diagonal AT of a right-angled
pamz’ffz!ogmm, a '

) nd BF, FD gre given. To find
the fides of the Parallelogram,

Let AF =y EF.‘:}', BF =}, DF =, The tri-
angles AFB, AFE, and DFE are fimilar. There-
g C 2 tore

26.




388 GEOMETRICAL B. 1L
Fig. foreb:x-.:x:f;-.:lfﬁzy', andd:x::y orf; 2 6o

x! g
Whence -'z;':f}r.‘, and xt=bbe, and x = / bbe
Then AE=y/xx+ )y, and ED =/ cc)).

PR OB LXXXIIIL |
28, To defcribe a [quare in the given triangle ATE. ‘

Draw TC perpendicular to AE, and let BFGD
be the fquare, Put AE=4,AC=¢, CE=d, 1C=h
BF or BD=x, AB=y., Then d (
The triangles ABF, ACT are fimilar, an
yrxiietp, whence ex=py. Alfo the :rianglf’ ‘
EDG, ECT are fimilar, and ED =b—u—, whenc®
b—y—y:x::d:p, and d?.‘:"?zﬁ—;rx__lp}lﬁp
pb . pb
dtitp — o+p |

pr—cx. Whence x=

P R OB, ILXXXIV.

. , . : o roited 1P

2g. Siy equal circles of 2 inckes diameter are fﬂﬁ'”ﬂdb
an equilateral triangle, touching one anorher 4% A

Jides of the sriangle. To find the fide of ke sriangh

Draw AF perpendicular to BC, and from the
centers O, S, draw OD, SE pcrputdicuhr o £
and let DO=—r, AB=ux. nd

The triangles ABF, ADO, ESB are {imilafs ﬂBF
(Geom. II. %9. cor.) AF=ABy/3 Then

(%) : AF @w{iul)O(ﬁquj:i:ef:zh/‘

2% af .
—=EB, and DE=4», whence ADB or .*.‘.'.‘.-‘-1”{'4 ‘

yis ===y 2 3

PROB



Se&, VI, PROBLEMS.

PROB LXXXYV.
There are i

¢ cireles BDA and BEC touching in B‘
and if DE 4, perperdicular to BA at the center . 5

. % ~ » SN0 A T [l
1hen there i &ven AC and DE 3 to find the dia
meters,

Let radiys BE =
=a—4, EC
1y

@, DF =), CA=4, t]1¢r1 FE
=a—d, then FE*=BExEC (Geom.
* 17), that is, Gad—2ab +bb=ga—ud, and 2ba—

> bb
da:bb, and 4— T whence BC = 24—d.
2 Y-

PR OB, LXXXVIL

Inthe briangle ABC, there gp; given the three per-

Pendiculars, from phe angies upon the eppofite fides ;
Yo find the fides.

}xtAO:w,CP:&,ER:x,muiAB:u
hen twice the area =lhy=ACxc¢=CB x4,
¥ 5]’ 51“
Whence AC — oAl B K ALg (Geom.
(3 @

bby

1L 21.) -—{f?-——&b:AP’; and (Geom. 11, 23. €Or.)

by . by
AC* L AB:—_Cp: N e e

2AB 2y

Yy bhyy béy 1 by

2 5Y——"" 5 whenee 2 T30 "0 =
\/ﬂ}}‘—“ b

e —tb.  ‘That is, aabby 4 BALCYm—DDILY =

2aqc \/51{\{_}1 ~bbec 3 put aabb+aacc—bhee =d, then
‘{}':Mac‘\/m; and by reduion

?
aabee
$o= e

Vv @*bbcc— dd

Ce PROB.

3r.
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33

GEOMETRICAL B. Ik

P R O B. LXXXVIL

In the tna."f” ABC, there is given the nﬁﬂf‘gk @’
z}t’fﬂ'z’.&' y the retiangle of the Jegments of the l’”«ﬁ’
made py a perpendicular ; and the area : 40 1wt

?’r,:,"f‘.
Let the area =54, AD xDC=q¢, ABXBC"

and BD =2, 2y=di llLlL nce of the{egments AD;

2 . b b
Then =AC, and ~ S oy —DC, — —J =
-——"—‘—/

=y

|

bb
DA. Whence — —yy=¢, and \/ ”‘H;{

: / . b e . U[;C-si

Vo ozt E-—_y:d , and fquaring all the quan
; ! Ep 3 2(1’& £
and putting — —¢ foryy, and v for zz ';’2’;’ ’
25y 5_:‘}_}'— -

and then v4 — X1—-— = dd = W
z % N
400y : siits
oz & (reftoring the values of © and ) zt 2
bh  4bt bbe o
+n:+.:f:[:-—2czz—-%:——- T;‘ +{__,_: 3 or # d
. S < .A-AJ an

2czz 4 4bb dcc=dd. Whence z 15 known,
. bb gC

Jy = iy and then AD, DC, and AP

by

will be found.

PR OB LXXXVIIL
the

In the right-angled ir: .vng:’.ﬁ' ABD, there 15 Do zdu{!
perpendicular, on 1h fﬂ*. pothenufe 3 ané the ¥

of the inferibed circle : to find the fdﬁ

Put the perpendicular BQ=p, radins (RJJ
ADz=a, AB=—s BB =y Then (Geom. 22 =




PL.IV. pa 590







Se&, V1. PROBLEMS,

96 =g yy, And (II. 20,

AD or AFLFD=ARLDI, ani AD+2CR=
AB+BD, that s, a+2r=¢+y ; whence 4a+2pa
=Tt y=rty =133 — aa4-4ra + 477,

Alfo

2rr

thetefore pa—4qra=4rr, and a—

p—1ar
Ad~~2pg =é—2e)4yy —e—y, and S L

ok [ a4-2r+ \/aa—2pa
‘\/CJ#——ZP:Z. Whence ¢— 2 3

;l ]
A2 N it on
and y — —~'~—.__-\/~—“_L_-P_
2

PR OB, LXXXIX.

Tkere is gy ifoceles triangle, in which two circles are
nfcribed, .ta-fcffﬁ.f;;g ore another and the Jides of the
Ii'i:;}}g[ﬁ; thei

¢ir diameters gre g and 12: to find
ol . 7
boe fides of 1hy triangle,

From the centers D, F
BC, ang FO | to CB |

Put DG =r; FH=js, ])O:r——J':r, FD=r
s=5, hen FO:\/,:",E_T::(I, and CB=—4.

The triangles DFE and BCA are fimilar, whence
da rh _

bid:ig, 7 =AC, and f:c’:::r:T = CD,

rh d br

r - —=AC :-g, whence ¢ — i

» draw DG, FH + to
.draw CFDA,

+

4 = ok

e €% PROB

cor. 2.) pa—ey. But Fig-

a9




392
Fig.

GEOMETRICAL B. Ik

PR OB XC.
There is given AD, and CD the radius of the ﬁf"’i'

circle CEG , to find the radius of a cirele inferive
between AC, the tangent AE, and the circle B

Draw from the center O, the line OI })Erpen.dl-
cular to AC; through O, draw AOF bifeting
the angle DAE, and put radias DE =7, AD=#*
Ol=a, then AE=v/dd—rr=0b.

Then (Geom. IL. 25.) AD: AE::DF: EFf
and AD4-AE : AE : : DE : EF 3 that is, 449

br
&:srs it g -
V' DO Ol =vrr4-2ra,and Al =d s

1 1l: _ T ] OI!
and by the fimilar triangles AEF and jt!br‘

; = EF, DO =a+r, and DI =

—_— bi' p
d—'rr4erazaz b brd Then ba=j48
— ]— .

Zjitd\/;r-i— 2ra, Put b ! HI_‘»', and reducl“g’

fag— 21'a = ré
—2dre — ddry.

PR O B. XCL

Through a given point B, to draw the righ Jine
[0 that the part DC comprebended berweer ! 7
lines AC, AH, equidiftant from B, may be @
given length,

15

Produce CA to E, and compleat the rhor:i‘lt]et
EABH ; make the angle CDF=CAF, 270
CD=a, AE or AH=}, BA=d, AC=%, AR ¢
ref0r

The triangles CAD, CEB are fimilar, the

ab 08
CA [(#)s CD(a) : = AE (3): DB = 3~ Sinc

! ts
L. FDC = FAC, therefore their ‘it!PP‘I;.D -
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FDB=CAB, and fo the triangles BAC and BDF Fig,

¢ fimilar, whence BA (d) : AC (x): : DB 36.
(fff ‘D ab
wJ:DF = PR

But the triangles FAD and FDB are fimilar 3
for LBDF:FAD , (for BAD:BF«_E:‘FAC
add DAC, ther CAB=FAD, that is, FDB—
FAD 3) and LF is commen ; therefore AF (v) =

) 2bb 2
DF (%) .. pF. — =FB=d+4y, which redu.
aqy .
ced is Ay +-dy=sabs . whence v will be had.
Again, the triangles DAF and BAC are alfo fi-

Milar, and CB:u»}-%, then DF ( i):AF (v)
*:CB:CA (x), whence %: = -‘%b + ay, res

whence % is had. Then
CE (6+4#): EB (&) :: AC (#): AD e

"'b—]-x'
PR OB. X

>

duced abxx—adyx =abdy,

‘Tb{sugb @ Ziven point B, 10 draw the right line BDC, 36,

Jo that ¢p, Part DC, included between the lines AC,
AH, may be givey,

aw BH, BE parallel to EAC and
: ! =a, AE=), AH=¢, AB=4,
“‘}:f, Bp being Perpendicalar tq AH, and
AC =y,

The triangles CAD and CEB

CE (x44) : £B ()

are fimilar, and

vt CA(x) : AD= -

(e m;
5 b
and DH—,__ b_:x = b-;ik' And (Geom, 1I.
223 By [/ ccbd 2bef
2!] BD-._\/ bﬁ_}_———“__

bo+2bxgay T+ E'—}—Li" an:




GEOMETRICAL B. 1l

b : N/J‘M—f; & -+ :Zz’ff v X8
b 4-26% 4-5x b4
] % L cclbax o befx
whence bbaa—ibxx - T e '/j,_;,.x'
which reduced is x¢ - 2bx? byt —2 baax—bbas=
2¢f +2¢f

b —aa

Q«

P R O B. XCIIL
The difference of the beight of two bills being giveh
and their dijtance ; to find their beights.

Let BA, ED be the hills, pur radius r:"—-CRé::
698000, DE—BA =b=119, AB=a, BE=(= 4
Then CB=r+4a, CE=r+44-a. Then (Gcolﬂ'
N e B R = Sra v aas RE IS
\/W‘W—i—if&_—?mm{, whence BE
/ara draa+ V/0babrteratobitaa=0
N bb-2br +ara-2ba J-aa=c—N\ cra--abs and E’E

fquar?ng, bb 4 2br + 2ra42ba-aa =c +;r(?+‘m
2(\/2f'r1+m—z, and 2(\/&):”—-}-;;_’_:;('——!{f‘!{'”_gr’é 4
oba—dd—2ba (by fubftitution); and when fquaF -
8cecra-t-4ccaa —dt—gddba 4 abbaa and when
duced, aa--2ra co—bb—arh rrbb and
e R Wt T

a=164,69.

P R O B. XCILV. ,,
> IG";G

s 3 ’ 1437
T'hree Lines drawn from the three angles of 4 I

1o the middle of the oppofite fides, being GiveH?
find the fides.
—A=130
Pit AD=J)=18; . E=c=24, BF =d=3
CB=x, AB—y, AC==. !
: A 1 x5y ﬂ}‘l’-

Then (Geom. I, 28.) »‘{}'-—}—:.,’Z;A:—..ZE’]‘ i ding

pp—odd 4 izz , ZZH¥N=260+ 20 3
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thefe three equations, axx 23y + 222 =25b+ 2¢¢ F’%‘
4 ge

+2a'd+-li~xx +—;-);y —|—-§-zz, and xx-yy--zz Z?M

+§" o —:—dd: from this fubtra@ the firflt equa-

v | |
tons, then x\:idd_i.&b+i Ct’—-?x»"', or gxx

: 3 ;
:8cc+8d;{—-4&&,9_}y:-_8&b+ 8dd—4¢¢, Qzz=8bb 4
3i'b"--4:;'ﬂ', whence x— 34,176 ; y=28,844 ; x=20.
PR O B. Xcv. y
ABC 45 an equilateral triangle, O 4 point in it equt- 39

t’!’jﬁa;;[ _ﬁ'(i?# A, B’ =3 ]j‘ f}_yeﬁd“' and the line

BO e all produced i they cut the line PD in D,

E, R, P; then there i &ven DE, ER, RP; f0

Jind the fide of the tricngle ABC, and the area.

Draw EF, EG paraliel to BP, BR;
L=a=304, ER=})=121.6,
f‘"d DR =4, DP —;, CL of AL =#, CG or By
Lhen (Geg T35 cor.) BL=x/3, EG=yv/3 .
he triangles DER and DPA are fimilar, whence
1oy iygs a—E—EAP, and PB—osx + E{?

Since LPBR-_—— L]ZBR, therefore (Geo. I 25)
2x+.ﬂg h 2bsy

2 ‘22 b, and 2% 4 'a}': 208 4
b ca—ba

26y, whence cx-ﬁ.x‘:-g—ry, and y= bi—ar ¥
a 4 S—gac

S |

E—, by lubfitution,

and put
Ri“:(:tgg,b;

_r\gain DE (a] L RG i’,_"\/.}) = DR (G‘) : ‘é“'\/.;
e dfx dfa
= RL =243 and RB:.’.\/S—}-T{; v'3, and

2 ST ‘
PB:.zx—l- —(g, and BE =2x = ““’2_?‘

But
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Fig.
39.

q-o .

GEOMETRICAL B. Ik
But (Geom. II. 26.) BR*+PR><I{E:P}E@

a7y T

that is, 3o X 1+ " + be=4xxx1 +=X1F 4
=)
of , =5 4
ag
% into aw —=bc. Whence x=784

And by reduétion, 1 +
goaff — 3diff
dﬂg
y=40, and the area ABC=10646.16.,

PR OB XCVIL

In the triangle ABC, there is given the bafe, and dif

ference of the fides and the area : 1o find the mdﬂgk'
Let the area =f=796 ; difference of the giﬁf

,CA, CB=4=10; bafe AB d=go; perpes
lar CD :—f:p:_‘g[.flq., and AD=a. Thep

L AC""'\/aG—{—j)p, and CB= \/(’———q -}-’?P ; thcrﬁ*'
fore by the quefion vea + pp + b=

41.

v/ dd—2da-+-aa+pp, which fquared is a4 b2

4200/ aa +pp :dd—?dd+gg+pp‘ and 26V 8¢ —HPP

—=dd—bb—12da, and fquaring both fides 45%,’;]h
abbpp =d*+-b+—2ddbb—sd'a +4J;ba’a + 44’4@3 ¥

b Y ce
reduced is aa—da =~ .gf).i,, _ dd—bb  yhen

6=16.739; AC=36, BC=46, BD= 3326’

P R O B. XCVIL

- 1, of
There is given the fide of a rhombus, and the fiae f
inferibed fquare 5 to find the area.

BC=*

Let AB=BD=d=4}, CO=CE=s=23%
Then DC=d—x, and AC=d+x.

The
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PROBLEM S. 397
The triangle

$ ACE and CDO are fimilar, and Fig,
— ['
dyxigs, Ay : éq_i;: =DO. And(Geom.1I; *

—_—

— P—— - - ———
2L) ss45sy L~— = d—ux; thatis 255 % dad-tax
d .
—-_'_-——.'.'. +*
= dd-——-xx .

3 reduced, wé— ddix - d4,
— 25 =——2s5dd

=0:

| = 5
Whenee w= v/ 777 +vVstadd = 1ad
AC—

e
QA—S; AE=,, DO=,% DQ =33, area =731,

PR OB xcvir
Civen 15¢ four Sides of a trapezium inferibed in “.“T- e
“cley to Jind the dl-(.’gaiza,“_r, and diameter of the circle.

LetlAB:rI, BC—=3, CD=¢, AD=4. BE:.’:’
the triangles ABE, and CED are fimilar; for

ABE=Ecp (Geom. IV, 12, cor. 2.)s and the
angles at E are vertical ; therefore AB (a) : BE
(%) 2 DC(¢): CE .:_‘_5 3 alfo the triangles AED

7+ And BC () 1 BE (4) : -

dex
== ;- Then BD = Xk =5
d:
and AC— *g + %. Then (Geom, 1V, 32.) AC
XBD — : dxx  ddexx  cxx
deoxy
* baa =%¢+bd, whence x is had, and then AC
ad BD are Known,

Then
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Fig.
4 2.

43-

GEOMETRICAL B. 1k

Then fuppofe a perpendicular from A upon BD,

then (Geom. II. cor. 23.) the diftance of tgﬁ per’
AD: ' AB*

pendicular from D is = +2]§B e

And V/AD'—ff = the perpendicular = 25 a%ﬂi
(Geom. V. 28.) p: AD :: AB: diameter of *
. - . ADxAB
circumf{cribing circle = -
PR OB XCIX.
The three [emicircles HEG, HEJ, and GOJ N"_jf
one another in H, G, and 1; 1o draw a four

circle FOE. to touch all the refi.

From the centers A, B, C draw the lines ADE&
BD, and CD; and DP perpendicular to f\Cajx.
let AG=4, BE or Bl=4, CG=¢, and DE“?,
Then AD=a+x, BD=0—x, CD=c+% e
a+4c, BC=b—-c.

In the triangle ADC (Geom. Il 22 co-)
IJC o= £ﬂ_+ C+,k”——j—£1+~_x__, and iﬂ the triﬂ.ﬂgk
2¢4-2a :
L R o Sy
BDC) PC — ¢ + £+k & .'f.
2b—2¢
Whence
(c+2ca4-aa bh—abe4-t¢
+ et 20x4ax + co2cxu¥
— 2O——2a%——X% — bb4-2bn—5%
c+4a -  —
Thar is,

206+ 2cA—20X—2a4%X 202 be -+ Zfi’:__’.“ﬁi 3

c4a - b—t

And
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Fig.
And multiplying alternately, 43
2bicabiq +2bex—28bx — gt e +2cex42bcx
=200 ey 4 5 ray +2¢cca—2bca4-2cax
o+ 244x
And
4‘?535-{-46{3':45(:+4!5ra———.-}c"—4ff€"-
Whence X = i’-_l—.{_?(_”:_ic
ab+-ce
PROB. cC
Tn the triangle ACB, there is given the ﬁd.:’.r_:‘ijc, 44
N8 1ot length and breadth of the inferibed
Teciangulay P‘??‘c!/;fe.fagrm DEHFEF ; 1o find the rejt.
(.BD""'" CR Perpendicular to AB, and let CA =},

- P i)l‘l, or GP:P‘ II)F"._"'.-?-, CP:‘Z, AB:J':.
w1 p:.b_lhcj g=bp,

I'hea {j-iangk‘s CDF and CAB are fimilar, and
G & =P :a; whence 2a=zy—py, and zy—
%a=py; therefore z— 2

y—a
Again, (Geom, II. 24.) y:piig < . &if
J
fegments of the bafe, Therefore AP :-:— J4 Z;—Z
Bue (Geom, 1. 21.) bbbz +m w
‘.)'
ok v The ST , .
_}T-::a'°+ 47 +'.'2"P§ - 25" Which equation redu-

ced s Yi—a2gys +aayt 4-8al by 2090 —2apgy
+‘ir”f"‘_2(f}’=] 'J,— 2(2(:‘}'.‘?
+2pg —daabt
: —ybb
*aeppgg=o. PROB.
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Fig.

45

GEOMETRICAL B. 1L

PR OB CL

In the right-angled triangle AVP, XD is drawn p&°
rallel to the bafe, and there is given the baft Als
and the fegments VD, AK s to find the refi.

Let AK=b=1200, AP=¢=400, VD :d::26of
and DP=a; then (Geom. M. 12.) a:4:" a:

bd bd b s
s FR e B e Buf
- —=VK, and VA=0 + === X a -+ @

bb —_— e
AV:—VP*=AP*, or P a+d — a+d= ity

— 2
or bb—aa X a+d=aacc, that is,

at4-2das 4 ccaa — 2bbdda = bbdd.
+ dd
— bb
And a=141,727, and a4-d or VP =401.727

PR OB CIL
peﬂdi'

In the figure CAFD 3 CA, BP, DF are perPer
cular to AF 5 and the fides of the triangle ‘i""l;g
produced, thereis given HA, AC, CB, and BV
DF, FT ; tefind the fides of the triangle HB L

Let HA=#, AC=p, CB=f, BD=d, DF=0
FI'=4, and TH=g, TP=2, PH=% BP=%
BT =y, ¢=HB. , nd

The triangles TBP and TCA are ﬁmﬂﬂr’j{.
yix::f4y:p, and py=fx+yx, OF py—4 = :
whence }':‘ij‘:.,_.- The triangles HBP and ¥

are fimilar, and e¢:x::e4d:¢, OF tf—
dx

- i « % :
and ccmmye=—=dx, whence e=-—. Likewife 2 °
fe—

a+?




Set. V1. PROBLEMS.

W a4-n
@+n:p, and PR a4nxx, and 2= ——x.

Likewife . 4 . ta4b:
'z,-—-ﬂ+b

a5
€

¢, and cv=a+4b xx, and

But oyn—p— a—t”x + ﬂ—-{_—;}"-', whence pea=
¢

“@X+onx 4 pax +2b%, and  pea—cxa—pxa=cnx-
pé.‘f; thCrCfOl'C a— M.
Pe—tx—px
- 3 f
Again, TC:f_[. P-'f:':;f_-;, and (Geom, IIL.
w) LB emxtphr =
| s/p;; PP = nta=n4 Po—cx—px
Pe—ncy D% - wex 4 phise pent-rpx .
W = pe—sx > (PUR
T by

v and s=c4p 3. and by fquaring,
pr“‘?“ +2P‘x—ppxx _ ppeenn- 2ppenrx +-rrppxx
PP—apx ey = ppec—2pcsx 4 sixx °
Which redyced is
PPrigsden PPenra 4 PPCCnX =23 cempy 4 precnn—=o
FPpss —2 Pirr s—apionr 4 2Pp%enr -+pSec
TS phr —apss  peff
—2pics 4 phss +2ep'ffs
—ppffss  —a2ccps
+4p4¢s
~+pree

PR OB. L

Given the Jides and areq of & trapezium ; to find the
diagonal.

Draw the Perpendiculars BE, DF upon the dia-
8onal AC; and put AB=g==y, BC==}==6, CD
==, DA:d:_g, and f= the area.

D d Then

401

Fig-

46.
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47

a2

GEOMETRICAL B. 1l

Tv__*_&-b-—-ﬂﬂ‘

Then (Geom. I1. 23. cor.) CE :’__-—E;-"p
and BE = ‘/55__“_"';&5___‘ —

2Y i

J 4bbyy—y*—=2yyX bb—aa — bh—aa —

4
J—?4 4y X 2!)5’4-;;2an — bb—aa — i
[ S m— s
et g 2l N0 XY X 2eefradd e
47

Put Zaa+ 260 X yy —bb—aa = pyy—qq ="

and 2¢c4-24dd X yy g Ol 2 Tyy ——s5==2
Then —yXBE + DF =, and 2y ‘% BE BE FDF..
—4f, thatis, v/ v—y* 4+ a—y+—4f, and by fqua
ing v—|—z—-—-2y+z~/v; __~y++y“: 16, #
J y* +y =8f ——i"— <+ and by fquar

— 'v+~
ing, vz _, Y4y = 64f—8f x v +at 4

+ l_ﬁﬁ'—"(b—-‘:" ‘?<JI4+), A And ﬂyz__64_f4 "Sﬁ‘x

v+z + -:_z +16ffy+ =64f +—8ff X ru—i'z £

v 2UZ o
e + . + = + 16f*, or j(ﬁ4—*3ﬂ.XW+
VUV—2 VL 4 2 i b
+ v -I-zz+ 64 f+=o0 ; that 185 640"
g reftor

?’)ﬁx u—i-;.,-{—;,—— +2(f+-—-—o, an
ing the values of v and z, we fhall have

+ 6
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Fig.
64_#- 2] 4 +ZP—'-ZI' )((_;—..?g 2 +“'_?f " 4?..
+‘}:,m’ Y }} +3:j'x::+ﬂ?}'—”°'
4-256/*
and y=v.63.

PR OB CIV.
Iﬂ' t[}e i

Do R}Jt-ang[ed triangle DCF, there is given

CAHCE, and BA parailel 10 the bafe, and DA ;
8 find the reft.

48,

Let DCyorss, Ba—, DA=4, CF=a;
then CD=5y, DE=v/ DCr e Clr =/ 55—250.
The triangles CAB and CFD are fimilar, whence
Vi ab
W—asq 1 a:: b = CA 3 and
\/SJ—’J-J{I” L e T
V/DA:*:DF:L': A dd— 54258 = AF; whence
ba
\\M_‘
‘/SJ'-—-.?J@ +

\/(._i?z——.f.f—{—zm:a, and multi-

Pl}’iﬂg by vV ss—2sa, and tranfpofing,

e L TN
Adis—2 ddsa—su + 459 a—45508=A/ 5 506— 250}~
%3 and fquaring ,

~—4s558a 4 As’a 4 ddss

- 2ddsa — s+
= =—258% 4 ssaq ~— v/ 4bbssa—Bbbsa: 3  and
+ bbaa

anfpofing again,
4obssa~—8hbsa5 = e 2527 4 53580——45' 4 53
Fbb  odds —ddss
=—a' +faa +ga b, by
y Iquaring,
0eab—20fas + flate—achat 4 ggat
—20g +2fg +2fb
taghat b,

fub&itution, and b
455.1.!:2"—-—85:5;& ==

Ddo PR O B.




GEOMETRICAL B.1I

PR O B. CV.

There are given the three fides of the triangle ABC!
and the angles A, and B, are biffefled by the hm’é
AD, BE; tofind the length of one as AD, 9%
alfo the diftance AF 1o the point of interfeilion k.

Put AB—=4, BC=4,AC=¢, and AD=x, AF=J;
Then (Geom. II. 25.) AB: AC ::BD: DG, #°
AB+AC:AB::BD+4+DC: BD; thatis, a-};“:

¢

b
a::b: {-gf_*_—c:BD; likewife a4c:c::b: ;}"c
—CD. But (Geom. IL. 26.) AD*4BDC=BAC
8 obbe b«
that is, #% 4 ——— =a¢, and xx—ac ———3 *,
a4 a-+¢
PR e s .___-——"’5
a<-c —bb at-c4bXa+20
at=—4t ¥ ————=ar X Cs==,
a+c¢ a-tc
v =
whence = i S s e —AD.

atc ;
Again, AB+BD:AD:: AB: AF, that 1%

ab . %acxa-i—ir:r—‘%—b‘_xa-}—c-—b .

i a4c"’ a+c St
e ay/ 3 X a+C+b X a+c—b
2 a4cxa + “ 2
a4-c X a — -
a—-g
\/nr><n+c+f5>(:z—|—r—/; |
e , that is,
G=i -+t

' fi—fl(-h'fl.—-& ath
.?—\/— a+(-—}-b —AF-
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“&VL.  PROBLEMS. 405
Fig.
PR OB cvL
The diametey, of three circles being given, 'a,/'ou{:' are 50,
deferibed Jrom the angular poinis of a Iriangle, as
Centers, whofe thres Jides are given s 1o find the ra-
dius of 4 Jourth civcle to touch all the three.

Let ABC p

t ¢ the given triangle, D the center of
the circle re

qQuired 3 on AB let fall the perpendi-
» and draw DF perpendicular to
Put AB=J, AC=c, CB=d, and
. A0 =y, BR=;, CT=¢; and AK =g, KC=b,
d AE=y AF:}, OD=a. In the triangle
ADB, (Geom, II. 23.) 444243455 =aa 4 2ar 4-rr
Fob—zty, Whence 4y =17 +bb—ss—pas42ar,
and  yem A bo—ss—r 054 g0y
_—-’ﬁ—*—-ﬁ‘—-——.—___.

p - And in the tri-
2
angle ADC, a:z+z(zr+tt:aa+-zar+rr+cc-—2¢' fy
and 2{)?'::1*?‘+f£-——t!-—-21a+2m, and
9 __7'?‘+€f—-tt~—2m+zra

& > )

The triangles ACK, AFG are

§ieriy: E'2'.'—_-:’1(3, then » —-

"=GE. Alf the
Uiangles DGE (AGF,) and ACK are fimilar ;

fimilar, and

‘;’ : V/aa ¥ 2ar£77—x — DE,

/—-—fal lp— ga
= ”3—-—_”:2__.:?)

2 ga 35— Which fquared is bbaa 4 2rkka

Dd; +rrbh




406 GEOMETRICAL B. JL

Fig, . ll—2lfa<-ffaa pp + 2pqa 9994
gor 1 bb-—bbx ) = _—_—:W

and reduced

abbbbaa < 8bbbbra + 4Abbbbrr =0.
— qq —2dfbb — bbll
oy L. et -+ St 4

PR OB CVIL
51. To find the point D, from which thbree lines DA, %B'
DC drawn to the three given points A, B 1
fball bave agiven ratio.
Draw AC, and DFG, BE pcrpendicular‘ w/ig'
1

—

Draw BG | to EF; and put AE=a, A 4
EB—=c¢; and AF=—x, FD=y. Then CF=t—"
FE—x—a, and let DA, DB, DC, be as b
and s. e
Then (Geom. II. 21.) AD*=xx+3s5 BD=
c+y + x—a =fc+25)'+yy+xx-—2m+ﬂ35
CD? =bb——20x+%x+))- st
But by the queftion ©:rr:: DA* : DB
w DA, and 1:s5:: DA DC:=uxDA* s thaf n:'.;
20y A Yy +ax — 258 + aa= rrxx«}-ffﬂ" :,//-
Bb—a b 4 %% +yy=ssxx+55y, and putting hé(e-
yr—1, p==tC+aa, f=s5—1, WE fhall have b

and

‘ (@) (&) (o)
two equations, #y — 20 & mxx =0
~+ 2a%

e—

?
@ #)
and [y *  fxx =0
+2bx

—bb
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Then to expunge y (by Prob. liv. rule 2) we [ig.
have 532

A:“sz, B=—acfxv—aybex 4 2cbb.

D = wfix 4+ 2 afx — pf

= mfxx — mbx — wbb.

Whence AB4DD =0, that is,

4ecffan +8becfx —abbecf
T4 —gapff gy
==4ambf — yambh ~+ 2mbbpf =o.
+4.M.mbb +4_;l7)£)j)f +m:,mb4 -

+ qmimd

PR OB. CVIL

ina iriangle, here i given a perpendicular, the dif- 53
ference of the Sides, and the difference of the Jeg-
ments of the bafe ; 14 Jind ke fides.

Let the perpendicular CD =4, CB—CA =¢, and
BD“‘DA:‘.E’, DA=%. Then CA =t \/:m—{—:cx,
and CB::\/mz—i—xx-}-c, and AB:_-‘;_x-{—b. Then

(Geom. 1L 24.), btnx - 2V aafix ez b s
Whence bb4-2b% =200/ gatwx +cc » and 2/x 4
b—ce =2/ 2 %%, and fquared is 4dduwy40x %
bl—.;; “+ bb—¢ — 44844588 ¥ €C 4

reduced

4bbxx + 4bry = 4aacc.
T4 — 4bec — o

+ 2dbce

— 4

Dda P RO B.
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Fig.

54.

55-

GEOMETRICAL B. 1.

P R O B. CIX. .

T 3 3 d 7
There is given the perpendicular in a triangle, and jf .
two differences between the leaft fide, and the ¥
two 5 o find the fides.

Let the perpendicular AD =z, BC—BA =0, ’?}S
weAB=r, AB=x; then BC =b4-x, AC= c:'r:ff,,
BD =/ x5—aa, and DC=b4x — /s x—"“;‘:}’
and (Geom. 1l. 24.) BC (¢4x) : AC+AB(C* 1
:: AC—AB (¢) : DC—DB (b4 x—0y/ ¥x—08 )
whence ('7+x1-—-— 142X X NV Xx—aa =il 420K 3
and 26+4-2x X Vas—aa = bb2bx + ¥

—— Ll —=—=2ER
Put bb—cc=d, 2b—20=f; then
4bb4-8bx 4 4x% X xx—aa = ::;-}-f.f—}-d .
multiplied and reduced is

3xt + 8bxy 4 4bbx — 8baax — sbbas =0

—2f ~—4aa —2df —dd

———

which

— 2d
PR OB CX.
: v ; B3
Having all the fides of a right-angled triangle ‘;,C,,di:

to find either fegment of the bafe AD, the P,
ewlar CD, the area, and the radius of 1he infert
circle, &c.
a4 ¥e .
1. Let AC=a, CB=¢, AB=5, z:‘-"‘r;
then (Geom. II. 20. cor. 1.) as = bxAD, -

AD = a—; But ag=bb—rcc=bte X b3 B
fore AD = !B_F—"f—f-_—f, that is,

the
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—_— Fig.
aa b b—c &
the frgment AD = 7 = +E: . 55+

2. For the perpendicular CD,
CD'*—ACL 1 . a*  aa X bb—aa
o —_ ot =

d

I
a e B

CDh = 7;\/51)-—4;:: :%mi or

& ae .
D= & Viee = 7 Therefore the perpendicu-

lar cp — %’:

a ——— a — —_
= '-E\/bb—-—aa:-__—g\/g._l,axb___a_
3. For the area.
AB x Cp !
T = area; that is, the area — f‘_—:—
Wotaxj—y
M_,____‘___

" « And fipce aatcc=bb, add sar,
then, ae-base e on s a3

Se—a
Gc—pb,

=+24c, and 24—
ac e 1..._

and 5 Or the area — P

R T —_— 4’

X0 X a4—p LK -

??T—ﬁ* =2z Xz—b. And fince 230

1

il +2cc=20b, therefore :2¢; —bb=p}

—_—

= : ? M‘——a——c:L
—c Therefore the area — 3 —

——

‘5‘*‘3—-—5 ~ b""‘-_q—ﬂ“'-t‘

* = 2—a X 2—c, Hence the

area =2 *i‘é%;ﬂ+t'+bxa+t—b

b B s e

e 2 4

2é+a"""‘ Xb—n4 ¢ -
\4\-* T BRI i, W T

4. For




410

Fig.
55

GEOMETRICAL B.IL

4. For the radius of the infcribed circle.

The area = ﬂ_H;_H — radius of the infcribed

a+b +f><"’ Putting
2
2 afea ﬂr—l:j::é

gtbdc T 2

circle (Geom. 1IV. 30. cor.) =

r for the radius ; then r =

: ac : ra-
—b.5 or the radins = — that is, the
z—b.; or the r P 5 g,
o A
dius of the infcribed circle is =0 = A

20,

5. For the circumferibing circles
L
The radius of the circumfcribing circle = 2
(Geom. 1V, 14.)
6. For the tangents.

Ol
The tangent, or the diftance from A to the P

a+!;.--£ =
of contact of the infcribed circle = __,,;/
2—i¢, (Geom, 1V, 30). e C 1
And the diltance from the right angi¢

=7 the radius.

7. For the diftance of the centers
—

- \ =
The diftance from A= Jrr+ ﬂ—'-i——-”

Lo

(by Art. 4. and 6)

: 2 /d
e — —*:,—*: a4
Jf’+bmc\ = P :~/a+d T+ T

4 4 4 (putt'mg
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—a A
a+2dd aa-}-f;—c

(putting d=p) = J = ': =N R 55.
— [faa4bb—2 s cp 20b—2bc e
"'q/'—'—“;— = ./ 5 =V bt

—
“'\/i?xf'“—f, that is,
the diftance of A from the center of the in-

feribed circle is = v

bxh—c,

PR OB CXIL

Ha .ng the fides of an oblique triangle ABC s to.find 56.
328 Perpendicnlsr CD, zke fegments of the bafe, and

ipe areq,

Let AC=,, AB=}, CB CE o 4

£ % e o -

—
— Ty

‘Q+f-_-5: d— ":.d

Y. For the fegments.

AB: AC4CB : : AC—CB - dif. fegments
(Geom. IL 24.); thatis, 25z 4. 2

b —_
d bb
AD—DB. Then j— b+ ; :;is: great-

7/ -
er fegment AD, and -—ait = BD the lefler feg-

nent,

2. For the perpendicular.

/ b -|- a\ J4bbna—b¢—wb}:as—ddrs
4bb

but 24=s4-d, and gea =544, and 4bbaa=bs+4d,
therefore

Ch=




e

GEOMETRICAL B. 1k

p=v bbss4-2bbsd + bbdd—b*—2bbds—ddss  _
_____ 4l —73
St Hi—dd _ ph—ddx 2

0 = b0

BV IREXES RO NI o Beri

to4b, s—b=adc—b, and bd=a+i""

b—d=b+c—a, _therefore T

CD_.‘/A-'*_i'}-f X a-0—b X a4-b—c X [

= 25

atb4c byc—a ke

;2 Z—a4= e

But .2 =

a4b—t
. 2 2 Z—b =

Therefore

atc—b
-

\/zzx 2.%—a X 2.2 % 2.2—;—__5 o

A =1 o

24/ 2 X Z—Q. Bl Tt
b

cD :\/:a-i—!‘)—}—c X a+5—-—2rﬁx z;'—b_-f—ﬁcw

, that is, the pgrpcndiful*’r

" Sb4d X b—d X s+ b X 5—b
= - |
24/2 X 2—a X 3—b X P
3 :

=

il

3. For the area,

Since the area is = —;— AB % CD (Geom: I.

10. cor. 2.), and CD was found by tzh;' ]‘:E‘ 2}
ticle, let CD=p; fince AD = fiifz_r-— i

¢herefor®
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413
————— % Flg.
/ 'y
thcreforc Ch = \/ag__(-m—_t.?:i o 56-
23 ;
\/ 2aabh —t

- 24acc -{iif:bu‘——-ﬁ"'_‘b; - ;3 therefore
4bb

1
e have the greq of the triangle ACB= L

2
. N LT
‘-2-\/ 28abb 43 000r +20bcc—g+—f
el .

P =

—_t —

VEX 24 x Z4b X 24

PRoOGBg, CXII.

Ha‘vi;:g the fides of ay bligus triangle s to find the gy,
Tadius of the nferibed circle, &c.

2 I. In the triangle ABC, biffe@ the two angles

> Ly by the lines AF, BE to interfect in O the
Center of the inferibed circle,

From O, C, let fall

e perpendiculars OD, Cp, Upon the bafe AB.

Aad pge AB=}, AC=,, CB=¢, AP=g, PB=f,

CP:‘:p, and DO =y, DP=y; then AD=d—y,
BD=r,,

Then (Geom, 11, 25.) “«CA: AP :: CS - SP,

and CA+£/{\P:AP FPCP ISP, that is, g4d:
d:rg, 2

are {imilar, and

i L0 d—

d.' adg’ A~y ; ‘?:—_*_—Zz = DO =x« Alfo the

‘fl&n.%les BRI, and BDOQ ape fimilar, and

{':_2‘_ A" ,ﬁf—{—pv o pff-——'ﬂﬂ -
C4-f 4y ‘T:_-j— =x= P g then multi-

tiplying
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57+

B. 11

GEOMETRICAI
Fig. plying, apf+dpf+npj+dp1"“cpd+fp —-—cp)—-*fﬂ'

¢ pd-—-—ﬂﬁf 3

and tr‘lnipoﬁng, ap_)l_}_ P)v_*_fpy_{_[};}

that is, becaule d4f=4, ff]’_}'—i'P_P)'—!'fp)—'rfd--af
Y o cd—af Wi L pd—py _ £,

and y=—"7 ence ¥ ——-—-—“+d = 3%
_ pod—pat  _ pdatpdbpdi—pdtIZ 2
atdx atb+e ad-d xa++b+e .
phatrbd _ _ P ppd finged B

atd X a+o4¢ Gb4¢ heie-

be had various ways, from the laft pmn]em 3 ircle
fore we Ihall have the radius of the inicri __i/

e WET= R
ﬁ—l—&-}—c_—_' a+b+c x ,'c
o /.u-l—-n % b—n X ;—-b ’i:‘:i’iifﬁt
e sb &

Where z = a+iz—+—r, s=a+4c, n=a—t

2. For the fangent AD.

f,d—-'("f s

We have AD= d—y = & n+&+{

4
6d4-bl 4 cd—cd+-af _ad-+-bd +ﬁ><f~—d .!ff»’_%
atb+tc = atb+c = oAt

But (Geom. I, 23.) dd= m, thc:rﬁﬁ’r

2ab+aa+bb—cc g+3) il -

AD = - =
2Xa-+0-+¢ 2><a+!)+€
a+b+e X adb—c atb—t s s,
o atb+c T 2 ? L
as-d" . ,,..|_J;_-—c#z’,_ ]
— p——

the tangent AD = - = _
ato4¢ <

3 For.
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3. Tor the contral diffance.

AO‘ZADW—DO‘ = ,_ﬂi 3 ﬁ5+1‘_—P_—p—'—: b=
L e =T A~f -p
20+2ad4. 44 +aa-dd& _ 2aa--2ad 2abh

T b= uv—‘*—_f}&':_‘_‘_ ———
@t-bgep A4b-c ¢tb-g
—_— blh—cc
X a4-d. Bur d =2t (

22— s therefore AQ:—
2¢

2abh zab+an+bb——rf . a—i—é——fr_
bate———r ) ““'*—!’-——-—-_:: avx Sy
9td4e . G=-b3c
Gdbygr P — ad-ph—, 2 !
oy e - XA = ~——— Xab= —— .z
S maca
Gt br @b z
Thﬂ.t Is

» the di&“”u?j_f_‘be ce.’;ter from the angle
S gl b JEOg g
b4 %

PR O B, CXim.
Hﬂ’l’ih‘g the fides of a triangle to find the vadius of the
cz'rcm;zfcr:'éiﬁg circle,

Let ABC bc [he n—iangle, draw the diamttcr
A of the ¢

; "Umieribing circle, and Jet CP be
Perpendiculay ¢ AB. Put AC—4, AB =4, CB=q,
CP-’-“-P, Z:i%l)—tf, S=a4¢, d=a—, CH or
H’F:R.

Then (Geom, 1V, 28), pia e, 2R, and
ac
R: 5‘5 Now fince we |
Hous ways b
lue of R fo

1ave the value of ? va-

Y problem cxi. we fhall have the va-
Many ways. Hence R the radiug of
\ e ac
the Cireumfcribing circls —

——

29

415
Fig,
57+
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Fig.

58.

59

GEOMETRICAL B. 1L

abe
S Vgt Xt bt X a—b 1 XD+ i—0
abe
= Viad X b—d X s4b X 5—b
- ach "
= 4 22—l 2 Z—C
ach
= 4 X area’

Cor. Hence r the vadius of ‘the inferibed circht ©
to R the radius of the circumfcribed circle :
As z—aX Z—b X 2= :
to labe,

PR O B. CXIV.

Given the bafe of a triangle, and the diameter! of ’L:

inferibed and circumferibed circles 5 1o find ,y/;df‘
Let QRW be thetriangle, QDWB the cireoft
fcribing circle, DB (perpendicular to QW) ;]ﬁ
diameter. Draw BR, which will biffeét ;hc.a"ohe
R. Let QS bifle& the angle Q, then S ¥ r[aW

center of the infcribed circle. Through S_ds of
ASV parallel to QW. Then AP is the radit
the infcribed circle. Draw BV, BW. B R=k

Let BD=a, QW=§, AP=¢, BP=% ¥

atvian—t Le
2

e =4

BW=d=vo¥i} = va BA=oH¢T"

BV =p=v/BA x BD. 8
The triangles BRD, BPT and BAS a% fi

av - :a:.
lar, whence # :a::v:— =BT and ¥
=t

and

then gv—vv = ibb, and v=

5] %{:BS. But (Geom. IV. 17 cor.) #
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S. 417

'.a.] If']) }*lg.

and @v=dd; therefore BT — {‘;, and BS =% " 59
Then RS‘-x——;-JE, and TS = 22— {m} But

¥
(Geom. 11, 25.) TS+SR TQ QR, and the
triangles TQR and BWR are fimilar (Geom. 1V,
2. cor. 3,), and TQ : QR :: BW: BR, whence

—dd x‘b.——;p
TS8R . BW : BR, that is, p‘—?‘

‘d S wh
ddy —

dx

Ence Ppx—ddx = dyx— -dpp, and d,x L

=4pP+ppx, or dix Xdy =d+xXpp, and
=pPp» whence K==

%'E. Then BR (x) : DR

PT \/d{i’—‘-‘i » :

\ghence QT T\N are knOWn Then BW (d) :

(x) ‘and TW : WR, the two
fides of thc trlancrle

(‘/ﬂﬂ-—-xx) : L BP (v) :

PR OB, CXYV.
There js given the bafe of 4 triangle, the lme r}vat bif- 60.
eils the wertical angle, and the digmeter of the cir-

Hmfcribing circle ; to fr d the fides.

pﬂ“ﬂ AB=}, EO or OF— » CD=4, HD=v,

=Y
Then AD — %Ex-—l—x, DB — —;—L‘—.\', FH
-"'—'\/_y_y—-x.r.

And (Geom 1V, 50, cor. 2.) ADB=CDF, o
1

""55‘--’61“‘-@ The triangles FD H, FEC are fi-

milar, 2 30d y: v/

P 2rty4d, and 1y dy—
2"\/}.}--%:2?\/1,‘—,— dy—:ibo. Which fquared is,

E ¢ e o




. IL

and T€”
Thep

418 GEOMETRICAL, Ge
Fig. yt+2dy’ + ddyy = 4113y + arrdy — rrbb,
60. duced y+4-2dyi+ddy — 4arrdy +rrbb=0.

—Arr
K= lf)ﬁ»’—-zg}.'.

Alfo BY = \/\y.-—_rx_t.-.;ﬁ}; 3 and the triangie
ADF, CDB are fimilar, and AD (2b4%) ¢ AF
or BF (V5—ax+.0b) ::CD (d): CB =
dy/ yy—ux +5bb
I ¥ 3

Alfo the triangles ADC, BDF are {imilars and<
BD (36—y) : BEJ_\/_)‘)‘-——M{— 7) :: CP (@) -

dy/yy— s +-3bb
1b—x 1

CA =




SECT. VI

.Prob!ems in Plain Trigonometry.
\"_'——-—‘__

PR OB CxvL

In the riangle ABC, there is given the angle B, the

Side AB 5 ang the fum of the fides BC, AC ; to
Jind the fides. _

ET AB=4, BCHAC=2, fne LB=;s,
cof. =¢, AC=x, then CB=b—u.
By plain Trigonometry rad. (1) = AB (d) : :
SPAB or cof B (c) : PB=cd.
__Then (Geo, II. 22.) wx =dd++-bb—2bx 4 xx4-20dx
¥, reduced 2bx+2cdx:&&+dd+2£=cd, and
% =0+dd42bcd
- 2b4-2cd ¢

PR OB cCxvIL

in the triangle ACB, there is given the two feements
A

s DB, made by the Perpendicular, and the angle
ACR; 10 Jind the reft,

Make DE=DB, and draw CE,

o

then put
=b AD=d, CB or CE=y, S.ACB=j
S.ACE:x; then AE—d—j, AB =45,
By Trigonometry, (in the triangle ACB) AB
. 5y .
(’+d) : s.acn () :: CB (y): is :s.clm.
Allo ACE), CE (y) : S. CAE
3y d—b
(g'_rd ** AR (d—): S.ACE (x), and #=lg=
Eea Then

(in the triangle

419
Fig.

61,

62,




. In the triangle ABC there is given AB, an

o
‘J_-?‘

PLAIN TRIG. B. I
ACE+ACB AcB—ACE

" Then 2 — ACD, and

2
—BCD. Then S.ACD : AD:: rad: AC. And
s.BCD : BD: : rad : CB.

P R O B. CXVIIL
d fbt aﬂgk

B, and the ratie of AC to BC, to find tbc’ﬁd‘”'

Let fall AD on BC ( produced ) s and Pf;
AB=4, AC=a, the ratio of AC to CB a8 Iad.
r, then CB=ra, and cof. ACB=¢ Ther,’l.;‘cn
(1) : AC (@) : : S.DAC (¢) : ca—=DC. ace
( Geom. 1l 22.) bb=aa-trraa+20rad

bb

i
rr-14-20r

whe

a > and. 4=

— e
Virr4- 14260

PR OB CXIX.

ard
In the iriangle CAB, there is given (W0 Jides

the included angle 5 to find the aréd:
W

3 , ard
Let CA, AB and the angle A be gived b o=t
CF perpendicular to AB, and let AB:’?!” i (1)
S, . A=s. Then in the triangle ACY: r(?FXAB

+ AC (d) 1 :S.A (5) + sd=CF. Then 2
sdf an le
—area, OF f—;-J —area; thatis, half the ret gd

- 2 e : -~ 'nClU
of the fides multiplied by the fine of the 1

angle, gives the area.

P R OB CXX ’

d 1 ot

Given all the fides of a trapexiumt, GHAT
t:h‘()'.];")' 3 fo _ﬂr.-‘.-ef {he areds

5 2 B Y] anc
= :il.f.’t the angles B, D be given, =

r two angles A, C, draw the diag L
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Sedt, V11, PROBLEMS.

Let AB=), BC=, CD=d, DA=/, S.£ B=p, Fig,
S.D

=4. Then by the laft problem, the area of

the triangle CBA — JE}—), and the triangle CDA
2
= 93

\ bep4- dfg
=75 3 therefore the trapezium — s S

LROB. CXXI.

In the triangl, WNE, tbere is given the ./‘ngeutr SE,

?he angle WNE, and the rajio of NE 1o NW ;
to find the Jides,

Let WP p, erpendicular to EN, and fuppofe
NE 10 wy aIs) 11) 02, S.N=s5 cofl N=
SE:J‘: N —%, thep WN:px. In the tnangie
\VNPa rﬂd.(]) ' WN 6 S.PWN (¢) =
el % and by the fimilar triangles ENS,
EWP,, E: :EN: . gp . EW, or b:% ::
Ntpex ; EL—%M:: EW. But (Geom. II. 22.)
xE 4+
‘Mﬁ\m" = xx +pr-"' + ZP{_\‘A.‘ 3 or
Wx XX = hb oy L4pp4-2pe, and x—=

55V T T

Or thus,

tang. of W—I}ﬂ then WN4-NE
(Prta) 5 WN—NE (Px~—=x)s 12 Py
P—1

PH1E= tang. I diff. of the angles W and E.
Whene

S ee the angles W, are known, Then as
WLE:5:, rad : x, required,

Let 1=

Ipx—ix

EC3 PR OB,

421

65.

66.




422

68,

. In the right-angled triangle ABC, there is givens

PLAIN TRI1G. B. Il

P R O B. CXXIIL

1t
Jum of AB and BC, the angle CDB; ,r,f,;stjyga
LACD=LDCE are given; to find CB, &6~

Let S.ACB=s, S.CAB=c, CB=x, AB+BC

—=b, and BA=é—x. Then s:c:: h—x %2

ch

S+ -

BA are known. Let m, # be the tangents ofBCE’
BCD; then 1:w::m:BE ::#:BD.

and sy=c¢h—cx, whence ¥ =

PR O B. CXXIIL

In the triangle ADC, there is grven AB, BC;
the angles ADB, BDC ; 70 find AD, DC-

aiid

Let S.ADB=s, S.BDC=¢, S.ADC=p, cotang:
ADC=g, AB=4, BC=¢, AC=d, AD="

By plainTrigonometry, & : s:: & : %:S-ABD "

CBD. And #:c::% :—7 =CD. Thes AD
X CSKY L. tas
+CD (x+5;) : AD—CD (x—75 18
A+4C (@) : tbq—f‘rg ratan il f}—_—-_(z. Then [_JA
5 #+cs g Dt
and C are known; then p:4d :: SIC i ¥

S 0D,

P R O B. CXXIV. e
In the triangle ABC, there is given AB, the Méf ;t;
and CD, which is drawn to the middle of AP
find the fides. :
of
e

Draw AF perpendicular to CB, and put A(Ij)ﬁ
DB=5,CD=4, S..LC=s, col.C=6,AC=%"cpen




Sect. VII, PROBLEMS. ":23
Then (Geom. II. 28.) xx4yy=2bb-+24dd. _B}_' 1'6'3'
Higonometry 1 g o — AF, and 1:x:: 69.

€ w=CF. Then BF—=y—a, and $5ER - y—

20%kocax=yulb. fubtrad this from the firlt equa-

tion, then xa:——_f_r,\'x_}-qu—c{xxzzdd—ZM’, that
is ( becaufe Sitc—1 ) 20yx — 2dd——21’f7, and
2dd—2 )

2% = : 3 therefore ypt+2yx+ax=2ld

‘c‘—-, and 2+ & -

e R
~/255+ 2dd M:m; in like manner
¢

J—% = \/2&&+ 2dd — M =n. Then
B+n
3= Btn

§ — M—n
2 3 —

2 .

PR OB CXXV.

Given 1, angles of altitude BCA, BDA, the kori- 70
20ittal angle B

CD, and the line of fration CD ; to
Jind the bffgbr

AB.
Let 4 = cotang. BCA=y» : 305 o — cotang.
BDA==40 : 12, d=S.BCD — %7 55 CD=f—
283.274 feet; AB—y,

hen in the triangle ABC, 1:x51:5: bx=BC,
and in the triangle ABD, 1 :x::¢: ex=BD; and
; db

n the triangle BCD, ex:d:.: by - = S.BDC
50 395 whence DBC— 42 163 let 2=S.DBC}
then 7 2fivd: BD = %, and mx=fd, and
e — 355:458-

Eey PR OB,




~X
(V8]

PLAIN TRIG. B. 1L

PR O B. CXXVL

Given the fum of the fides of a triangle, an
angles feverally 5 to find the Jides.

4 all 188

LetS.A=s, S.B=n, S.C=¢, AB+BC 4 CA=h
AC=x. Then by Trigonometry , #* ¥ Sis

%:CB, and fz:x::t:%—_— AB. And s
X ix daty I nb
‘; T agd whence .4_hn+5+’.

P R O B. CXXVIL ,

In the right-angled triangle VAB, there is give :k
perpendicular AB, the [egment VC, and bt ang
VAC ; tofind CB.

Let AB=b, VC=¢, tang. VAC=/ B(;::ﬂ'
Then by plain trigonometry, R R T:
t —

tang. BAC, and (trig. viil.) 1— —f: p::fEd
bt +a » E’:—tf
o % — tang. BAV. Whence 1° b:t p—tt

b—ta o

l'll-': 1'1?- et

ta4c = bj——; , and multiplying, hat e

be 33
taa—ica—=>bbi +ba, veduced aa+ca= ';""M A

P R O B. CXXVIIL

iyl - . a
In the right-angled triangle ABC, BE:EBCﬁ it

/. ABD=CBD; and there is giuen
LCAE ; 1o find the fides.

: 3 - : ‘anﬂ'ze
Draw DF parallel to CB; then in the mbe"%g
DFB, the angles at B, D are 45° ant

3 8
ai\’cn9
2




Se&t. VII. PROBLEMS, ; ;_25
{ i are given ;3 and fince Fig,
given, DF and FB its equal, are given; and fin
CE=EG, thercfore DG=GF. Let DG or GE =b, %3,
S.DAG=;, AF=x; then AG—=v/pb+uxx, AD

=V/'4%b+xx. And by plain Trig. AGy/ (35 F#%)

s rad. (l) v AF (x) . 7.;.5%—1‘-' — S,G, AI{Q
S. G 3 . bb +xx) :: S.DAG

(5) : DG ()5 whence = $V/4d0 +xx,

bbb+ xx

reduced x+ 4 5bbxy 4 4bs —o,
bx x
e

PR OB CXXIX.

From the point B, # dra
Jo that CD,
may be given,

w the lines BC, BD, BA, 74-
DA, and the angles CBD, DBA,

Draw CF perpendicular to AB, and put CD=—5,
DA=—¢, CA=s, and S.LCBD=—f, S.DBA=4,
S.CBA==m, cof, CBA=#, and CB=x.

Then by plainTrigonometry 1:%::m: ax=BF,

. . X cfx
and b:f:;yx: 7 =S.D, andd.c::—&-:—a =
BA. But in the triagngle CBA, (Geom. II. 23.)
e ccffxn

ofx
X% 4 Todg 2 X 34> Which reduced
B bds

%ﬁ
\/tf’b:l dc (_‘I’f——- 20d]ne

PROB
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Fig.

75

PLAIN TRIG B. IL

PR OB CXXX.

Iu an obligue triangle there is given, the bafe, and
perpendicular, and angle oppofite to the bifés 10
Jind the fides.

Diaw AD perpendicular to CBj; and pue
‘AB=b, S.ACB=s, cof. ACB=¢, perp. CF=p
AC=u; CB=y.

In the triangle ACD, 1:%::5:5x = AD, am‘}
p:x::c:ex=CD. The triangles ABD and CBE
are fimilar, and y:2: : p:sx=AD, whenc
pb=sxy. In the triangle ABC (Geom. 11. 2&3')’

.-—;

b
bh—=xx-yy—zcxy; but xy = Ps— , and y= oy

b '
therefore bb—xx+ % — zi‘_ﬁ, which reduced 38
%t o bbxx  bbpp

— ‘th’p 55 =0,
5

Otherwife,

Let AC4-CB=x, AC—CB=y, the reft a8 P
I PR

fore 5 then AD ==sxx+43,CD=cXx 4, %:A-\"J‘)
N __-—”"'!' =

Then in the triangle ABC, 2= x+y + xf{-éb

2¢ X aw—yy 3 that is, 200 4 2yy—20x% 4260
. = et
and putting xx—%— for yy, we have 2sv2*

2pb b Q}nb -
'—f——u.x‘x-i- 2(X gj_iL = bb, or 4¥x— ",
R T

— y
and y= J£55 + ?5[1 —n. Then AC="2

=1 O’-
% 2

-2%.%; :&&, whence x:Jlbé +I_2-'i_;_fx &p

B0 =t
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Fig.,

Or thus, - 7‘?"5.
Let f= cofine of the fum of the angles A, B;
v=col. of their difference ; the reft as berore__.
Then (Trig.l!.:o.) V—f 181 p: 2k, and v—f=

%5—5, and @:2—55 +/. Then the angles A and B will

be known, and confequently their oppofite fides.

PR OB CXXXI
Given all the fides of atriangle, to find the center of 76,
the circumferibed circle,

On the middle of AB, AC, eret the perpendi-
culars DO, FQO, the point of interfection O, is the
center.of the circumidibingr circle. From O draw
OL OG, parallel to AC, "AB ; and put AB=j5,
AC =4 S.LA= cof A=c, Al=x, 10=y.
The LCGO:C:’XB:OID; and in the right=
angled trizngles OID, OGF, it willbe ¢ :y:2
i@ = ID, and iY:is5:5y =0D. Al-
fo bi¥ e =GE, " apd 1

S 2 Y e ==

FO. Then ¥=ib—cy . and y=id—x , and

=il =pd c% s and e ppp =lb—idd,

b=—cd 1 —rd 4 fd—rh

W = ———, whenge y— —*2 -—

Or roy — 5 n 255 2 and ot
d—<¢h - b—cd

Therefore DO— ~%; > and FO = “2; - Like.
: V bb-dd—3 heg
e Ly — ORItk

25

PR OB. CXXXIL

Iu th Fiven triangle ABC, the angles AQC, COB,
% about the poiyy Q, are given 10 find the
diftances AQ, BO, Co,

i

=3
e 3
"

Produce co o' D, and BO o E, And let
AB=s, AC=y CB=f, S.A=¢, cof A

0 —

S.B=g,
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Fig. S.B=q, cofl. B=n, S.AOE=g, cofl. AOE =
77

PLAIN TRIG. B. I

S,AOD=bh, S.DOB=p, AO=x,
Then by 'Ihffﬂnomcl:ry, AB (5): SO (g) ¢

AQ (#) : =~ = S.ABO, and J &g*; = cof.
ABO=y; and (Trig. I. 6. cor.) 7 +m)"mr
OAB; and (1. 6.) gy_—’f—" — S.OAB. Al

(Trig. L. 6) e +:mj—-"gj —}—QZ:' — §.CAO;

and (L. 6.) gy—-f— —5.CBO. And by Trigon®”

b
metry, p:f:: gy — " b  Jo_gnfy —=CO, and

a’P ? ) aegy
b:d::85.CAO:CO= ‘i:v A 1;:}2 —_ «-z‘,"“i’

dem ’ f { :
ﬁfx = j}-_)f 1 ‘g}:’;\l, and mtﬂt'lplylnr.r ;ggdjﬂﬁ"l"
]Pd.!m)v__.&[) fr oy —i'ﬁcfﬁ}?(‘c’—/ b [?1,___,,”};}“ ' *mCl tran=
etk e

iPOﬁI"; x /‘ " +}]ﬁ .CIT\-—-‘n ;j.H:?'\ \J'gu‘s p ¢
" ﬁ’_‘lfl_]’f‘_l@? g4-gr rﬂ/) _ "% _pofub
gﬂj‘b\) aﬂd J "_b/ fg+’f['}1¢‘ _de1m " F ) gxx
T ppax 1 ' s
ftitution, that is, J 1.__*'_'*')_:_;:’2'\ ,and 1— /b

(ALY '
= 7;;: and Jbtt—ggitxn=bbxx, reduced

"o —
e "—_'

Vbbb + °JN
Or thus,

Malke the ang e BAF = lu}ph 1ent of 1 l de-
and LABF = ‘U‘) A( )f._ ﬂumufh A ’O che
feribe the circle AOBF . to interfe&t CF in U

point requ eri. ('.];'H.'ﬂ'fm‘"‘
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Caleulation. 1n the triangle ABF, all the angles 1";‘3
are given, and the fide AB, tofind AF., e T
M the triangle CAF; CA, AF, and LCAF
are given; to find L ACE,
In the triangle ACO, there is given AC, and all
the angles ; to fing AQ, CO,

PR OB CXXXIIL

In the right-ang ;4 triangle ABC, there is given BA, 79
a5d angle CBDY ; o5 AT=TD, and L ABT=
CBT; o find AC,

Let BA—,_ . 23, tang. DBC=¢t="T. 157,

AT or I)T_—_-_a’ chf_'ﬂg;!_\r)::Z(?- By trigonometry,

& 22
b:a::l:-zz—_ tang, TBA, and b : 28 : 3 3 ——
tang. DBA,

Then (Trig. I. 2. Schol.) the tang.

- 2ab . ‘
2TBA or tang, ABC — - Alo(Trig.I: 8.)

i Ph—ua i
T 24 bidoaga

b.l::f:_*-__z_:_——-—

== fahgs
bedpg — =

“m = tang, ABC, Whence ‘f-.-”'.’ - cals
Llr— (it
bt 424

I—5,,» Feduced 2B —30taa =%, and a=6z.12
2L S e

3?2
d i h— AC
AT pinE=e S R
bb—ga **

PR O B, CXXXI1V.

Upon @ borizongal plane, there Sands a 1all pine-tree

leaning tewards the Jourh,

novih fide of it o Yards
tree 1o fubtend apn ane
P 'y ~ 7 iy = ) 2 b 4 - - )
ff:,:; d:rc.-f.f.;a wefl 5 3 Yavas, it (ublends an angile of
49°%  What is the trees lengih ?

C be the tree: E. F the two ftations.
3 2 ]

B perpendicular to the horizon, and AD

l,;.,:..

A man flending on the
from the foot, finds the
le of 39 deg. Afterwards go-

Let A
Draw A

g
£o.




)

PLAIN TRIG. B. IL
. perpendicular to FC produced ; draw BD, ACThF
_triangles ABD, ABC, ADC, BDC, CEF, _DAI"d-
BAE, are all right-angled. Put EF =}, CE=¥%
CF=¢ CD=y, tang. AELB=s, tar:g._i\lfc =
By Trigonometry, 1 :7:: ¢4y o4y XIi=
whence AC = \/}gf—}-t} xc4y. * The eriangle

FCE, BCD are fimilar, and d:c:: 3 %:BC,

3

2

oy -

andd:y::b:%:BD. Then AB =

_——-—-——"/

- -

W+ 1 X r+)=l—-‘—c;':;,—” = o/ﬁ Xty — b
ey

And in the triangle ABE, 44— : I ¢ :

—z2  bby dds-esy =
X oy — 'd_}) : 5, whence Ij "‘

IR T
Jt:xc+y -—%’, and fquared d"55+2£dd5-‘y+

cessyy =dd X ¥ice+21ttcy 4 tiyy—>bbyy, and reduced

cossyy + 20ddssy = dditee.
—ddtt — 2cddtt — dtss
+ bb

P R OB CXXXV.

Given two allitudes and two azimuths of @ o
motion 5 to find the point of the wwind.

Let A be the firlt, B the fecond place © Jane
cloud, O the place of obfervation, ABC the P .
of the cloud’s motion; AB its line
Let AD, BE, CO be perpendicular to
zon, then DEO is equal and parallel t0 cthe
and MDE is the path of the cloud on the €2
Let OM be the meridian.

Put p= tang. AOD, g= tang. BOE
'DOE, OD=#. In the wiangle AOD,
2:px —AD=BE; aad in the triangl

ud 10

¢ the

t= cotang'
> ol

¥
o BOE'
g:
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PROBLEMS. 431
., Fig,

fipx:1 32;-“2013. In the triangle DOE, (Trig. 8.
11.6,)?-; +x:}_)i¢__x::t: i—-:\zt =" tang-
O g
ODL:OED, and the fum and difference of
ODE, orp being had ; ODE, and OED will
€ known,

In the triangle ODM, there is given ODM and
DOM

» therefore OMD is known, which is the way
of the cloug or of the wind.

PRO B, CXXXVI

On a'dlear day, the wind Randing N. N, E. 1 obferved

@ fmall cloyg W. by S, whofe altitude was 41°, and

whillt the fhadpy of the cloud moved over 1230 yards

upon a borizontal Plane, the cloud itfelf . mﬂft’d

tbrougb an a;zg!g gf 9° : 37’ as 1 géfg}"['{,’d it with

“ninflriment.” What wway the oloud’s bejght ?

Let E be the place of ob{'ervation, CA the tra&t 82.
of the cloud, FG its projection upon the hotizon
AF, CG, BE being p

Erp. to the horizon, LetBD be
Perp. to ACD, and AK to FCK.

Let AC or GF—4—; 230, 5.DCB=¢=5 points,
Cof. DCB—, S.GEC=b=41°, cof GEC=;, tang.
AEC = t—:

9°: 373 CG=x. By Trigonometry, in

the triangle CGE, 1113 = =CE, and ;%

&

. W 3% - ~ y*
917 =CB, and in the triangle BCD, 1 g i
oo X AsY . )
" 5 DB, and 1:% ., s —==CD, Then DE

] &

L

= Jxx .-]-—;;_. - -—\/39_(_“-,\_,::—‘;-}’), by {ub-
fitution,

The
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Fig.
82.

B. 1l

PLAIN TRIG: p
The triangles CED and CAK are fimilar, a’;

i;-(CE) =7%(DE) . : (AC)d : pd =AK ; and 7

n the

snx

(CE): 5 (CD) ¢ ¢ 4 (AC) : snd=CK. And i
triangle AKE, snd 4 -:Z-(EK): 1 (rad.): . pd (AK)

) o=
: ¢ (tang. AEK), whence sndt + %:Pd, and 7¥

bpd—dih P _ou

bpd—sndth, and x= :

PR O B. CXXXVIL

S
In the triangle ACB, there is given AC, CB; :,ie
fegment AD, and the angle DCB; 10 fin
reft,
4and put

Draw AF perpendicular to CB ; e
AC=a, DB=5, CB=d, S.ACD =3, cof. ACP="
and S.CDB—=ux.

- d
In the triangle CDB, d:x:: &: %’E:S-DCB’ o

B
in the triangle CAD, ¥:4:: s :f‘r :AD,lhenA
1)

X
as  bx \
=bt+—= ¥4 Bue (Trig. 1. 5 i

X %

T bbxx  shx shx o eting
3 J bowg f.d‘ — cof. ACB=z—] ¥

ZSJ : x) ; and in the triangle ACF,

S 2
b bs) g
12— —5; 1 (2a —qa{;?:Cl*‘. But (Georﬂ
h R
({&S»x aﬂd
7. éi'%t—ﬂ — aat-dd —2d % caz—"F °’

mukip}yinﬁ
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multiplying by xx, dbxx 4 2absx +aass=aaxx+ Fig,
d *x-2dcﬂx‘xz+2an.?~“, and tranfpofing 83.
2eaxyz=—n gp o Fa@axx—20b 5% mmggss, and reftoring

~+-dd

—0b
%, and fubﬁituting for the known quantities,
2dacxy 1—~%f = px* +gx'=—rx—ig, and
fqual“iﬂgh 4ddaaccxs’ o 4aabbicy® =
PR+ opgus 2Prigt — 2PINS —— gty

: T —2gr A7y

et Ty

L

Ef SECT,




SECT. VIL
Problems in [pherical Trigonometrys
__,_——4'/

P RO B, CXXXVIL

Given the latitude of the place and the fun's Jong? e
to find the afcenfional difference.
s
84. ET 5=S. greateft declination, =5 futn:‘
longitude AD, a= S. declination BD:
tang. latitude PCH. rad:
Then in the 1t L fpherical triangle ADB’Trig'
(1) : S.AD (¢) :: S.A (&) : be =S.BD;, and ( ;

5 1=
1. 1. fchol.) tang. BD—= ——56_. ; and in the t
v 1—bbce BD
angle CBD, rad. (1) : cotang. C () :¢ ang
T ——b%

o¢
(‘—/I——_—_—TE—';) : S.CB (x), and x= \/1-'5'9“'

PR OB CXXXIX.

Given the Jun’s declination, and the fum of shela
and amplitude 5 to find each of bhoei-

W

=

{ et a=fine of half the fum of CD and P, (od

the cofine, d=S. declination, s=S. fum © okt differ
h

PH, »=S. half their difference, y=5. W en
. T
yence. Suppole PH greater than LD'{' and

(Trig. 1. 6. fchol.) W 1 —xx—aX —cof.P1} 3 8D,
o/ T—nw —bx=S.CD. But in the n-iang‘dc ol
cof, C —'5\/;::;——::}:;\ . QBD (4) : ¢ §® .C\CD
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S.Ch (d\/:——:cx——bx. Whence abxi—xx — Fég. \
8a3N/ 1— —bbxv/ \—xxdabxx—ad 5 i
OF @b wien/ 1 —4 (becaufe aa4-2h=1),
But (Trig. I 5, fchol.) 3/ —¥¥=y, and 245
=5 Whence s~y =2d, and y=s-=ad,
PR OB CxL
Given 114 Ju's aliitnde 4 Sixy and aife when wels fo 85
Jind the latityde.

R B the funts Place when weft, and O at fix
aclock, Let j—

< =8.RC the altitude weft, s=8.01
the altitude at ﬁx, N3 Ia,titude,
In the triangle CIO, §.C (#): S.01 (s) : ¢ rad,

J .
(1) 7 = S.CO the declination. In the triangle

DCR, 8.¢ (1) : s.DR (%) t +rad, (1) : S.CR

$ $ s
(’): and lr::'-a;‘—, or xx:-‘-, and x— \/_!.‘_

PR OB. CXLL

AEC, BCD op Mwo triangles right-angled at B and 86.
g a’fdﬁﬂﬂdiﬂg on the great ciyels ECD; alfe
AC=CB, EC, CD, and tpe angle ACB are
given to find the angles and fides,

Let 4=tang, DC, b=tang. CE, ;—g. half the
fom of the angles, BCD, ACE ; ¢=cofine, x==
fine, =cofine of ' half the difference.  Then
ey =cof] lefie ACE, and cy—sy=cof. greater
BCD. And in the triangle ACE, eygesn: 1 : o b

.

i —tang, AC. And in the triangle BCD,

Ffgz S —




436 SPHERICAL TRYIG. =B

Fig. a
i P — tang, CB:— W RS
8O, p, ‘f)*—'-'-\“' =

a b 154

{)‘—-—J-":E-—-i‘—-—;’ and” ady 4-ass =bry—bsx, and 7

+ bsx =bgy~—aey, and g = ;2(—-:—2; = tang: half 89
b —-a

difference of the angles BCD, ACE; whenceé the

angles themfelves are, had,

PR O B. CXLIL
wﬁﬂd

g~. Given the fun’s amplitude, and altitude at Ji¥s
the latitude, and declination.

Let P be the poley Z the zenith; CB che. A
plitude, AP the alticude at fix.

Let S.CB=#, p=S.AP, »=S.lat. POH (,)
twice' the latitude. - In the tnancie CBD.
: 8.C (3/1—xx) :: S.CB (6) : b\/l.._-»x—‘ ) ;
or AC. Andin the triangle CAP, rad. (hel‘t"
S.AC (W 1—ax):: 8.C (#): S.AP )t 2

3 E— -y
fore bxy/1—nx =p, and 2x v/ 1—u¥ =)

e yill
but _y_zw/l—»\,x s whence »e= 2}"; then # %

be known, and .5y /1~—~x#, the ugchnaliﬂn‘ e

PR'O B. CXLIIT )
bs t?f f‘[‘gﬁm’

88, Given two altitudes and two azimul
find-the latitude. ‘

twe
Let Z be the zenith, P thepoles; S ?ng 0
]‘1’(.':5 of the fun. Let s, fe=Mne 2an €0 PZS’
VA P q= fine anJ cunm of £0 m=Cy" '1h
a—col. 'ZQ ; x, y=0[ine and cofine of & 1]

(- Trig: 1L 3 fw' ,(01_. SI? = gm ’{'f" ""—
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OIJ_—_-_p}-n_}_gx_ Whence sm4-fR=pyn gy and 1..%;.
- Th—3&in ad.
fe—gx =DW~sym 3 therefore }— = & youry -
tang. PH he latitude.

PR OB cxLIV.

A lad

Given tp,

latitude of the pl:
8 egual

ace 3 and the [un’s altityde
1o bis azimusl, from the fouth, and equal tg
toc bour from nyoy 3 20 find any of them.

Z is the zenith, P the pole, ZP is given, and 8q.
“ZPO=AZO=D0. Let' s=8.ZP, t=cof ZP,
Jf:S.Zf’O:S.AZO. Then \/T_?)} = 870,
1V gy 3T \/1——_3"::8.01’, and y—cof.
OP.  But (Trig. 1I. 58 JV/-‘IT—‘TJ;X\/I-—"}'.T e
=y or S—syy 4 D= and sy 4y =i, 0 or

—y
Jpg 1€
), =N,

PR O B, UXLY
There ap

¢ two places, whofe latitudes ove the comple -
MERLS of each other 1 90° and the fun’s decling-
Hon being given, be rifes an bour Joonér in one Place
than the othey s 19 find the latituds;.

Ly {=tang, declination, b=tang, aftenfional $;
¥=tang. one ];uitudc,
fﬁﬁ other latitude. In the triangle CDB, rad. ()
Cotang., DR Lot - (£} 't ¢ 22 S.DC the
afcenfiona| difference in the firft laticude, and 1 -
I z

*T = the afcenfional
Other latitugde, But

6 1
ciligrence, then ~-=tang.

PR difference in the

(Trig. 1. g ) L+ t:1::
1“1‘3

Ix—
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Fig.
89.

9o,

sPHERICAL TRIG B

t 4 :
t— o+ B, a0 fi— — bttt tux—t SHE T
btix, and xx — Bz = 1,

b

— —

H

PR OB. CXLVL

The fiile of an borizontal dial being turned dowhs f :ff
upon the bour line of 83 query, the Latitude 1t ¥€
made for ?

ring ©

—tang

Let #=tang. of 4 hours or 6o, anfwe

T X
8 a clock, ¥=S. latitude ; then \/1:;;

‘ - jon.
latitude = hour angle of 8, by the qq:ﬂ‘.:ng’
Whence by the known proportion of dial

t - dz “ =
1:x::4: wmm——, andix = ———1
v i—ux’ W/ 1—%

L p— L%y . M
I 1—uxx =1 amd \/l-——.a:x — ?—:CO{_'- lat.

P R O B. CXLVIL i
s

To find inwhat latitude, an ereél [outh declini®g I::i:’l
may be made, [o that the declination of the ¥ 4 ihe
the difiance of the fubfiile from the meridiat o
Jile's beight, are all equal,

@it

Let ABC be the right-angled fpherical m:rﬁ’ ki
in which are found all the requifites 5 ¥/ ;" 4if,
co-lat. L A= co-declination, LB= Pa% 15 dic
longitude, CB=ftile’s height, AC —fubftile

ftance from the meridian. the P

Liet x=S.AB, y=SBC. Then (by ang"A*
perties of right triangles) 1 : tang. BC:: {8 But
: S.AC, or 8.AC= tang. BC x cotang: & “py




Sedt. VIII, PROBLEMS

by the queftion, BC=AC =comp. A.. Therefore Fig:

tang, BC or cotang., A = v/—]:;;- Wherice
¥
Y SAGT S el —-—== (tang. BC x
e 2o S e B
Cotang: A) = ;—%, and 117, OF py 4y = 1y

S5—1I
whence y — i"’——

2 -

Again, in the fame triangle, 1.: cof, AC g

ol BC : cof, AB, whence cof, AB = cof. AC x
cof. BC

=1y, therefore / I—xx—y. And fince AC
=BC, therefore LB=/ A. Hence all thefe five
e oal s 3, Plathdeitthaton oy Dilliis.of
the fubftile from the meridian, 3. Stile’s height.
4. Latitude of the Place. 5 Comp. of the plane’s
diff, longitude ; ang each of them = twice the
ne of y8e—.

: 618034 whence the latitude and
declination — 380 10/t

PR OB. CXLVIIIL
Given the fun’s meridian altitude,
85 1w s o find the latituds.

LetZ be the zenith, P the poles B, O two
Places of the fun. Let a, b=fine and cofine of
Z (PO—pz)

,, 5 %, y=fine and cofine of PO+
PZ, c=cof, Py d=cof. ZO.

Then (Trig. L 6.
fCh‘}]-) 4y +-bx=S.PO, by—ax =cof, PO, gy—bx
=8.pz, by+-ax =cof. PZ. And in the triangle
Ollg_('_f!'ig. 1L 38 D4 0% X ay—~bxyte ==bye—ax
Kbytox—y 3 that ig, Caayy—cbhyxx+bbyy—anye—d,

St B ~TI—xx, therefore Ca2—CaaXx—chbhxy 4 bb
= bliE g

¢ =d, but sq4 pp=— 1, whence coa—
X 4By =d; and xy—cyy =g 4-bbed, and
1“ f 4 R

3 that is, v/ _yr — Vi—y XV 1=y

and alfy bis alyitiid?

439

90

910
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Fig.
9]'

93.

SPHERICAL TRIG.  B.IE

' bb—d
" :\/Eﬁf_j-___z__- Whence PO (or PB), and
PZ are had.

P R O B. CXLIX.

I the [pherical triangle VAC, there is given the 97 ;
pendicular AB, the angle Ay and the bafe V Cs
Jind the fegments.

Pat 5=S.AB, t=tang. VAC, c=tang. V(‘:f
x¥=tang. BC. In the triangle BAC, $:1 ¢ e
-:;-" —tang. BAC, and (Trig. L. g.) 14¢¥: Lk

e—X Ix 1

i —=tang. VB, and 14 5~ ¢
¥  th—x i
,;__ Jla =o - 7 . he t”
f o L T tang. VAB. And int
' th— rhenct
Hiawrstar T When
angle VAB, 1:54:: R ke
E—x th—x e s
T = b And multiplying, ;
be—ebx d-bcx—tux =tht—bx 4 bbctx—rcbi¥s and *
duced, 7——be.xx Hbbct—ric. & = be—tbb.
2 RO B.""CE. ;
M
Travelling in an unknown part of the world, 2 ‘:’,’[; P
by chance an old borizontal dial, whofe }»’f”";' 4 only

were [0 decayed by length of time, that 1 f‘”} -
s 7 5 s r P L}
ifcover thofe of 4 and 5 5 whofe difia”

é 17 4 5 3 whofe diffance . :

Juft 21 degrees 5 1o find the latitude of the practs

Let s=tang. 60 the hour arch of 4.
d=tang. %35 the hour arch of 5.
t=tang. of their difference 21.
x =3S. Jatitude, Then
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Then by the known proportion of dmllm rad: Fig.

r -(.;
at, 2 tang, hour arch : tang. hour d”‘olw d“‘ 15

VWi h . fzx‘:_mng, hour £, of 4 ;T
Liw::d:de—=tang, hour 2 of

5
But (Trig, 1. 3. ) 1—btx 71 H—!Jr- dx, whence
t+5¥-_d‘c——5dfx X, and ’,n +—dxir=0.
In numbers 5, 481335 —2x = —.38386,,

3x ¥ = ==39
and x = 4})64 = S.29 24 the lat.
oF & =.31518 — '

PR OB cLL

There are given 1he latitudes of by ee place :
arch of g greal circley and fhe diff. longitude are
équal, h‘heeefz ke middle one and each of the ex-
bream places s to find their diffances,

tn the

Let P be the pole, AE the

equinoial ; G, V,
i the three places,

Put b=ta; ng. MD, ¢=tang,
N ﬂ]_L'mfr (_(_z ¥=S5.AB, 5=8. LL. or biJ
Then (Trig. 1. 5 \/1—_;1 —L-v\/:u—s\*S AD;

and (Trig, I 6) x\/;.__.},__,v I—9x=8VAC,
Then ¢ Trig. 111,

;

27.-€0L 1) X:c:: KV et

-}..)\/1__; by and x b s ::\\/l—'\‘“—'\\/l__"“:
.- $i o d 8 eS|

e d, Whence 3 ::,\‘\/1——-_{}* -'i—:uv J.-~.~.'\' , and

dx _

g R===r, .."\.'\,/ 1 g :-\t/ I—xx,

Then adding and

= f”—l— (j.";c
ﬁlbtmthng thefe laft cquations,; +———;,
c
2 -
260 1 bx—dy

3] 400 v = aied v haia by the

3 3
. bd
former \/1-_.))- = o7 =¢ol.CBor BD. Henca
c
yis known, Therefore in the triangles GBV, VPM,

LW

93-
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Fig. two fides and the included angle are given, t0 find
g3. GV, VM, the diftances required.

Or thus,

(By Tiig. Il 44. cor.) As rad: : tang PV -
tang. GC + tang. MD : cof. GPV or MPV.

PR O B. CLIL

g4 In the fpherical ABC, we bave given the angles AD({,;
' (m&Bmuwmmwmnnmmmmm
ABC itfelfs to find the diffances AO, BO, €
Let 5, ¢ be the fine and cofine of A5 7 ?""’:2[;
and cof. B, @=S.CDB, f=S.CB, b=S.CDAs
S.AC, b=cof, AB, n=cof. ADB, x, P
cof. DAB 3 y, x=fine and cof. DBA. e
Then (Trig, L. 6.) sv=——sx =S.CAD, and P b
qy_-—_S.CBD, and in the triangles CAD, BAD:

dsv— dex .
d:: sve—xt ﬁé----‘i: S.CD ; and @if* T

: JCE-?J —=S8.CD; therefore ad!v-—"”d"x’

bfpz—bfg- =t
In the triangle ADB (Cafe ro.Trig.) #9—*

But v=v'1—xx, z—+v/ 1—yy, therefore
ads\/ 1 —xx—adix = iy"p\/ :}E\T__‘gyf'qy_

and bxy— VvV i—xx X ViI—y =’

From thefe two equations, the roots
eafieft found by problem xcv 3 otherwile jle you
afcend to a high equation: or if you P
may proceed by rule 5, prob. xcil.

be
m?)’ wlli

lea

pROP
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PR OB cCLIL

Given the difference of the agimuths of ybyee known
Jiars ;s to find their altisudes.
Let Z be the zenith ; A, B, C, the ﬂ:ar§. Sm;e 95-
their places are given, the triangle ABC will be gi-
Yen. Put g, c¢=fine and cof :ABC, a=8§8.AB,
b=8.BC, n=cof, AC, g=cof. AZC, ¢=5.AZB,

BZ—ABZ ,
£=S.CZB, %, y=line and cof; (‘:“—*2—1 Then

Y+ =SCBZ =0, and §—ry=5,ABZ =2 And

az
1 the triangles ARZ, CBZ, d:g::2: = =
S.AZ, and bresrg 2

4+ 9
B e =

; =8.CZ ; and in the tri-

angle AZC (Trig. TII. ,g.) o Vi
XV i—p —,

5 and tranfpofing, +/]—ap X
VT rmt i azve .
2nqgae
VU VU2Z = ppee _&%_ vy 4 399ace

obag V"% 3 and

tranfpofing, 1 —uy = 22470 — ?—’%@ V2 4
G9aace—phdd

Fhdd v*2%, but z=+'v’:2uy+zccxx, ang

VR = ssyy—coyn, Therefore Y=—AR=255yy - 2 cox
2ngaess 2nqaece qqaaee— bhdd
T e thdd X
s — LR Let §— AN = mm s

2ngae 2nqae qqaace
e S i b i i s i o
b Ak T g G e 12
then mm

=fssyy4coprx PSyt— 2perstyrgn o perat,
PUL ¥ = 1y s therefore €Xpunging y, and redu-
Q"__g. Prtpoi— f:.r-—-if):; x.x:«:mr;z-—-ﬁs—-pﬁ.

PR OB,




g6.

T

Q7.

SPHERICAL TRIG. B. 1k

P.R OB. .CLIV.
fue

Given the fun’s devlination, the differerce of ¥
altitudes, the differencesof aximiths, and 1he dif-
ference of times; to find the altitudes, and 1he 1
titude.

Let P be the pole, Z the zenith; . A, B’,the
places of the fun. Pur 4=S. fun’s dcci'iﬂ?l“on;
s—S. 1APB, ¢=cof. :AZB; p, g=(ine and cofif

BZ—AZ 3Z+AZ
——— % y=fine_and cof. I_—_?L-—— ;. thet

(Trig. 1. 6. fchol. 2.) gx-}—;{y:S‘Z‘B, gx’f’ﬁ'i
S.ZA,. gy—px=cof. ZB, gy4px=cof. ZA. ,Th]g
in the triangle API, 1: d: s se dse =S. half Anci

and (Trig. L. 2. fchol.) 1—2d:f15::wa ;
inthe.triangle: AZB (Trig. IIl. 38.) qqex—P0 xnd
Fqpy—pprx = 1—addss; but pp+gq=1> 2
xxyy—1 ; therefore cggxx—cpp 4 PP¥* + qg, /A
gqxX X—ppx x —1—2ddss, or {qg;\'.\..w[—cpp.r:c-"??ﬂ..—
Ppuw = 1—24dss +EPP~—19 that is, m‘z""'xx;
3—2ddss 4 cpp—1 +pp=cpp - pp—2ddss 5 whel

¢ IR
J _j'_‘_]:}j___lﬂ“‘;{. Then the fides Z3 28
are known. In the triangle PAl, find the L:;J
and in the triangle ZAB, find the angle 22, ¢p)
their difference ZAP; - then in the triangl® 1‘13“
there’s given two fides and the included ang'c
to'find ZP, the co-latitude,

PR OB CLV.

Given two altitudes of the fun or a Jar, and. - e
of vbfervation 5 to find the declination, and latt
. A, the
Let Z be the zenith, P the pole; B’-éf’BZ’
-

v

places of the fun or ftar. Let ¢= =
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F=cel, AZ, b=cof ZPB, d=cof. ZPA, x —cof. Fl%—

BP—zp, y—=cof, BP4-ZP, 97+
Then (Trig. 1L 42. cor. L) k=—y 12 13 X—c
2i=b, and gy ;. tH—fu 1—d; therefore
C %—f 1 1—d; "therefore " amidn—c
+d —¥—f—ly 1 bf 5 and bx—Adx =o—f4-bf—cd,

Wwhence & — zi_%;i;___"f Alfo 1—b % X—y

- TX"'—'ZC, or « ZJ_}' __J‘:x + Z;,\‘—.z{', dﬂnjé ¥ :
¥fbw —ap 2¢ 14-4 bf—td - f—c

PR OB, CLVI,

Given_two altitudes of the fun, the difference. of times,
and difference of aZimuths 5 tefind the latitude and
declingtion, : b

~—Suppofe P the pole, Z. theizenith , B, A, the
Places of the fin, Put e=cof. BZA, s=cof.BPA,
J=8.BP gr PA; &, d=fine and cof. ZR s R
fine and cofi Z A .

Thf:r; (Trig, 111, 38.) ‘in the triangle BZA,
bef +dp=cof. BAS and in the triangle BPA,
PV R =.cof BA ; therdfie
W+ 1-Sy==pef - dp, “ang ?:},yy = bif 4+ dp—i,

i t—Jef—dp . T
antd ~y— N/.l_"—fif £ = S.BP the declination.
Then S the trangle BPA, find the angle B;-and
I the triangle ZBA ‘find the angie B, and-then
the- differchice ZBD, the tiiangle. ZBP

s 20d the included
the ¢a-lagitude, )

Then! in
there are given two fides ZB, BP
angle B 10 fing ~Z

—

PRORB,
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Fig.

08.

SPHERICAL TRiG.  BIK

PR O B. CLVIL
Given the fun’s declination, two altifulles, and the 176
between themy to find the latitude.

Let a, b=fine and cof. PA ; d, f=Tine and eof.
PB; n=cof. ZB, m=cof. ZA'y 5, ¢—[ine and €
ZPA+ZPB |
fine 1BPA ; y, g=fine and cof. ————*”"'
v, x¥=fine and col. ZP.

Then (Trig. 1. 6. fchol.) se== sy=cof- ZP’A
and ¢z+4-sy=cof. ZPB, and (Fr:g III 38.) ‘“nd
w—giyvby=m, and dexv4dsyv4-fx=93

b
CZ w5y = x’ and cz4-9y= ”—-fx and bY
it =
adding and fubtradting, 20z = %ﬁ R TH
an—afx 4 dm—dby i ’f{:ﬁf
e = 5 alfo 299= e oA
L T o
s ey ivx._ ‘Whenee 2z =

adv f
antdm—afi—sdby . w{éﬁ’:&;
v , anhd y= 25440 -
P an--dm 3 an—dm __ db—}‘ﬂf = M
Ut = ead =P Sad — b “2cad i
db— . g /
of ~f¢. 'Then z-—‘ﬁ rx’ and y= ‘;’

23ad

But z=+/1—yy, and v:\/ i 3 then \/"'ﬁ
=L and 1=y = f.__'- and traﬂff‘"Jﬁﬂg

—— e

T

- >
y = ;_..?_—_’i‘ PO .. coome. | e, Ao X
Y

o
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Fig:
g:zg‘z. Whence Ts=M¥—pp+-2prx —rrix=gg 4 98.
2gixttxe 5 and reduced

bax < 2igx 4 g9 =0,

~ 7y - 2pr <+ pp
e |

p— L

Or 1hys,

In the triangle BPA. , lides and the included
angle are given, to fing £By and BA. In the
triangle BZ A, all the fides are given, 1o find the
ingle B, and from thence ZBP. " Then ih the tri-
angle ZPB, two fides and the included LB, are
given ; to find ZP the comp. of the laticude,

PR OB. cLvi

Given three altitudes

of the fun in one day, and ¢/
betwoeen them

be times
3 Lojfind the latitude, 8¢

Let s, ¢=fine and cof APB; ¢, I= fine and 99-
cofl ABC, d=cof. AZ, f—cof. BZ,

“=8.ZPA, ;=S.AP, BP or CPy 2=8,Zp.
Then (Trg. I 2. cor. 1.) ¢
ZPB, and 4/ 1 ——x Xt o = oo ZPC,__And (Trig.
1L 38.) 2V T 4/ 22 X/ 1—py = 4,
Czy\/l_—:-:::;wszyx +Vi—% X \/I:Eazfs and
f.’jzx/l—-—xx T hax 4 1y V’l_—‘:y:}::g Ey
tranfpofition, \/T—zz s/ t—yy =d— W 1=,
en 3PV 1 xx ks L Y g m—— =/, and
v/ l*-?x—-tz;x-{—d-—zy\/ Y =g. From the
former of thefe two laff equations we get zy=

L% —sx — cof

-

_—

; — 3 and fro the latter 2y —
1"_'{\/1""50.’5-}-13‘ 5 a 7
, e
e i and making thefs laft equa-
l*-::\/l-—xx—}-:x ! 9 . ’
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Fig.

100,

B. 1l

SPHERICAL TRIG.

; o
tions equal, and reducing, we have ﬁ‘i’;"‘

—f ) — g R I
a—f X 1=t — 0Z X0 ahg. ZPA. Then
d—g X5 —d=—f X1 '
x will be known, and allo zy. .
e B - Pu
Jut v 1—22 X4/ =7y :d—-:z_ﬂ/;—-—x.ﬁ-’f_‘,x
zy=r, then 1—y—22+ 2‘.2}_)-:dff—gziz}’v/ ""j 5
Fzzyy—zzyyx%, and tranfpofing, yy-+=23=""" ;
A 2dry/ 1— w4 rrRN=p by fubftitution s [hcr
y42yz+2=p+27, and ﬂl‘-"—m'z-i‘zz:fif—"f’
e 1 T
and y £z = Vp—ar, and y=—z = Vo
vV p+ar + V p—ar
i 4 , and Z =
2

whence y =

Vptar —/p—2r
5 .

P R O B.. CLIX.

; ; ‘ 2 ,'JJ
Having at one inflant the altitudes of 170 fnoto? farss
to find the latitude.

Let Z be the zenith, P thepoles *,_ A :1!137
ftars. In the triangle APE, ‘there is gli"‘:“ che

fides AP, FP the co-declinations, and ang/® rf'heﬂ
diff. right alcenfions, to find AF, and Lr
in the triangle ZFA, all the fides ai& gwen,wn'
find the anglc F ; then L ZFP will be kzﬂ_;.
Let c~cof: ZFP s'a,-b-= fine and cof. ZE-52 8.)
fine and cof. FP; x=cof. ZP. Then (Trig: B 50
ade 4 b =% =S latitude.

P RO B. CLX. ,
[ batie

iy . s
If there be trvo known fiars i one azimuth, 0% rade of
the altitude of either givens 10 find the 168
the place.
che
Let Z be the zenith, P the pole 5 E, AZ,,F is
two ftars in the azimuth circle Z¥ Ay ant gi\"cn'
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given. 1n the triangle APF, two fides and the in- Fig.
cluded angle P, are given 3 to find the anglf F. 101.
Ut e=col. LZFP; 4, b—fine and cofine of ZF ;
» f=fine and cofine of FP ; w=cof, ZP. Then
in the triangle ZFP (Trig, 111, 38.) ade+-bf=x
the fine of the latitude,

1s given, you muft find the angle FAP,
and put 4, 4=S. and cof, ZAj; d, f=S. and cof.
AP, &2

3 L.

Otherwife thys,

Let the altitude of A be given; s, ¢=fine and
CofL APF; 4 Sf=fine and cof AP ;3 m, n=line
and cof, FPY 4, 4=—fine and cof, ZA, x— cof,
ZP. Then (Trig. cafe », fpherical triangles) co-
o A =i dn—amnfe s mis g

g T e Ta ind tang, A— m—— »
by fubititution; ang (Trig. 1. 1, fchol.) cof. A—

1 ! ad
m. And (Tr]g. IIL. 38.) gy
the §. latitude,

+ of =«

This is a ufefal problem;,
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700 o g e
Geometrical Leci, and Problems relating herelts

_/

F the right line AP be drawn from 2 gli)v;;"

point A, and any number of right lines
PM, ¢, be drawn thereon, parallel to one aﬂd
ther, or making any given angle with A% [;-,
:f the relation of the indetermined quantitis A
PM be denoted in general by fome equations Lo
if the lengths of PM be every where, fuchast I
equation gives; then the curve pafling fhrol.lgs
all the pomnts M, is called the Leeus of the po! 2
M, or the locus of that equation. And that cq¥
tion declares the nature of the curve MM m

The degrees of the Loci are dt—nomirmred 10
the degrees of the equations, by which they 8¢ hat
noted. Thus a locus, of the firfk degree 1 tdi-
where the indetermined quantities rife 0 p
menfion 5 of the fecond degree, when they
two dimenfions; of the third degree, when
rife to three dimenfions, &e. . hen

Right lines are faid to be given in pofitiors b
they make given angles with one another.

n;
a

ari‘fﬂ

they

PR O B. CLXL

If the pole AC or BC revclves about the (ﬂ:ﬂ: m;'
and the weight D, and firing BD bangs uribtd
of it 5 tofind the nature of the curve G, dejé
b_, the ‘TL‘:’.‘&:J.’J! [ 8

Fs

Take AG, and CF, =BD. Thes fince Icf5.
BD are equal and parallel, therefore (Geom: o
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cor. 3.) CB, FD, are equal, or FD=CB=CA. Fig:
And fince

FC=GA, add CG, and t]lCﬂ'L‘-G:CA.; 103"
whence FD=FG. Therefore GD is 2 circle whole

center is F, the fame with AB, but in a lower pa-
fition,

PR OB CLXIL

-?::ppcjé' ACD, acd, &c. to be ?'i";i"-""""'”l?’rm_, "”.‘mif‘r‘rf’ 104
one of whofe o ngles falls upon the fived pemnt A, the
Other in the line AL s and if the fegments BD, bd,
be givens 1o find the nature of ,the curve pq fing
through all the right angles C, ¢, &c.

Let AB=y, BC=y, BD =a3 then in the right-
angled triangle ACD; AR {x): BC (y):: BC
(v): BD (a); whence ax =y, for the nature of
the curve, Therefore the curve Ce is a parabola,

Whofe latus reGum is BD or 4d, and A the
Vertex,

-P R O B. CLXIIL

A is a fived peint, AB a4 Ziven line, ABD & Fiven
angle , then Juppofe the curve AMB to be generated
after fuch a manner that drawing any line AC, i
may be, asBC 10BP 1 : as - 10 5 to find the
nature of the curve, or the locus ¢f all the points M,

Draw MPp

» #1p parallel to DB, and let AP—,
PM=y, AR

=a. Then by fimilar triangles :‘U;

(*): PM () :: AB (a) : BC “_‘f_; And by
the problem, » ... BC (f—v : BP ( gmex),

say r —
Therefore & —Fa—rx, and ) =—X a.—xx, for
’ i Sa
the nature of the CUTVE 5 and it paffes through A ,
becaufe when x s =0; ¥ is —g¢,

‘g.z PR OB,
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Fig.
PR OB. CLXIV.

106. Given the triangle ABC, and drawing PD paraﬂb’l
to BC 5 fuppofe it be always PM: —PD»—BC"#
to find tbe nature of the curve BM.

Put AB=—a, BC =5, AP=x, PM:y, then by

fimilar triangles, a: & :: % : %:PD > and bY

bb
the queftion, aTxx —bb=yy, or an._;y-_—z?bxx._-bbaa,

b
and y= wx—ae . And the curve P‘aﬂﬂc5
through B ‘

PR OB. CLXV. f

x07. The triangle ABC is given being right- -angled at B m,
and drawing ¥M parallel 1o CB, # be €
where PF*4-PM*=BC*; 1o find tbe natwre
the curve BM.

Let AB=a, BC=), AP=x, PM=y.

b
by fimilar triangles, @:5:: _x —PF. #A

= L

=
3
(=S

bbxx
by the queftion, — = +yy=0b, whence Y=

bbax b ra all
- and y= aa—x%» the cquanoﬂ fo

the points M. And in A, where ¥ is O L e
or AD=CB.

prOB
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PR OB. cLxvL

If AB, CF, AC 2 right lines given in pofition 5 108.
bways parallel to AC ; and if

° every where equal to D5 10 find the
locus of 11, Point M,

_ Since AC,

PD are parallel ; AP will be to CD
N a given rat

© (Geom. II. 12. cor. 2.)5 put

=¥, P =Y> and let 4:5:: AP (%) :
b , .
';;:CD 5 therefore ¥y = f’—r Therefore AMm is

a
a right line, paffing through A,

PR OB, CLXVIL

If the thres lines CA, CB, AB 2, given in paﬁ:mu_; 10g.
and PM pp always drguy Parailel to AB ; and it
be every where A PxPD =PM:; 4 Jind the nature
of the cypre Mz,

Let C A=y, AB=}, Ap—

Xy PM:_}'-, then by

fimilar triangles, 41 5 - B t%fb_—,l’l), then
by the queftion, i:_—'? 5 = yy, and y =
SR
@ X @x4xx ; ap

d the curve pafles through A,
fince both » anc

1y are o, at once.
Bllt if CB be

Parallel 1o CA, then PD=AB,
and 59;‘:}),01")-_:\//5::, And if < lle 0

ther fide of A, then PD = f??}, and y=
b —_—
2 X QX
then I=0, an
the axis Ca

n the o-

In which cafe, when ¥==za,

d the curve pafies there through

v

Ggg When




B. 1L

re root

PROBLEMS o
Fig.  When « is greater than a, y is the fquar

454

10g. of a negative quantity, which is impo fible; a8
therefore the curve goes no further than A.
P-R O B, CLXVIIL
’ .'l"z
y 1o, There is given the right an gled  triangle ABD ﬁi’d
i
drawing PM, pm {.",,n"_\') parallel to BD 3 ”.ﬂ
making PM every woere equal 1o BF 3 17 J
the nature of the curve DM,
‘ y en
Put -AB=a, BD=/, BP=x, PM=y- Th
at+* 3

by fimilar triangles, @ : & :: a+¥ ¢ e

[;fz f"'l"' =
PF, and BF* =— x¢ = "_'X};,-;'_/ oy

aaxs-bbaa + abbax 4 blix

i

therefore

20bx  aatbb re
g = ~/ O = e xx, for the natt

aa

of the curve.

P R O B. CLXIX.
AP
1LL. BAisa E‘Thf jﬁﬂ"j draw PM }f‘t“?‘f'f' h'.”f‘f,j '”Biam
and let AM be :E/wm § 4 mean }‘u gpm hg,z 1] et m%ﬂ
AB and ‘XP': io f.m the nature G_j ;‘}‘? K
AmM.

Lot AB—=z, -AP=2x, 1’\{—\;; then ﬁM*)

V x4y, and per queft. a : v /xn 4 1
s x, and ax=wx4yy, whence y=

d_x.—-—'x""

' PROB'
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Fig.
P R O B. CLXX.
The linte CF aud point A being given _ff'am\r{f}')’ 1124
point D iy thay ling, through A, .;"f‘;?'za‘.' 1D | '
and make DA X AM always equar to @ given
q4are 5 to find the locus of M.

Draw BAp perpendicular to CF, and PM per-
pendicular

AP, and_put AB—a, AP':x,
PM=y, then Ap, = VVxx+yy, bh = thé given
fquare. . By fimiay tangles & « Wz Ly {2 @
a/ yx —|—_}'_y

= = AT

& =
Then per quet. iRy

- by : bbx
:L'b, and .x::-}-_U::_- _;_, Whenrc y= \/_ﬁ.._;_ax.

@

PR OB, CLXXL

AD i a cirele, C 15 center y drawy AR perpendicy- 113+
lar to CAP. T.?EH d"aw any ."f?lt? (_B’ (”!d BM
Paraliel to AP

and make always BM =DB 5 1o

Jind the natuye of the curpe o M.

Draw MP perpendicilar to CP, and let CA%zy,
AP=x, PM =y3 then CB — \/h_ﬂl——ﬁ s and
BD = vt oy But AP or BM=BD; that
IS, ¥ = Vrr Ly —r, and Virrdyy = <%, and
fquaring, X = rrdaryux, whence y —
Virk 4o,

Gggyg PROB
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i P R O B. CLXXIL

554 CAD is a given angle, CD a given linc, M 4 gt't'c';’
point in i, Let this line fo move in the aME°
CAD, that the ends D, C may always touck the
Jfides AD, AC; to find the curve deferibed by the
point M.

Draw MP, MB parallel to AC, AD, and P¥t
PM=as, CM=4, cof. LA=c, AP=¥
PM=y. By fimilar triangles, CM (5) : BM (¥)

::DM (a) : DP = —=. . But in the trisngle

b
2acxy
MPD (Trig. cafe 5.) 3 + f%;—‘f _ B =t

2acxy aa

or yy=aa + =1 —b’;*x, for the equation of

the curve.

P R O B. CLXXIII

115, The lineCA is perpendicular to AP, ABM is & f?‘"‘m‘:
"~ awhofe fides CB, BM are giveny to find the e
defcribed by the point M, whilff the L B, ané &
C, mave along PA, AC.

Draw MP perpendicular to AP, CB=4, BM :f;
Af=x, PM:_}J-, the tliangles CAB, BMP a

fimilar, and b:y::4: gg.: AB. And BP =

- S ; e p
v/ bb—yy, therefore -? 3+ Vibb—yy = % » an
‘/,{;—3} = N— f'g, and {quaring by =X¥
_2‘7'.":?_ df_"_}' aa —-I-—b.b ])b

R And reduced *-"bg").'}’:

pROB
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Fig.
PR O B. CLXXIV.
The lines AV, AB, AE are given in pofition, the 116.
Pont N is given s if the line VE be akoays :Ifm:wu
tbrough V. and the part intercepted CE be divided

* agiven ratio at My to Jind the locus of the
Points M, m,

Draw MPp parallel to AB, and DM, BE pa-
Tallel to AP, "ang put AP=x, PM=y, AV=a.
7 to 5 as CM o ME, S.LBAE=p, S.LEAP
or BEA =g,

The triangles VAC, VPM, DCM, BCE are

. a
fimilar, and at¥:iy::g. f-'_-_l-y_x:AC’ and a4-x

-
‘Y (DM) w - 'a—_':;—x:DC. Alfo r:5::CM

Xy Sx
t ME . . — = =2 i
IE : : CD (cz ! x) DB = e And CM

TCE crdpas 10 ; t-;l:—'qx::BE, and in the tri-
angle BAE, ?2:4¢::BE (r_-]-__._rx )
5
rts - Sy —_ T
};—g:c =y+ -__—rxm’ and r 45 % g% X a-x
SEQ‘ X atx +psxy, which reduced is (putting
Tt =d) dgxx 4 dgax = Pray4-dpxy, and N 25
aq%x 4 dgox _ dg ax +xx

Frat-apx — ? = ar 4-dx”

: BA —

PR O B. CLXXV.

BCD ;s , given. angle, D o Jixed point, BM parallel 117.
20 CPy and BM 0 MD are always in a given
Yalioy to find b locus of M.

Draw Mp parallel to BC. and CA=
: put CA=a,
AD=4, cof L¥ s AP=u, PM=y; then
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Fig. PD=b—y, and BM=—a+x ; then (Trig. ca

fe 5

17 - MD = J 99 4 b—x —acy xb—p, Whence it

iS, g . b v G—i‘:\.' H _’}:y + }:_.._',;:.__znxl:_._-_ﬁf 3

which fquared and multiplied, bhaa-t2

=aayy - aabh—73aabx 4 acsin—=2 caahy - 2000)% a
axx +

reduced sayy+2caayx—2acaaby = bbxi + @
obbax +2aabx.

PR OB CLXXVL

Lhax 400

nd

TcM

018. C, D are two fixed points in the line CD 3 ané
quare is ever s ewhere to MD Jyuare, in ¥
raiibof v 10 s. To find the locus of M.

Draw MP perpendicular to CD, and le
AD=d, AP=», PM=y; then cP=#
PD=f—~x. ‘Therefore it is 7 :15::

e given

t C.A-’;d’
EEE

-(?ﬂ:‘w::

=¥, there”

(CM) b !1"{‘.’».": (MD?®) w o+ (’r:; 5
fore blyy-Fbbaa 4 2bbax + bbyx = ad)) w
2aabs-+aaxx. Whence aay—bby

J-2bbax4-2aabx; and Yy =

ag—iol

2ab

— XA

xy - T
a—

P R OB, CLXXVIL.

BN

-

]

z:+1.fl y sab ™"

: : g gl
119, The lines AB, AD are given by pofitions f“,\ﬁw if

P, B, and angles CPD, CBD are given: -

- . ’
the angles CPD, CBD move about 1 ¢t mm!;;) it

awbilf the interfeftion D (of the fides PD, S b

along the line AD 5 to find the curve © i
terfettion C; of the other fides, deferibes:

and pur

Draw CS, DF perpendicular to AB; pD
tang:

AP=a, Pb=b, tang. LPAD=/ tang.

if
=ty
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tang. CBD:—:;;.', P “:‘U, }_’S:ﬁ;, SC —Ys
BF =b—v, BS =b—x,

Then b
=DF.

tad-iv
And v, I::fadtv:

and Fig:
11g.
¥ 'l‘ri;;onmnﬁtry, Liad4v::1lad-iv

=tang. DPF,

m——
™ b
o = tang. B4

ta+ tv
And by iy .. tad1o : th: =tang. DBF.

Alfo 2o iw

o

And b—x: s, ¥ z_}'::;‘ = tang, CRBS.

Bat (Trig, I, 8.) I____m-i—lfvy ! vy

il e—— parees 0
JUN v + X ‘p
te-to y lta<to ¥
nd- gl flas=ch A 417} S -l
A Jesryy X b—y 4 O—7 w b—x g

and muliiplying the extreams and means,
pvx—-p;.-:y——— PIUY=lax +tux - Ty,
And g x by x_ﬁ-:x —frt'g_‘_s'—ﬁz'g':'y ;:_r;z S X b=
+dy—wvy s  that is, b % b—y —40 X b—x— tagy
Iy =tab—tak tiv % b—p + &y—wy ; and tran-
fpofing, U X b—x 4 1quy —y = gb X b—x
ey t-tax—tab—~ by, By this and the former
'y B ! 3 Fak W "__,_!l

. YO—qbr t-tagy—tab 4 tax 2y

Cquation, g— e —=

g&—?}.ji— gy :zﬂ'—-»t.x‘-:h; & T

tax—}-ptrzy Foes s Tt
px__'z{_-_;n}-__‘_j’. And fubfticating for the known

Compound quantities,
i L S T
e P reduce
iapby_y — lagxx — ¢, pExy + talv taply —o.
F5d oy -+ tab — T if
== &0

7
—an

PR OB,
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PROBLEMS o B. 11

PR OB. CLXXVIIL

120, T find the figure for the [eclion of a groin, the Mﬁ;

of the two folids being AFL. a Jemicircle, 4"
ABC, a rigbi-angled ifoceles triangle.
Groining in joinery is fitting two prifmatic ib%
lids, to join at right angles, 1o that the l‘urf‘flc_"so
both may coincide, no part of one being hight
than the other, and the ends of both of them B¥
be cut away to a certain figure, or clfe they el
never join truly. v of

Let the perpendicular feétions AFL, ABC©
the folids be perpendicular to the plane LACD; D(n
which the figure is to be drawn. And fl‘PPc;t;
AMD o be the figure ; draw M1, MP pai
o AC, AL ; at I, P, draw the ordinates 1, &
perpendicular to AL, AC. Now the natt'®.
the groin requires that the lipes F1, and PO, whic
are to coincide, muft be equal. Therefore compute
FI, OP in both figures, and putr them €qu2
one another.

Let AL or AC=4, AP=x, PM=y. T‘}‘;’:’

IF=vVAlXIL = \/}:——)-x)- ; and fince AP'
is a right angle and AB=BC, OP will ="

therefore OP =x, whence x =v/ay—- \,Vhel}gi
AM is an arch of a circle equal to AF. And like
is 4

the fame reafon, the part at D of AMDIS £ °0
arch, and the whole curve AMD confifts of t¥
quadrants of the circle AFL, meeting in the
dle, and turning contrary ways. Therefore® =
ends of the two folids, be cut into the ]gurtjr
ELDMAF, and BCDMAB ; they will exactly 5
one another, i

mic=
f the

pROB
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Fig.
PR OB cCLXXIX.
10 find the figure of a groin, when the bafes or ends 121,
of 1he bodies are

AYL a femicircle, and ABC the
Jegmeny of a cirel,

Let AMD be the curve; draw MP, MI pa-
relle]l to AL, AC

s and IF, PO perpendicular to
AL, AcC,

Put AL =, AC=}, AP=x, PM=y. Then
becauft the figures APL ang ABC muft always
be of equal height, therefore 3= the height of
Then to fing the diameter of ABC, we
Wb+-laq divided by ia, for the diame-

ter; pur D:diameter, then D—a= the diftance
of the cord AC f

rom the center, put D—a—=r,
and PO or [F=

. V. Then by the Dature of che
crcle (in the figure ABC), 20VHVD = hy—xx s

N 29—y =, in the figure AFL. Therefore
2V 4-gy —U=bx—xx, and 2cv=yy4 !;x——-.w.-;;—d"r,
o o = ‘/‘9'—')']. and ZC?J:ZC‘\/{J_)I—-__)D; = yy-—
D+bv—xx s Which fquared and reduced gives an
quation of the fourth Power for the locus of M.

P R O B. CLXXX,
Te ﬁr.'d a general o

quation to the ,
ling g5 ay axis

Hipfis, referred to any
which ellipfis

Will therefore be the
boces of thyy équaticn.
Let BFDG pe the ellipfis, C the center 1 Let 4,4,
the Point A pe given, and any line AL, given in
Polition, for fe axis,

Take the angle KAL at

Pleafure, and through C, draw the didmeter BD,

Paraliel to Ax and. FCG the conjugate to it,
and AN, PM, Tk parallcl to FG. ™ Pyt BC op

ey
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Fig.
122,

any line drawn from the given point .dl‘ilW the

PROBLEMS o B. Ik

CD=t, p— parameter belonging to BD, AL=H
LK=b, AK=¢c, CN=f, AN=#n, AP=¥»
PM =y.

By the fimilar triangles ALK, A Pl; a:b:¢ ¥

bx =

:-—ﬂ-:pl sand @11 %t %:AI. Then PR
bx by :

=A% N RM'_—_}--mn__%, ’CR:{; . / BR

=i—f + 7, RD=¢ +f ““{ And by the P
[¢

p—

perty of the ellipfis 27:p :: BRD :RM:*:° e
2¢fx coxn bhxx

ff i 4  aa L yy—2ny + U +

2bx 2bnx

h.y ==, and multiplying extreams o

a @
means, and reducing,

‘-’O
2aatyy—aabiny 4 2tbbxx—gaatny+ 4abtnx+204! e
-+pee —2apcf —pad ‘
-} pﬂqﬂ

An equation to the ellipfis FD referred t0 the 4
AL. Where note, yy and xx have the Ih{ﬂe I"it;
And if xy isin the equation, the {quare of ha t][i-
coefficient is lefs than the coefficient of ¥¥ ml-tnl:'
plied by the cofficient of yy. And if xy be vé
ing, xx and yy have the fame fign,

P R O B. CLXXXL 5

110
T find a general equation to the byperbolas ’} Eﬁ';‘-g
to any line as an axis 5 end which byperbolé

confequently be the locus of that equation:
AL
Let DM be a hyperbola, C the cenrel‘rMﬂkG

LAK any given angle ; and through
diameter BD, parallel to AK, and F
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Jogate, and draw AN, PM, LK parallel to FG, Fijg.
PutBCor cp—¢. P= parameter of BD, AL=q, 123.
LK=s, AK=¢, CN=f, ANz=n, AP=u,

PM =y.

From the limilar triangles ALK, API, we fhall
Bet (asin the

bx ¥
laft problem,) PI = =, Ap e

]
z’ @

b bx
Whence PR —, - i'-, R[\’I:T—-—H—-"‘E; and CR
a i @
X p x " — X
e edaiand DR~ — ~f—¢, and BR = —
~f+s

a &
And by the nature of the hyperbola,
28:p:: (BR XDR) i;; W

a t /-
¢ 5% 2bxy 2bny bbxx
(MR*) sp—2uy 4 s 399 A== =
And the m

€ans and extreams myltiplied

then reduced,

» and
2taayyemy by axy} zr(’:f;::,\'-—-;;!;r.-:'@'

— Pre

+4tnbasry 2lasan=—g,

+2acf —~paag
+paais

Note, whep %y is not in the equation,

ave different figns. And if %y be there, the

quare of half jes coefficient is greater than the €O~

efficient of yy multiplied by the coefficient of yy,

» and

SECT.
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Mechanical Problems.
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124

125.

P R O B, CLXXXIL

If the weight P break the beam DE, when ﬁ_fﬁm.‘;d
loofe at A, B to find what weight aill preak 7 ;
when the ends D, E, are fixed, that they cant?

rife.

SUPPOSE DA=AC, and BE=BC. 5
pofe the beam cut through at C, and let ?18
be laid upon D, whillt i1P remainsat C; ¢t “‘tm
preffure at A will be =P, therefore the beam ¥ it
alfo break at A, having the fame ftrefs ther® = d
had at C. For the fame reafon, if 4P be 2[??1'6
to E, CE will break at B. Confequentlys if zhc
be applied to C, the beam being whole ; and !

ends D, E fixed ; the beam will break at A, o;‘
and B; and therefore it bears twice the weight

2P, at C, before it breaks.

P R O B. CLXXXIIL
its

The firength of abeam AB, being given's to ”.i;;,,
Sirength when a bole (ac) is cut out of e m
and alfo an equal ene (rn) in the Side.

f
By the principles of mechanics, the ﬂrengthw?ﬂ

the beams whofe thicknefles are db, day 4%

be as db*, da*, and dc*. Now as the [treng‘d by

all the particles between & and 4, is den0te en &

dj*, and the ftrength of all the particles betWet d




T1.X pa46y
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and d, by ad: ; therefore the ftrength of all the
particles between # and a, (the point D being
fixed) will be db*—da*, add the ftrength betv._'een
€ and d, which is ¢d*; and the ftrength of 4a
and od, that is, the ftrength of the hollow beam
1S 8br—dgiy g, But at the fe@ion # the ftrength
15 fn2,

Whenee if nr=ac, the ftrength at 2 to the

_PffEDgth at ¥ is as db*—da*4-cd* o db—cay that
. 88 db—adi v 4o to db*—:db Xca4-car,
herefore if 43 be the ftrength of the whole
B4, 2dihcz % g will be the defe@@ of

465
Fig.

125.

fength of the hollow beam, when it breaks at by

and 28b—~cax ca, the defe@ of ftrength when it
breaks at# or f, which is greater than the former.

And for the fame reafon the defedt of ftrength to

-

break at 4, will be 26@4ac X ca.

PR OB CLXXXIV,

To Support a long prifmatic body borizontally by tao

Props A, B that it fhall as Jeon break in A or B
as in C,

Let DA:AF:GB:BE:}', CF=CG =y,
C=CE=#, then B=0y +x.
The parts AF and BG lay no ftrefs upon C,
eing balanced by the contrary weights DA, BE,
equal to them. Therefore the firefs at C, arifes
10m the weight FG 5 and muft be equal to the
refs ar A, arifing from the weights AD, AF.
The ftrefs at A by the weight DF is :DFxDF
Or 23y, (Mechan, 79: and cor.) and the firefs (by
FG fufpended) arC is AR X FG, or 2y Faxxox.
But (ib. cor, 5:) 2AC (2y4-2x) : AF+AC (2y+x)
:t {brefs at C, by FG fufpended at C 12-_)’—|—_z:><21"}2
to the ftrefs a¢ C, inthe pofition FG = "z‘_T—;—:..'xz.v.
E h Therefore

P

‘)‘{;‘
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Fig.
126,

127,

MECHANICAL B,II.‘

Therefore 2yy= 2y-4x X 2% Or yy= 2yx+"¥=
me—=n X n—=2y, and yy-2m)="". Whence Jy =
#X J2—1. And ¥x=nX 3—2¢/2:

P R O B. CLXXXV.

If two weights P, T keep one_another in equilibr?s
oir the two wheels whafe radii are AB, CbBs
frait tooth AB of the one, aliing on the f’f"aki
tooth BD of the other; 1o find the proportio? K .
the weights P, 1. ‘
Draw EBF perpendicular to oD, EH P 3

dicular to AB, and FG perpendicular to BC. a8

point B of the end AB, is ated upon by th_rE;

forces: 1, in direftion AB; 2. in direﬁiO“B e

3. in dire€tion EH by the weight P; an the

forces are as-BH, BE, EH. o0
Again, the point B of the tooth BD is a&te in

by thefe three forces: 1. in direction BC ;.

dire@ion FB; 3. in direction FG by the weig™ 42

and thefe forces are as BG, BF and FG. “BU*

-~

aftion and reaction at the point B, being ci?t:;l;
wie have BE=BF, and in the ”ght'angled E;IABE'

BHE, rad. (1) : EB::S.ABE :HE:EBX“EB:;
And in the triangle BGF, rad. (1): BF of T:
S.FBG : GF—FB x S.FBG. Whence F* Tyt
HE: GF - : EB x S.ABE : EB x S.FBG3. [y
is, P:T ::cof. ABD : cof. CBD, when the wels
are in equilibrio.

Whence if ABC is a right line, P=F 3
L CBD=o0, then P: T : :col, ABO: radivs:
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Fig-
PR O B. CLXXXVIL

o find Proper numbers for the wheels and pinions of
@ clock, 19 gg eight days 3 and to fbew bours by the

Ereal wheel, minutes by the fecond whee], Jeconds. by
4k ballance wheel, and to beat feconds.

For the moving part.

Suppofe four wheels in the moving part A, B, 128,

» D, and let the numbers for the wheels apd pi-
“hions be denoted as in the figure, and let f=12,

b =height the weight defcends, z=time of going
own in hours.

A
It is plain 7 = bumber of revolutions B- has

B
for one of A, and 7= number of revolutions C

AB .
has for one of B; whence = =number of revo-

. ABC
lutions C has forone of A. And likewife

Aumber of revolutions D has for one of A.
Since the arbor of carries an index, to fhew

econds, therefore D=30, becaufe for every tooth
there are two beats, and 2D==60.

Becaufe the arbor of B carries an index to fhew
minutes, and of A to thew hours ; confequently A

80¢es about in

A
12 hours, and B in 1, whence ——
12, And becaufe D

goes 60 times round for Bs
Once,

therefore —(—: =6o.
gr

Thereforc the two equations %— =112, and
BC
‘& =50 will refolve ‘the queftion ; which being

H k2 un-
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MECHANICAL B. 1L

Fig. unlimited, many of them may be taken at plea{ures
128, provided they be all whole numbers. d

Suppole =6, p=8, ¢=38 then A=g6, a0
BC—5 % 8 X 60, and if B=6o, then C=483 %
B=72, and C=g4o0. It will be better if B and 01
C and r be prime to one another.

To find the diameter of the wheel for the ropes

},
icwill be £:h::f: j——; — circumference » and

St

1 1'416: — diameter.

Fur the firiking part.
Let L be the fly, K the warning-wheels Ih;il]c
detent wheel, H_the pin-wheel, G the great W i::
F the count-wheel, their teeth and pinionS alierf-'
the figure ; #=number of firiking pins, an & =
are 78 ftrokes in 12 hours: F goes roun

hours, 1 goes round for every ftroke of the clock:

7 - 5 in 12
Now - = number of revolutions of 2 Pty

ool 4 H
hours, and —r = number, of revolutions @

ab . Igrcfgrﬁ
to one of F, that is, in 12 hourss "
FG ~ 78
ab — @u’ and

. . " "
Again, 1 goes round # times for H's onces
: Haer atio
therefore -c—_—_n.’l herefore from thefe two €3¥

'E—Ci = -7—§ and H=en, all the l"equiﬂte
ab #f 2 ¢ ] nl.lm'
be found ; but being unlimited moft of the i
bers may be taken at pleafure, fo as they ¥

convenient whole numbers. oft al
Becaufe the pin in the warniﬂg""'hed o | has

v b ot
ways come to the lame place when the € ﬁruC]‘

g mé)'
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ftruck out, therefore Tj— = a whole number, L

and ¢ may he any numbers

» becaufe there is no
Phenomenoy, to

be thewn by them.

: .. _ABC 6o
The tfain, or beats in an hour is = X

par 12
5ABC ;
== g - =6, £=8, ¢=6
o uppofe n=12, g .
then H—

5

72 and FG = 73_::19_—_-3 X 78, there-

FG
fore F may be =13 and G=24. Bur note o~ %
may be

PUt into one wheg or m
If the ftri

"INg 20 about the axis

1s found as ip the other,

axis of G, it muft be mad
to F, If i

ore as one pleafes.
of F, its diameter
Bur if it go round the
e lefs in proportim_l as a

PR OB, CLXXXVIL

Suppafing with Bortrrr (part. I, Prop. 22. de motu
animaliom), hay @ firong man can but beay 26 Ib.
at arm’s end, and that the weight of bis whole arm
is equivalent to 41b. at arnis epg s from the length
o bis arm given , 1 Jind the dimenfions of that man’s

4y that can bear no moye than its own werght,

Suppofe 4 75, “at arm’s end equivalent to 8, the

Weight of the arm. And fuppofe the twe arms, fie

milar {olids, ang the arm = half the length of the

ody, Pyp 4=length of a common man’s arm,
ir::d,lt’:. W=261, x=length of the great man’s
m,

The weight of like bodie

S are as the cubes of
'3

= weight of the
@t — weight of the

Hh 3 great
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Fig.
28,

129.

MECHANICAL B.1L

by o L/
gteat man’s arm, and - = the weight at arm’s

end, producing the fame ftrels.
And the firefs being as the length and we

we have wp X a= ftrels of the common M

ights
an’s
bx; ? [l
arm; and = ftrefs of the great man's ar
is as the

But {by mechanics) the ftrefs in this cafe,
ke fides:

firength, that is, as the cubes of the 1
) bxs 4
Therefore at : ¥t : : w+b Xa: s whence b

w-b 304
= w4 X ax, OF ¥= 5 4=, =

4
Now-if a=1 yard ; then if therebe am
height is above 15 yards; he will not be
ftretch out his arm.

P R O B. CLXXXVIIL

Given the length and pofition of the beam AD, ]Mﬂ:fg%
againft the wall DE 5 1o find the pofition of
plane BE, on which it may frand withous WO

Let G be the center of gravity of the bear® tg‘
gether ‘with any weight it carries. ThroVStgs
draw the horizontal line BH. And fUPPO.{cmer_
put into the pofition da, infinitely near the for
Now fince the beam is to have no indl"auogmer
moving from the pofition DA, or das t v CBH,
of gravity G, ¢ muft be in the horizontal 1in€ oy
by the principles of mechanics. Dra# ”C’;,_.g,
Ar perpendicular to ad or AD. And let 'DFI;
AG=r, b=S.DHG, p, g=fine and cof. &
s, f = fine and cofine DGH, x= 1ang
o=DF. chere:

Sinee DG =dg=mn, and AG —ag =" g udD
fore Dm=ng=ar. In the triangle Ddms = @
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B Fig.
(9) : SmD4 @)::mDimd = L xwD or L

g g 120
Xg&n  And in the triangle Ggn ¢Gn (f)

S.ng ) £n

3 "c_»
: G = % X gn. By the
fimilar triangles Fdm , I'Gn, Fd (v) : FG
(M)::md(—‘;- ngg) . ».G
s -
(“-xgﬂ) s Whence y = PJ :
r g
phf— i Pf ] g
f~fv, and v= P+ge But (Trigon. 1 5.)
2f+qs=bh, Therefore ) Ei. In the triangle
Aar, 1:1ar or 4

. X 31_'_1" % ;aO' Aﬂd in
the ﬁmllar triangles FD FAr, Fd (v) & md

(-—-Xgn ) : FA (6+c-.q;)

y and gov=

A (¥ Xng)

therefore w_—p- X Zti:f—v and v =pb4pc
P, and wgx +p'U‘_'Pb+p£, and fubftituting the
value of o :

> gx+p XE'—f—pb—{-pc, and fgx 4.
bb-}-fb-—])fp bd-c
. = s Lol R
fp=bb+ch, whence x — 7 =gy b
)

===—. Whence
¢ enc

1. IfDH be perpendicular to the horizon, &

=15
=4 f=p, and » — bif — —};—
2. IfDH nearly coincides with D DA, b=, peo,
b
¢=1, then x— *—_;—cx;., or b;:ﬁ X tang.
DGH,
Hh 4

PROB.
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Fig.
124,

MECHANICAL B. 1L

P R O B. CLXXXIX.

Having given, the [pecific gravity of two things m”'j"
likewife the [pecific gravity of a mixture of thett s
1o find the proportion of the things mixed.

Let A, B be the two things, and M the mij;'
ture, a, &, ¢ the fpecific gravity of A, B, M; “»
B, M their magnitudes. Then fince the ablo.lut?
weight is as the magnitude and fpecific gravity 3
thercfore aA, 4B, mM will be the weight © ;
B, M. And aA 4-iB=mM=m X A+ B, ﬂ"_‘iﬁfn?
{pofing aA—mA=mB—IB. Whence #~7 '

a—m > : A 1 B,

PR O B. CXC.

Having given the weights and velocitics of Fwo J ’E’{”
rical bodies perfedtly elaftio, meeting one anotber "
a'right liney to determine their welacitiesy e ¢
flexion.

Let A, B, be the weights of the bodies, diwié;
their velocities towards different parts, ¥ ab ‘hm
velocities the contrary way, after reflexion: _T
Aa, Bl are the quantities of motion in t
fpective dire&tions, before reflexion ; and N
after. As the bodies are elaftic, they will rccﬂ_ty
from one another, with the fame relative Velo(;a.
they met, whenee a4-b=y4x And (bY,mCC[he
nics) the difference of the motions, movH
fame way, will remvain the fame after as .
firoke, therefore As—Bb=8—Ax, but y:ﬂand
—x, therefore Aa—Bb= 3ﬂ—§“Bb~—'B-'(""Ax ,d =
tranfpoling, Ax+Bx=aB -‘H»R—-—;’\a-i‘bB: an
B—A % a42Bb A—Bx b+2A%

antl y=——%
J'\-}-B ¥ P ‘i—{_B [)ROB@

heir €
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PR OB. CXCIL

ACDB s a thread fived at A and B, at the points
C, D of this tbrefad are ﬁx::d the two tbre_ad,r CI;:,,
» With the weight EF ; having given the
weight ¥, and the pofition of the points C, D; to

" Jnd the weight E,

Let the weight F—qp, weight E=w, S,LACDB
=5, SFDB=;, SDCA=p, S.ECA=y.

The point D s kept in equilibrio by 3 forces
in dire&ions DB, DC, DF, which are to one ano-
ther, as the fines of the angles they pafs through
(Mechan. 8. cor, 2.) : therefore S.CDB (5) =
force at F (a) *:SFDB () : force in DC —

w d ) .
P force in CD, becaufe ation and reaion are
equal and contrary,

Again, the point C is drawn

by three forces, in
-direCtions CD, CA, CE;

therefore, S.ECA (q) =

11 S

force CD -JE 2 S.ACD (p) : force at E (%),
. o M
therefore gx == and x — o T,

PR OB, CXCI1.

Tbree poini; of the cieling, Ay B, C are given, to
Woich are fived the threads AF, BF, CF whofe
lengths are given 5 10 thefe is fived the thread FD,

With the given weight D 3 10 find the tenfion of all
the thireads.,

Becaufe the
Iengths of the ¢
where DF prod
o K, and dray

triangle ABC is given, and the
hreads ; the point O will be given,
uced cuts the cieling. Produce AO
EF, which wil] be =V'FO" 1 0OF-

Al

173
Fig,

I30a

i
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MECHANICAL, &. B.IL

All the fides of the triangles CFE, EFB, are gi-
ven, and confequently the angles. Now inftead
of the threads FC, FB, fuppofe the thread FE t0
fuftain the weight., And then the whole is fuftain-
ed by the two threads AF, FE ading in the per
pendicular plane AOEF. Draw OE parallel o
AF, in the plain AEF, and LG parallel to CFin
the piane CFB.

Put AE=s, AF=3, EO=¢, AO=d, EF=/
OF =5, S.L.CFB=p, S.CFE=y¢, S.EFB=s.

Then (Mechan. 8.) the tenfion of the threads
DF, AF, EF, will be denoted by OF, OL, LEs
and taking away the thread FE, the tenfion of the
threads CF, BE, will be LG, GF. Then to find
each. By fimilar triangles, EA (@) + AF (b):+

b
EO (¢) : OL = —. And EA (a) : AO (4)¥
EF (f) : LF = f—i-. And in the triangle FLG)

S.LGF (p) : LF (?) .. S.LFG (s) : LG=

sfa . |
ap’ and ::S.FLG (¢) : FG = 4

Therefore the tenfions of DF, AF, CE, BF»

b ofd o

are refpectively as &yt =, ' @
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P/lelq[éplriml or pll}ﬁcal Problems.

L L

PR O B. CXCIIL

Required 11 beight of the tewer, from the top "‘f
which a flone falling to the bottom, the found will
reach the ear g1 1he top, in the time of the fall,

UT 5=162 feet, the height a body falls in
a fecond.

¢=1142 fect, the fpacefound moves through
in a fecond.

a=time of the body’s falling.

Then g -

: ¢t a:ca={pace found moves in the time 4.
And 1:40::5-: : baa=height the ball defeends.

Therefore 2er qu, bag —ca, and a:-%:y,l.feconds,

And baa=cq— f/}i =81088, the height.

PR O B. CXCIv.

There is o round tower, whofe circumference is 100
Yards, a Jpiral tube runs about, from bottom 1o top,
at an elevatioy of 61°: 5. Aball put in ar the
¥0p of this tubg will vum down to the bottom in 8 fe-
conds 3 1o find the beight,

B];:C;niln?glé]j be 61°: 5, AC perpendicular to 132,

Perpendicular to AB.  Then whilt
2 body falls through AC, another would defeend

through
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PHYSICAL B. II.
through AB in the fame time (Mechan. 34. cor. 1.)

132, Put b_lﬁlfeft d=8", J_SABD Then by

the laws of falling bodies, 1:2::4dd : bdd =
height fallen in 8" —AC. And rad. (1) : AC
(bdd) <t S.C (5) ¢ bdds=AB. And rad. (1) :
AB (bdds) :: S.ABD (&) : bddss=AD, the height
required =789.

P R O B, CXCV.

Given the diflance of the carth and the moon, and
their quantilics of matter 3 to find the place where
a body will be atiraéied to neither of them.

Let d—=diftance of their centers, /=matter in
the moon, /= matter in the earth, x=— dittance
from the earth where the body is, then d—x=it8
diftance from the moon.

Then fince the force of attraction is as the mat-
ter directly, and the fquare of the diftance inverfe-

¢ - ;
ly 5 therefore we have — = earth’s attradlion, and

)
— = moon’s attraltion ; but per queft. thefe
a—x

4 i ;
are equal, therefore — = ————— 3 which
X% dd—2dx +xx

reduced is #—/xx—2dix +ddt —o,

PR OB CXCVL

A clock that keeps true time on the furface of ibe

carthy being carvied to tioe 1ep of a certaii s~
tain, loff 2 miputes in a dey, Wihbat w45 Lhe
mountain’s beight ?

Let r=earth’s radi '-—G,Q*coomr-ls, b=1440

minutes, (=2 minutes, ¢ —height of the maountain-
= Bur

o
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But (Mechan. 40. cor. 6.) the length of a pen- Fig.

dulum is as the force of gravity, and the fquare
of the time of vibration; and the length being
given, the force of gravity is reciprocally as the
lquare of the time of vibration.

But the force of gravity is alfo as the fquare of
the diftance from the earth’s center; therefore the
time of vibration of the fame pendulum, is as the
diftance from the earth’s center: and the number
of vibrations in a given time, reciprocally as that

‘ |

diftance. Therefore 7 : G it rda: 5‘1?{, and
rta r br

e and r 44 = — ‘Whence

2 e br 3 er
= b = =9%1

P R O B. CXCVIlL

7 .
A ball projesied from the top of a tower, of an ele:
Valion of 31 deg, above the borizon, did in 9% fe-

conds fall 2000 feat from its bafe ; to. find the
beight,

Let X=VB the tower’s height, BA=d the di-
ftance , b=tang. DVC=gas, t=g: the time,
=106.1 5 then j

In the time ¢, the ball without gravity would
arnve at D, and in the fame time it would defcend
through DA.  Whence. 1 :f 1102 tif=DA by
the laws of faling “bodies. ;

And in the triangle DVC, 1 : 4: : 4: db=DC,
and DC4+-CA=DA, or dbfx=ttf, and x=#f

17
—lh—
il ..._149.

PR O B.

132
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PHYSICAL B. IL

P R O B. CXCVIIL

If 4 ball be dropped from the tap of o tower @ mile-bighs
on the fide facing the eaft, in latitude 51% 5 whire
will it fall ?

Let the body fall at D, whilft the tower by the
rotation of the carth is carried to IC. Now by
the laws of centripetal force, the area AIE, which
the body, moving in the ciccle ALF deferibes s is
equal to the area AGDE, which the body moving
in the curve AGD defcribes in the fame time, that
is, in the time of falling through AB. Hence the
area AGI=area EGD; and AGDF=EIF, But
by reafon of the {mall diftance BD, the curve
AGD (which otherwife would be an ellipfis) 18
nearly a parabola; and the area of AFD=+AF X
AB=:FI x AE, the area of the fector LEIF. Firft,
let A be a place in the equinoctial.

Put BE—#—21000000 feet, AB=m=5280,
f=16.1, t=24 hours —86400" c=3.1416, a=
DC, p=cof. 515. Then by the laws of falling

bodies, /f:1::¥m: \/—}’1 = time of falling

through AB. And #: 2rc:: \/% : BC =

%:_::J},i =d, and BD:G._H;; alfo by fimilar
fetors, r:r4m: :atd: ’f’:‘f xiid = AF,

And ria::rdm: r—-‘;ﬂ 8.2t KL Therefore

ez thereforé

S r<-m e
xa+dxm=-;7axr+m ;

i r+m
¢+d><"3—' = & and 2am+2d’m:3”"+

37

Zd?}l‘ ot
3r+m :4'64 5 and P4
pRO B

3ma, and reduced a=

2.88 for the lat, 515
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There are two iflands A, Cy at C is a caftle. A fhip
Jrom A to C keeps pace with the waves of the fea,
100 in numbery from A te B. At B fhe fires a
gun, wkick ecchoes back from the caftle to B, in 3
Jeconds 5 and the time of [ailing from B to C was
3 miinutes 5 tofind the diffance AC.

Let b=100, c=3",d=3", f=30.2 In. the length
of a fecond pendulum, ¢=1742 feet, the velocity
of found ina fecond, AC=y, and ¥=breadth of

< wave,

Then by the motion of pendulums, ¢/f: 111

VLR -’-} =time of vibration of the pendulum .

And J%— tx 111"t o/fw =a fpace. " But (by

the principles of philofophy) while the pendulum »
Vibrates once, the fhip or a wave runs through the
breadth # 5 or in 1 fecond runs through the fpace

Vifr.
And "1\ /fre:: g d\/F:CB.
: I
Alfo by the motion of found 1”:a:: e

a
5 =CB, for the eccho returns with the fame velo-

city the found went. Therefore dy/fx— tz__a_, and

¢c
ddfx = -fi, and ¥ = %; therefore AB =
S becaa ta becaa

—-:;@:1 and y:.‘:z--{-agf—‘,

PROB.
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PHYSICAL

PR O B. CC

Suppofing @ planct and its fatellite 1o move in circulal
orbits s it is required to find, whether the patb of 6
Jatellite is concave or convex to the Jun, when it ©
in a line between the fun and its primary.

At the time of the conjunétion, if the planet
and fatellite, both defcribe very fmall arches in the
fame time, whofe verfed fines are equal, the fatel-
Tite will then move in a right line: Let ABC be
the orbit of the planet, EF that of the fatellite 3
whilft the planet moves through AB, the orbit of
the fatellite EF is moved into the pofition ¢f, an
the fatellite has moved from e to o. Draw BD,
on perpendicular to AE, Bry and CG perpendi-
cular to AG., Now put AD=mwe, then fince the
center (of the orbit EF,) A is advanced to B
nearer to the line CG, by the diftance AD; and the
point o is receded from the fame line CG, by the
diftance en equal to AD ; it is plain, E and p are
equidiftant from GC, and Eo'is a right line, OF
lthf: fatellite E, o, at that time moves in 2 right
ine.
Let a—co, b=AB, r, s=the radii of eo, AB:
Hence AD= —, and e:-z:a-ﬂ, and - = et

25 2r 25 27
Put p=periodic time of the fatellite, g=that of
the primary; ¢=3.1416 X 2. Then ¢r: p:: a:

I3
f—r: time of deferibing a3 and 2 — time of de-
5

o pa b ppas _ggbt g
fcribing &, then = =, and = =5 ¢
99

vide this by the former equation, and Z:—; =" of

T
w= %1' Therefore as pp is greater, equal, Of
Jefler
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r : o

leffer than —fg, then the fatellite’s orbit is con-
cave, ftreight, or convex towards the fun, in its
conjunétion,

PR O B. CCL

To find the divifions of a monochord, 4o Jound all the
balf notes, according to equal intervals of found;
and alfo to find the variations between thefe and the
Jrig2 barmonic divifions. !

It is well known an oftave is divided into 6
whole tones, or 12 femitones.  Let BA be the
monochord or vibrating firing, C the middle
point; then BC will be an oétave above BA. Let
Bd, B:, Bf, By, &c. be the feveral lengthis of the
ftrings founding the half rotes, gratlually afcend-
ing, above AB, by equal degrees of found.  Then
will Ad, de, ¢f, &c. be all unequal in length ; and
whatever part Bd is of BA, the fame part will Be
be of Bd, and Bf of Bs, and Bg of Bf, &c. to
make the feveral founds aftend’ equally. There-
fore BA, B4, Be, Bf, &c. are a?et of geometri-
cal proportionals decreafing, continued to 13 terms,
the laft of which is BC. Alfo Ad, de, ef, &c. are
a fet of geometrical proportionals in the {ame ratio.
Alfo. Ai Ae, Af, Ag, &c. arc alfo a fet of geo-
metrical proportionals increafing.

‘Put BA=, BC=, Bd=«. Then BA (1) :
Bd (%) :: Bd (x) : Be = aws likewife Bf=ux,
Bg=x4, &c. and BC=xv = & Andx= ./l =
*9439. 2

Or, put X=lg:»% Then X = @g-l-z* = —
1.9749142, confequently 2X, 3X, 4X, &e. =
logarithms of x* &, &, &e¢. Thercfore » —

1i 0430,

Fi

137

136:
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Fig. 9439, #*=.9Bog -for a méan tone, &¢. and the
137. reft are as in the following table.

The harmonic divifions of the monochord, to
found the pure concords will be, as follows s the
leffer third =%, greater third %, fourth 3, fifth 3
leffer fixth %, greater fixth §, eighti; which fee
in the following table, in decimals.

Names of Pure | Equal Eetors
the chords. | concords. | divifions. g
whole ftring | 1.0000 1.0000 0.

b fecond T B 0439 | ...

% fecond | ..... 8909 iy
leffer third 8333 8409 | b5
greater third 8000 7937 | # 7

fourth 7500 7402 | & v

% fourth | ..... 7071 :

fifth 6666 6674 b s
lefler fixth 6250 6300 | &%
greater fixth .6000 59406 # 17
b feventh | ..... 56012 p
% feventh | ©.... 5287 1 .4
Eight . 5000 .5000 0.

Then to find the errors or variation of the cor-
refpondent cords. Let Bsz=cord by column 2d,
Br=cord by column 3d, rp—a whole tone, #=
number of mean proportionals between Br and Bp,

I
then S will be the error, for it (hews what part#/

n

= Bp

is of the whole note 7p.  IHere then ——;

‘__,
14

=Br X .890g. For .8909 being a whole note

for
the
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the ftring 1, Br X .8gog will be a note for the Fig,
Br\* 138,

ftring Br.  Therefore 1_3_?: =.8909. And sxlog: 3

Bt

B = log: .8909 = —1.049833 and » =

W OAEE L . L ORBLT ;

log:Bt=log:Br — log:Bt—Ilog:Br A e Enk,

Z . 9 d — .05017 -

9g:Bte=log:Br = 000300, an Y

I
100 3 whence the error = e

But as this variation bears but a {mall propor-
tion to the length of the ftring, there will be no
need to make ufe of logarithms. For fince
1—~.8g0g=.1091 isthe length of a note when the

ftring is 1 ; therefore 1091 X Bz=a note for the
: rt rt

ftring Bz,  Whence E or 7 = the error, or
| Br—Bt

which is the fame thing -_;%é—:—lﬂ = the error.

As in the fifth, Br—Bs=.6674—.66667=.0007,

o s .

and .1091 X Bt=.072%, and ‘0007__100, nearly,

. 5 1

OIS e i olae e

r 727 = Too = the error. -
Or fhorter thus. Since Br—DBt=twice the dif-

ference of two adjoining numbers in col. 3. or =_

difference of two numbers 2 degrees diftant, tak-
Ing one greater and the other lefs than the proper

Br—B#
hote 3 therefore =il X —the error.
Br—Bp

6674—6666 i oByivegr il
go71—6300 T 771 T 97
-8000—.7937
+8409—.749%

As in the fifth,

the error. And in a greater third,

—_'0063 I
—-'0917 == : the error.
112 The
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The errors for each concord being thus compu-
ted, are fet down in the fourth column, which
fhews the error of the third column, as it differs
from the fecond ; thofe below denoted by (), thele
above, by (# ).

In tuning a harpfichord, fince the fifth muft be
12 times repeated to make 7 oftaves, therefore
the variation, by tuning by true fifths, will be

12

I s
— or about — of a note, which is an error that
100 8

a good ear can difcover ; and being too fharp, the
fitths therefore ought to be tuned as flat as the ear
will bear.

Hence the equal divifion of the notes in an o¢tave
is the beft fyftem, for the greateft error is in the
leffer third and greater fixth, which only amounts

I
to — of a note.
13

P R O B. CCIL

To find the number of beats made in any imperfedd con-
card, in mufic.

T call that an imperfeé? concord that varies a little
from the perfect one, which is made by a harmo-
nical divifion of the monochord, Thus when the
lengths of the ftrings are 4 and 5, you have the
perfet cord (a greater third), but vary one length
as 4, making it 3.99, and you will have an 171"
perfet cord attended with beats.

A beat is a jarring found made by the irregular
vibrations of two ftrings, founding together, when
the due period, or coincidence of their vibrations
is interrupted.  Its noife is fuch as this waw, 4%
aw, aw, or yd, y4, yd, y&, yé. Our bufinefs is 1O
find in how many vibrations this perturbation hap-

pens, or how many ysws in a fecond of time. x
€
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Let the line AZ reptefent one fecond of time ; Fig.

and fuppofe it divided on the under fide, into the 139.
number of vibrations of the lower note or bafe, at
A, B, C, D, &¢c. and the upper fide into the
number of vibrations of the upper note, at 4, 2, ¢,
d, &c. Now if any number of divifions on the
under fide coincide with any number of divifions
on the upper, conftantly and regularly, as at C
and 4, E and g, &c. then the cencord is pure,
and there is no beat. But when the points &, ¢,
d, &c. are any of them diflocated, and gets to the
other fide of its correfponding one; then the fuc- ’
Ceflion of the fhort harmonic periods of coincidence
is difturbed ; and this caufes the noile called a beat,
fuch as happens at X and Y. For ¢, Ly #y O
are continually approaching to B, D, F, &, till
they fall in at X, Y, and change fides : where Be
or BS, is fuppofed the leaft diftance, in the firlt
harmonical period AC, fuppofing ad was to co- ,
incide with AC. Therefore at rthe points X; Y, i
the fucceffion of the harmonical periods are con- . '
fufed, (and that periodically,) which fpoils the
barmony.

| Now 1o find the Tength of this period. Let AC ‘

be one harmonical period, that is, when d coin-

cides with C, as in the pure concord. In this falfe

cord we muft find the time 4C, which is gained or

loft iri the time AC.  And from thence compute

in what time, Be (the neareft diftance), would be |

gaided or loft ; in and that will be the time required.

Let n=number of parts AB, BC, ¢, or its
number ot vibrations,
#=number of vibrations of the upper ftring )
in the perfe cord. !
¢=length of its ftring on the menochord,
r=number of parts ¢, be, <d, 8¢, or its "
number of vibrations, ‘
frd 3 ke

-
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b=length of its ftring on the monochord.
? 3

—q-_-—_numbcr exprefling the concord, = p

for the fourth, or—= -—:——for the fifth,&¢

Then AB_ pral and AC-—'—Q—, alfo ab:—:j-

: ]

and @d = -%— Then AC-—agd= _’i.___ -:"i- = dC.

Then if dC (———) be loft or gained in

the time AC (%) :: AB will be loft in the
=
Gme - — x AB = P yaB= =E

q pr—qn ¥AB= 0
n_r
X AB = —*r'- % AB, and Be will be loft fooner,

in proporuon of AB to Be, that is, in the time

;j— x Be, which is the time of the period. But

by the laws of vibration, »: 7 :: —;— LIPPPTE X

—

A :
and r—f : 7 :: b : ¢y whence ~— X Be =

And

—— % Bc = the periodic time of the beats.
if AZ be divided by the periodic time, you Will

—b AZ
have c_c__ T = pumber of beats in 2 {econd.
AB AZ
But Be = ?, AZ=nx AB, therefore Be =
ngxAB —b c—-—i =
~AB —™ ‘Whence - Xy = X =

number of beats in a fecond.
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Hence, from the length of the ftring or divifion Fig,
of the monochord, as given in the table of the laft 139.

problem, and having alfo the number of vibra-
tions 3 the beats will be found, as in this table,
Where the ground or loweft note is F the cliffs
note of the bafe.

Cords.  Vibrations, b ¢ #. ¢. |Beats.
Eight Goo 5000} gooapE .2 b @

 Mixth 500 5946] 69.0]3 .5 | 13 F
. fixth 480 6300 6zcol g . B 18 4
fifth 450 6674 6OLGL) 2 . 3 v b
fourth 490 74,3: 7506f 3 - 4 135
g. third 375 7937] 8cool4 .5 | 11 %
L third I 360 i 84091 83335 .6 | 15 &
Bafe F 300 | 10000 1000043 .1 ] o

This table fhews the beats for all the concords,

reckoning upwards from F; when the inftrument
15 tuned according to an equal afcent of notes ;
where the flats and fharps (4, % ) fhew whether
the upper note is lower or higher, than the true
concord in the laft column. In the oftave above,
the beats will be twice as many ;3 and in the
oftave below, but half as many; being always
Proportional to the number of vibrations of the
bafe note. The fifth is moft ferviceable in tuning,
and the number of beats in onec fecond, for the
fifth is ——.
300
If it be fuppofed that the beat is not made at the
points X, Y, but at fome intermediate place, where
they fall thicker and more confufed ; and that at
the points X, Y, there is rthe leaft imperfection.
Yet the periodic time will ftill be the fame, what-
ever part of the cycle XY it falls in. When the
: 1ig cycle
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cycle XY is very fhort, the fingle beats are im-

139, perceptible, and we hear nothing but a difagreea-

ble noife. All the concords beat, but being ex-
ceeding quick, they are not perceived fingly 5 and
being regular throughout, they exhibit an agreca-
ble harmony. ’
When the pitch of the two notes are net altered,
the beats fucceed one another in equal times, but
altering either of them nearer to a perfet har-
mony, the beats fucceed in longer times, and the
nearer the longer, till at laft they vanith, when
the concord is perfect. All the beats are heard
in organs; but only half of them are heard in
ftringed inftryments,
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Problems relating to Serzes.

P R O B. CCIIL

Given the diameter of a circle s to find the fide of any
regular poligon, infcribed in i,

ET 4 = diameter, # = number of fides, 140,
x = fide of the figure, EB. By Trigono-

8 4
metry, 3*'4;:9‘1:: arch DE=4, by fubltitution.
And (Trig. I. 12.) half the fide, or EA = g —

4aa 444 444
QJA_EdddB deC {ge. And 2EA or
4aa

4aa 4aa

EB or x=2a— 6HA—WEB 42ddc

7zddD e,

Or thus,
By atable of natural fines, find the fine of

180
. =93 then x=ds,

PR O B. CCIV.
Suppofe »® — f-’-‘l‘-i—x% -+ i)x%:dcrx; fo find x.

Dl‘hde by the leaft power of x, thatis, by # s
and & —-c+ x° 4 bx* = deex®. Take r the near-
eft root, and put r+e-v

Then




141, Given the fides AC, CB, of the triangle ACB; a#

PROBLEMS

Then
s < 5
xb o . i + _s—r‘e_l__ _1_5_ "}t’f 1
2 8 I
— S :
-+ x.g —. ;"; R 3-5—5 . _55’13!,
6re ::27'5 -
! - j;:- b,
b0 =t e =2
o gt |
M 1 [ d
-—dffx;.‘:—-—ﬂ,c‘[r"—c_ﬁi + ._'f_"f I
2r* 8r* J
That is, p+g¢ + see=o, by fubltitution.
Whence
L
¥ - f_, which may be repeated for
L 4o

more exaétnels.
Or thus,

Seek the Jealt common dividend of the denonti-
nators of the indices of ¥; and reduce th:: equations
which will become P L EW DL
=o0. " Put yx—e»y then the equation becomes
e1o—i e - bei—dict® =0, OF e°—dicet bt
—¢, and the root extrated gives ¢, and cORIE”
quently x is had.

PR OB CCV.
d

the ratio of AB to the arch CE is givers »

Jind AB.
i d

Let AC=r=14, CB=s =22, AB=% ilme:
AB: CE::10:4, whencearch CE=7 -V-bem
+=cof, CAB. )
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Then (Trig. cafe 5.) rr4-xx—2rsy=ss, whence Fig.

¥y Xy —55 : 1 lo
y= __i_.;}—-— —cof. A to theradius 1,and y = ¢

F =35 +xx
it dREE S RERS

= cof. A to the radius ». But (Trig,

a4

1 [ A=r—2 4 &
. 12,807, T, . A—=p—— — gy
12. cor. 1.) €O zr+24r" .
—L — p—
% 4% 4%
o ._,4;.__- + ———— =% C.
2007 24.100007 ¥20. 100000073
ryr—ys W
= — —. and tranfpofin
2§ + 25’ poling,
1 2 44— 46
— o R et el
25 ' 200f 2400007} 720000000r%
rr—=I5s
Be. = re- o Ax* 4+ Bx* 4 Ca® &c. =5,

by fubftitution, then ( Prob. Ixii. L) wx =
b B 2BB—AC
‘I\"“j{séz‘i' P &c., =836.95, and

x=28.93.

PR OB. CCVL

Given th: arch of the circle BHE, and the fine BD ; 142.
to find the radius BC.

Let BHE=4d=8, BD=s=3. Take an angle
? nearly equal to ACB, o= fine, = its cofine,
rad. =1.n=.0174533, ¢=3.1415926, then wp=
arch belonging to the angle p. Let p4x=true
angle ACB; then mp+nx or mp+42z= correfpon=
dent arch, (putting z=wnx): And (Trig. L. 13.),

ax* bz azt

the fine of #p+z—a-bz— o Wikt e 3+ it

5
&e. S —;—-np———;— z per queft. that is,
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PROBLEMS o B. 1.

. B o G it -é! Lot & ;
l42. d + -a——‘a‘zz-ﬂ"éz +;:Z . — f —

143

"
—;—up—;z, ofr Az4Bzz+Cz D2+, &c. =R.

Affume p=:zze, then ¢ and & will be known,

and R=— 0010292, and (Prob. Ixii. ) z or
B . 12 eBR-AG.. o

w = =g R4 v R: &e. = —

001084, and ¥ =— 0621 degrees, which is,

3’ 4374 therefore p4x=754° 56" 16" = LACBE.
Hence BC=3.66513.

P R O B. CCVIL
The ordinate AC, and curve BC are given; and the
z—}—\/:m-i—z:r-
and a+x=v"aa+zz 3 where AC=y, BC==z;
%0 find AB.

equation of ibe curve is % =byp.log:

Let y=6=b, z=9=g, a=r+e¢, taking r the

neareft value of a. Then h. log :

4+ Vﬂ‘r—f—zre—i—ea-}—gg &c. b = b be
r+e —r+e " 2 +

bee . |

= &c. And (putting fFf=rr+gg), by evolu-

re gz
: I _g+f+7 +f—!€’" - b be  bee b
tion, log: T - = e e

re
f4z+ F +%ee

= number of the hyp. 10g*

r4e
b be e nhe  nhee
rEw A T
b utting #=—
o T  (pUIRS

k
L8 It?g:;—)([’rob. Ixxxv.1.) And
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And multiplying by r+-e,
re 2g nbe nb*ee
g+f+}-; <+ ;}—;;ee =rm=—" 40
nbee
U e R
nbee
T
And reduced
r wb nbb

T +_r_ —aXe +§-§—;xee:m—-—f——g.

Affume r=3.7; then ¢=— .co112, aod 2=

369885, and ¥ =+ 42 + z—0=6.0316; fubfti-
tute this value of g for r in the laft equation,

and the operation repeated, gives a4 fill more
exact.

P R O B. CCVHL

Given the length of a pendulum, and the arch it de-
Jeribess to find the time lofp by defcribing a greater
arch. e

Let r=Ilength of the pendulum, ¢=cord of half
the arch it defcribes, C=any other cord, 7=time

1476
of falling through 2r. P =7 I:'

mechanics it is found that the time of 1 vibration,

A ) € Qc# .
18 =Px:1 s e A e &c. for the cord .

And =P . x¢ +ie7+ g&c. for the cord C.
i . CC——C-" Q eyl
and P x : r— S X Ci—c+ &c, =

time loft in one vibration for the cord ¢ But

when

#. Then by

493
Fig.
143




PROBLEMS o B.If,

Fig. when ¢ is o, P is the time of one vibration, which

does not fenfibly differ from a vibration for the
cord ¢. Therefore fince 86400= the number of

‘ 86
feconds in 24 hours, therefore ;',OO = numbet
of vibrations for the cord ¢, in 24 hours. There-
86400 . CC—rr
fore P P x . 8c, or 86400 X
CC—¢e PR 3
—_— 4 % Che=sgt &c : = feconds loft in

16rr 4514
5400

24 Hoursy that is, S

0
ad 3222
£

CC—tc 4 —-f; X Cr—ct &c. = feconds loft In

24 hours ; a % CC—¢y is nearly = the

feconds loft in 24 hours.
If » fwings feconds, then rz=39.2, and the time
loft in 24 hoursis nearly = 3.52 X CC—cc.

Cor. If ¢ be==0, and C=cord of go°. A pen:
dulam vibrating in the double arch of 90°, woill Iofe
4 b. 20 min. in 24 bours time,

And if e=o, then to find the length of a pen-
dulum vibrating in the arch of C in the fame
time. Let r = pendulum vibrating in the very
fmall arch, » = pendulum vibrating in the arch
of C, Then the lengths being as the fquares of
the times of *vibration, we fhall have in the firft
cafe o/r for t, and in the fecond 4/x for #3
31416

whence in the firft cafe P==—— 4/r, in the
1416 "
fecond P= % ?j—l-— % And thetimes being €

6
qual we fhall have PX 1 or 3'1:' > Jr = Px:

14
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cC 3.1416 e
1—]—16,_'7_01‘ R Mxx I+l6?’i” or\/r

SF | and r=x 4 S5 Which
=YX 1om 3nd 7=x 4 g2 Which re-
duced is rx=—xx—=3CC 3 whence # will be found.

And on the contrary ¥ being given, r will be
found. ‘

PR OB, CCIX.

Given the latitude foiled from, the departure, and
difference of longitude 5 to fiwd the difference of
latitude,

Let d=departure, /=diff. longitude, x= arch of
latitude come to, z=its mer. parts, a= the given
lat, m=its'mer. pares.

Then by Mercator’s Sailing;  as'diff. lat. {aeg)
: mer. diff. latitude (m==z): 2 4 : I, whence a/—fi —
dmn—dz, and dz—ix=dwm—al. But Dr. Halley's
Series for the meridional parts of &, is

I
¥t m a4 L + 4 %7 &c.  Thetefore
24 SR
sy 4. _i ” d L 61d . N
v o (J + 2 x? + 504())6” Cs p—

dm—al. And by reverfion of feries (Prob. Ixii.)

% will be found; then 3438% = latitude in mi-
nutes,

Or thus,

Seek another latitude, by the table of meridio-
nal parts, {uch, that the proper difference of la-
titude divided by the mer. diff. latitude, will be

! a
equal to the quotient ~7"» Wwhich is eafily done by

a few trials ; and that is the other latitude.

PR OB.
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Fig,
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144.

PROBLEMS; &e

PR OB. CCX.

The curve BMD is deferibed with a pair of compaffes
upon the furface of a cylinder, which is afterwards
Jiretched into a plane 5 to find the ordinate PML.

Let d—diameter of the cylinder, a=AB the
extent of the compafles, AP=x, PM=y, v=
cord, whofe arch is y.  Then (Geom. II. 21.)
aa—xx—=vv. But (Trig. I 12. cor. 2.) v=y=
E.%i? A— ;,%Zi B {c. Whence v oa—xx
s s e
=3 =%dd A Ysdd S e and
by reverfion of feries y is had.

If the arch was in a given ratio to the chord,
the figure would be an ellipfis ; but as this is not
fo, the curve will be a mechanical one.




SECT. XIL

Problems concerning exponential guantities.

P R OB. CCXIL

Some maids driving o flock of [becp, were afked, bow
many they bad 2 Te which they anfwered, that if
the flock was equally divided among them, the fhare
of each wonld be twice as many as there were maids.
And if the terms of this double progreffion 1, 2, 4,
8, &c. be counted, as often as there are maids 5 the
loft term will be the number of Jbeep.

; | a
I ET a=fheep, e=maids. Then — = 2¢,
and the ¢* term of the progreffion 1, 2, 4, 8, &e.
=2""" (Propor. 25.), therefore 2 ' —a, per
qQueft. Whence az=2¢e, and 2° =24, and ex-
Punging a, 2° =4¢e, or 2°  =ee.  Therefore
e—2 X log: 2 = 2log: ¢, or .30103¢ ~—.60206=
2log:e, and .150515e—og:¢ = .30103. Then to
find ¢ (by Rule 5. Prob. xcii.), affume ¢=6, then
-15056—log:e=.125, which fhould be .3or, and

the error i1s —.176.

Again, aflume ¢=%, then .15050—log:e=208,

1 X .092

=1
A 764,092

and the error is —.092. Then I

therefore e=8.1 nearly.

Suppofe e==8.1 ; - then 15056 — logre=.3196,
and the error = 4 .cog6. And the correétion
=1.04, and e=8.1—1.04=7.996; and e=38
exalt, and a=128.

K k PROB
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Fig.
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P R O B. CCXIL

Tevo travellers at 150 miles diftance [et out to meet ,
one another.  In the feveral days, A goes at this
rate, 5, 10, 20, 40, &c. B goes 6, 10, 14,
18, ¢, miles; to find in what time they wild
meet,

Let x—days, (by Geom. Prog.) A’s laft day,
will be 5 X 2* 715 and his journey 5§ X g 5
And (Arith. Prog.) B’s laft day is 6+44¥—4 of

12 o
+-:——---4~ X%, Of 2x* 4 4% = B’s

ax+42, and
4 : & ;
journey. Whence 2 X 5—5 + 4x¥+2X* =150
N I L S : ¥ —
and 2 + 15 # + S5¥ =31 And 2¥ = 31
8
—_—— % xx. And lgg:2¥or ® X log: 2 =
8 4 : \
Jog: 41 — —x — — x. By trials ¥ will be
™ 10 10
found greater than 4; let n=4, and z+v=%
8
b=4, c=log:2. Then en+cv=log:31——n—

8 8 4
-—’v—inn——mr-——-'w. But the number
10 10 10 10

) mev*
belonging to en4-cv=c# X : 1MV +— = &c.
c nmv?

&e.

(Prob. lxxxv.) whence en4-ecmnv 4

8 4 8 8 4 '
P i . et + . & anter iy
3 10 10 10+10 Lo i

And
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CcCrin

And reduced, ccmny 4 —, Yv=31
4 8

AT - T
8 4

-Ii—?)n — nn

-

Which put into numbers, and reverting the feries,
(Prob. Ixii.), v is had =.32 ; then put new # for
¥+v or 4-32, and repeat the operation; and at
latt 9=.3256, and ¥=4.3256.

P R O B. CCXIIL
To find % in this equation, ¥ =123456789.

Here » will be found between 8 and g. Put
n=8, n+v=x, b=log:n, c=log:123456789 ; then
¥log:x =log: 123456789 =¢, or n4v Xlgintv=c.
Moy

"

—

But (Prob. lxxxiv.) lgnd+v = b +
Mz M3

~ &c. and ndv X log : n4v

2t _35?
nMaov nMz? M
e ——— ik
A el o 0 &ec. —(
vE 13 -ty
+ v 4 LVI_’_’v_ —_ I:I; &c.
and tranfpofing and reducing,
Z—_—-— v ol U s
Mtrxe + an 2.gm +—3.4:z=_4.5734
(—nb

= “m+ And extrafing the root (Prob. xciii.)

””21640023 and x or new #=8.64002 for ano-
ther operation, which will give ¥=8.6400268.

K k2 PROB,
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Fig.

B. It

EXPONENTIAL

P R O B. CCXIV.

To find the value of x in the equation
1000—¥ X /og:1000—x = ¥,

Put b=1000, ¥=a+v, b—a=g, p=log:g;
then g—v X log:;g—v=a+wv. And fubftituting
the logarithmic feries inftead of Jog:g—v ( Prob.
i £ ) __—x v b o3 o4 &
XXXV, ), =V X ! P o —— e — &

E X =g
—a-+v, which multiplied and reduced is, gp—=2
vy v y# vs v°
—p42 s —

Tt o T g T aag T 56y
&c. —=o. Aflume a=836, and extratting the root
(Prob. xciil.) 2=.05315 3 ‘and x=836,05315.

P R O B. CCXV,

To find x in the equalion

] gt & 1000
op: D= = e
s 10 1000=——X x

Put n=1ro00, ¥=a4v, g—n—a, p=log:L-
Since x is nearly =860, aflume s=860; then

3 e a4-v 7
i f—v = —_ ut

the equation is /gg:g e B
g == v g
log : g=—v = p— < i ¢. Whence

a+'v —ng-}-mr e v oY ,'”1

a~+v X g—v g 20 38
Which equation reduced gives

agp — 340 + -—v! + G—g v &c, =0-.

—Q — 7

+ng + gp __p +"§

2
—— (Jp
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In numbers, Fig
4626.347138v + 3.87029* -—-010881;!—0 3
or 14 1.543v + .000836v* — . 00000237 =0}
whence, by extralting the root, v—=—,64822, and

¥=859,351%8.

P R O B. CCXVL

‘. » n
Having given the equations x* T =y" s and

yx_b' =x"; to find x and y.

x4y
From the firt equation y=x ”, and from the
=B i <
fecond, y=x*17 ; therefore » * =x **. And
x4y m

equating the indices W = ;_{_3 and x4y =

(LS (o]

V'mn. Whence y =x ""=x . Therefore

by the firlt equation, x*+* "=y =2V,

and again equating their indices, x4 —ﬂ-—'\/mT
Then » bemg had 2, is known from the equa-

tion y'—x\/—
"/E_ ,_\/ mn
To find » put ¥—v", then x " or x ”*
\/“, and v +z‘/ =y/mn. And the root

may be extracted by logarithms,

Kk 3 PROB




EXPONENTIAL B. 1L,
P R O B. CCXVIL

To find the value of w in this equation, Xz.;_xz_’;
X being the byperbolic log: of x.

Here x is between 1 and 2, therefore put
¥=1-4w, then {Prob, Ixxxiv. cor. 1.) X = v —
z

e ot o4 vr LIE
= e --_: &c. Whence Tl &ec. +

3 3
¢ o3, 1
P +33— &e. = 775 » and multiplying and

1
reducing ‘v+—g—~u‘——--é-v‘ &c. =1, and by re-

verfion (Prob. Ixii.) v=.56, and x=1.56.

But becaufe this does not ¢onverge faft enough s
put #=1.56, and s+v=x, /=.4446858 = hyp.
log: n=m % log: n; then (Prob. lxxxiv. cor. 2.)

X =l e = wh hall b
=/4— —=— 4 —, whence we fha av
+n onn @ 3nv e
A T o
v ) ) v
J4+ —— — 8&c. e p— D T R e
* n 20K +it n 24n i

And when multiplied and reduced,

T4t xnl g1 +lx'v+l-:|; oo & =1.

In numbers,

1.0021921 <4 2.5318022v + 1.246593v* =13 Of
2.0310 40V =—,0017586. 'Whence (Prob. 58.)
v=—.0008661, and #4-v or ¥=1.5591339

Otherwife thus,

Let /=.4446858 the h.log: 1.56, or u, as ??C'
fore, /4+s=X ; then the number (x) belong'fig
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I I Fig.
to-Jees or X=n X: 145 + —;—:s+—6-.si &c.

(Prob. Ixxxv.) ; whence fr—l—-_.r!-l- [4-5: X n+4ns +

I .
— nss &c. =1 3 and by reduction,
2

Igerxin iy ey s+ a4 axuest&e. =1,
In numbers,

y.002192143.9496 1154-5.00851 54 feco Tuk
or 788585 455 =—.00043768 3
And extrafting the root (Prob. Ixxxviii.) s=—

0005549, and /45 or X =.4441309, and ==

. $
1928836 the com. log: x 3 or clle - = =

.0002410, and fince com. ‘log: 1.56=.1931246 3
therefore .1931246— 0002410 = .1928836 the
common log: x. Whence ¥=1.559134.

P R O B. CCXVIIL
To find x in the equation xxx = 123456780=4.

Put b:123456789, and by a few trials you will
find ¥ near 2.8, put #=2.8, a-v=x, /=log: 7,
ml=hyp. log:n.

.Then (Prob. lxxxv. cor. 6.) ¥ = 4 X
14mlv4v. Put r —n, e = n X mv 4 v,
then &° = s4¢3 let this be an in-

(4

dex, then " :xr-{'t:”+vr+ = (by the

fame cor.) #" % I-i--:,-n!.:’—{—?3 =b per queit. Then
n

1 n
reftoring the values of » and ¢, 2" X1+ min
Kk 4 s




EXPONENTIAL B. 1L

”
e "o
X mlv4v 4 — =b. Put g=mln" X mil+1»
‘ "
then 3 Xi14gv+4n 'Y =5, and by reducing,
n
b—n" R
v = — 3 here n° = gy620000 ,

o Xg-l-?inrl
ml=1.02962, g=37.3368, #"~  =6.3810, therc-
25830000

fore v=
4200000000

=.006054.

b —
Or Jett <-z==f,' - Then o= f :__l- =
” g-{v—H

n

26466 ¢ | 8ok
J=> S —2.0006045

43717 cobos4 1en  #+4v Of X obos4

nearly 5 or put #n=2.806054 for anather operation.

This problem is eafily refoved by rule 5, pro-
blem xcii. by making feveral fuppofitions for the
value of x, and finding the correétion every time;

and fo you will continually approximate to the true
value,

P R O B. CCXIX.

If X be the log: x, it is required to find x, in the
equation x +X* =100,

Let n4-v=x, I=log:n, I4+s=log:n4+v,L =log:/
Then (Prob. Ixxxv.) n4-v=n+nms &c. whence
B HMIS 1+’+m PEam — oo, But (Prob. Ixxxv.
cor, 6. ) ?f+nm.c"+“': n! X & 1 ~mils 4ims.

And mﬂwm =" % 14m'Lns -+ ?

T herefore
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—_— ns Fig,
Therefore nix 1 +2mis 41 X 1 4-mLans =100,

Or n’xzm!s 4! xm'Lm+%{:mo—rzl—-l":a‘.
d

And s= 7 . e
amln +nlLll m*<nl

To approach nearly to the value of X, we fhall
have X log:x or XX =log. xx, and ¥ log: X =

log: X* . Therefore num. of XX + num. of
#log:X=100. By a few trials X is found be-
tween 1,25 and 1.26, but nearer 1.26 ; therefore

fuppofe /=1.257, then n=18.072, L=.09933,
#==38.02, 1”:62.41,:2’:.——.43, amin’ = 220.1,

aLl'm*=594.0, al"" ' = 897.4. Whence
— .43 _ B \
i T —000251, and X=r.256749,

and x=18,0613,

Here we have fought the logarithm X, for vari-
ety ; but the number » might have been found,
after the manner of the laft problem.

PR OB CCXX.

X 4 8
. * X S— o
Given 2 wox" ey + &% =2003 to find n.

Take # very near the root, to be found by fre-

quent trials, and put #4v=x, I=log:n, r=n",
e " ; r 1
=mi+t1, p=n , g=mirf o e i=n *y a=
m—1

i

Then
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EXPONENTIAL, & B. IL

Then «* :'-”'H’Hﬂ =#'X 1 + miv+v  (Prob.
Ixxxv. cor. 2.) =r+frv.

x s v
And " '—"xr+’fu‘:n+?)r+'f'u St g

1+mlrfv+%':p+pgv, (ib. cor. 6.).

Al a7 ke ety =
P r4fro T r
1 1 N}
And — = = —,
X Ha-v nn
4 = | i :
=i #Q SR - B mlv v
Alfo ** = n30™ =" B -
4 TSR nin ” nn

(ib. cor. 6.) =r—asv. _
T herefore writing for the feveral powers of «, their
refpective values, we have

AP trtrfo f

Vi |
—_— o I—=lau =200,
p

1
200—p——t—it =
reduced 7 — &

z’sr—krf+}rr la

It eafily appears that » is greater than 2, and
trying 25, it will be found a litle too fmall 3
therefore affume #=2.2%, whence there will come
out v=——.0009463, and therefore x=2.2690537s
which may be put for #, for anether operation.




$ECT. XIV.
Problems of Maxima and Minima.

P R O B. CCXXL

The line AE, and the two points B, C, being given
in pafition s to find the point P, [o that BP+PC
may be the leaft poffible.

AKE the point p extreamly near P, and
draw Bp, Cp, and alfo D <+ 1o BP, and

90 4t CP. Then 2D is the increment of BP ;
and PO the decrement of CP, therefore D=y,
by the nature of the queftion. And fince the hy-
pothenufe Pp is common, pD=pO. And LpPD
=pPO, thatis BPA=CPE; whence the triangles
BAP, CEP, are fimilar. Put AE=), AB=P,
CE=¢, AP=x, EP=/—x ; then AB (p): AP
(%) : : CE (g): EP (4—) thercfore gx=pb—p¥,

b b

and px4qe=pb, and ¥= p—‘, and by = —i=:
px+q¥=pb, and P ¢ 741

P R O B. CCXXIIL

ke lines ABC, and CE being given in pofition, and
the points A, B, being givens to find the point
D in the line CE, where the angle ADB s the
greateft poffible.

About AB defcribe a circle to touch the line

CE; then the point of contact D is the point
required.

For

503
Fig.

145¢
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Fig.

146.

547

148.

MAXIMA aud B. II.

For to any other point E, in the line CE, draw
AE, BE, and draw BF. = Then the angle AEBis
lefs than AFB, orits equal ADB (Geom. IV. 13.)

Let BC=4, AC=d, CD=x. Then (Geom.
IV. 21. cor. 2.) xx=bd, and x=/bd.

P R OB. CCXXIIL

To draw the fborteff line poffible, through a given
poiut P, placed within the right angle ABC.

Let CPA be the fhorteft line. Draw PD pa-
rallel to AB, and PF parallel to CB, and Jet
PD =4 PF=¢, CD=x, Cc=e an extreamly fmall
quantity, PC—=z.

By the fimilar triangles CDP, PFA, # :z::
83 % = AP, and by the {imilar triangles CDP,

xe be

¢HC, z:x::e:—z—:Ht. Alfo z:5::¢€: .

—=HC. And by the fimilar triangles PCH, PGa,
be 2 bee

%:—::— : —=a4G. And by the fimilar
2 ¥ Zx
_ bee bbce
triangles CDP, 2aGA, x4 ::—: — = AG
A ZXN
e bbce bbe
But Hc=AG, thatis— = -, or x=—, and
= XX XX

x*=bbe, whence x::/é_n;r.

P R O B. CCXXIV,

Given the line EF, and two points A, B ; to find
the point D, fo that axAD 46xBD, may be the
leaft poffible 5 a, & being given numbers.

Take d infinitely near D, and draw Ad, Bd;

en which let fall the perpendiculars Dr, Df. TMF
wi
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will axAD +sxBD —axAd+bxBd; and by fub- Fig.
tradion axAD—Ad = b x Bd—BD, or axdr— 148.
bxdf. But in the triangles Ddr, Ddf, the hypo-
thenufe Dd is common; therefore dr : af ::
S.4Dr : S.dDf: : cof. ADF : cof. BDE. Whence
a : b :cof. BUE : cof. ADF.

Let AF, BE be perpendicular to EF 5 and put
A¥=¢, BE=4, EF=n, DF=x, DE=v, Then

R — X
DA (Vi) : 11 DF (%)t =, = SDAF
=cof. ADF ; 18 S Sl
e b AR AR et
ax
—————=cof. o bl 2o
bV cc+xx cof. BDE = S.DBE. And b/t 4k

cp::1: 'BD) Vaa+wo 5 therefore v =
‘m—\/_d_dj—liu—, and bvvictxx = axV dd+vo-
&x/ XX
And fquaring, dbccvv4-bbxxvv=aaddxx4-aaxxvo,
but v=n—x, put p—bb—aa, then bocc4pxsXvv
=aaddxx, or bbcc+pxx X mn—2nx+xx=aaddxx s
reduced, pat—zpux’ 4 pruxx—2nbbecx ++b*cn* =0.
+-bbee
—aadd

PR OB. CCXXV.

Three points A, B, C being givens to find a fourth
point D, fo that axAD+4bxBD4+exCD, may

be the leaft pofiible; where a, b, ¢, are given
numbers,

149.

Le_t D be the point fought ; with radius CD,
dci.crlbe the circle GDH. Take the point 4 in-
finitely near D, and draw Ad, Bd; on AD, BD,
lec fall the perpendiculars dr, df. Then fuppo-

fing




£10
Fig.

349.

150.

MAXIMA ad B. II.

fing CD to be given, axAD44xBD will be a
minimum. But axDr is the increment of axAD,
and éxDf is the decrement of éxBD, therefore
axDr=_bxDf. But in the right-angled triangles Ddr.
Ddf, Dr : Df: : 8. Ddr : S.Ddf ;: S.#DC, or ADC
: S.mDf or BDC. Therefore 4:a::S.ADC :
S.BDC.

After the fame manner, fuppofing BD given,
we fhall have ¢:4:: S.ADB : S.BDC. There-
fore when axAD+ixBD+4+¢xCD = minimum ;
a, b, ¢, are refpetively as the fines of BDC, ADC,
ADB ; or of BDm, ADm, BDr, which makes 180°.
Therefore if a triangle be made of the 3 lines 4, 2, ¢;
the angles of this triangle will be equal to the an-
gles at D, wiz. that oppofite to 2=wDB, to
6=mDA, to ¢=BDr. Therefore all the angles
about the point D being given ; the diftances AD,
BD, CD will be found by Prob. cxxxii.

PR O B. CCXXVL

Given the triangle ABD, and the circle CFK whofe
center is Ay to find the point F in the circumfe-
rence CFK, that the angle BFD may be the great-
eft poffible.

Through the points B, D, defcribe the circle
BFD to touch the circle CFK in F, the point
required. For to any other point C, in the cir-
cle CK, draw DC cutting BFD in S, and draw
BS, BC, Then the £BSD or BFD= £ BCD+
CBS ; therefore BFD is greater than BCD.

On BD let fall the perpendiculars, AH, FIL,
GE ; G being the center of the circle BFD. Then
to find its radius GF ; let BE=ED=4, HE:—;L‘Z

AH=p, AF=r,GE=x. Then AG=y/p+x +%

—_—
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= Vpptitape+xx , and GF_= Fig.
V'ip et ipx+xx—r, and BG = Vo +xx , 15%
whence V/pp+-cc2px4-xx —r=v/bb+xx , and
V pp+cc+2px—xx =r+v bb+xx, which fquared
is copp+2px 4ax=rr4-bb4mx 4 2r X Vbb+uxh
Put s=cc4pp=rr—bb 5 then s+42p2 = 2r X
Vbbtxx, and ss4aspx-4ppxx = 4rrbb 4 4rrx%;
reduced, 4ppux -+ 48px = 4rrd.

—4rr —5

Then x being found, it will be EG (x) : rad.

gg D : BE () : tang. BGE, or its fupplement

PR OB. CCXXVIL

To find the greatef area contained under any mumder of 1513
right lines given, and another line unknown.

Let ABCDE be the figure; then fince ABE+
BCDE is a maximum ; it1s evident, whatever the
figure BCDE is, ABE muft be a right-angled tri-
angle, right-angled at B,

Again, fince ABC+CDE+ACE is a maxi-
mum ; it 1s evident whatever ABC and CDE are,
ACE muft be a right-angled triangle, right-an-
gled ac C.

Alfo fince ABCD4ADE is a maximum ; it is
plain, whatever the figure ABCD is, ADE muft
be a right-angled triangle, right-angled D. And
lo on if there were never fo many lines.  And
therefore all the angles ABE, ACE, ADE, fub-
tended by AE, muft be right angles ; and confe-
quently the whole figure is inferibed in a femi-
circle, whofe diameter is AE, fo that the whole
may be a maximum.

Therefore if it be requiréd to- find the ares,
we mull find the diameter AE, and then find

the
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Fig.

MAXIMA and B. 1L

the area of the poligon ABCDE infcribed in a
femicircle.

P R O B. CCXXVIIL

252, To find a line, which with three given lines, will con-

tain the greateft area poffible.

It is plain the line fought is the diameter of the
femicircle in which the three given lines are in-
feribed.

Let ABCD, be the quadrangle, draw the dia-
gonals AC, BD, on which let fall the perpendi-
culars CP, BF.

Let AB=4, BC=¢, CD=d, diameter AD =y.

Then BD=v/yy—bb, and AC=v'yy—dd. But
(Geom. 1V. 28,) CP= g—i, and BF = %;.Thcrea

S .
fore & +(F vVyy—bb = 2 area ABCD , and

g et war 7]
4+ -j—zf-\/)y-——dd —2 area = b+ i—- Vy—bb

and 2y-cd X o/ yy—bb = dy+bc \/y—dd, and
fquaring and multiplying, &by +-2bcdy’ + coddyy—
béyy—2b’ cdy—bbecdd —ddyt +2bcdys 4 bbecyy—diyy
—2bcd’y—bbeedd, And reducing

bbys — B¢ y + 2bed —o.
—dd — bbcc — 2b%d
+ ccdd
+ d+
And dividing by bp—dd
y3 —bb y = 2bcd, and y being known, the
—C
—dd
area is known from the foregoing fteps.

PROB.
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Fig.

PR OB. CCXXIX.

SP is perpendicular to PM, and there is given SP, 153+
SN 3 and drawing NL, fo that the angfc' L.LDM
may be equal to SCP; 10 find CD, a maximum.

Draw NA perpendicular to CD, then CA=AD,
and CA is a maximum. Put SN=4, SP=d,
SC=y, then CN=¢é—y, CP=+/yy—dd. Then
by ﬁmilar triangles, »: \/‘j:_a’T b—y : CA=

- Yy—dd
—dd — max. and é—y X
K. ? Vi~ - 3 »
max. — by — = x b—y . Increafe y by a
very fmall quanm) ¢y, then b—y—e :b—yl-—zex
3’-—}* Allo 3.—|-e = w2y, and by divilion

dd dd 2dde dd
.)Jf-i-zﬁ = 5 - Jy . Whence &—y -_— —) X
e dd 2dde
by = h—y it ) Bnypiatis o 298

J’. —9’ =y o I 3 X
b—y —2¢ X b—> , and tranfpofing, 26X b—y

e R Ny el W NPT

=S K- X 4= and dividing

dd
by 26 % b—, t:;—; x&—-) + -‘-i—j, and mul-
tiplying by 37, we have y'=—ddb—eddy+-ddy, or
Yi=bdd, and )-:{/EZ.

Li PROB.
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Fig.
PR O B. CCXXX.

154+ Given the fituation of ithe two places A, E, and the
river BD; and fuppofe @ traveller going from
A to C, can travel 6 miles an bour on this fide
the river from A to C; and g miles an bour on
the other fide from C to E s it is required to
bnow where be muft crofs the river BD, [o that
be may go from A to K in the leaji tuwe poffibie.

Let AB, ED be perpendicular to BD ; let
AB—=¢,DE=},BD=d, m=6,n=9,EC=x. Then

CD=d—y, AC=V'aatux, CE=V }} +£__.._§"

mil,  ho.

And per queft. m i1 :: Vaatxx » N aa+X¥
m
! . wil. Ro, i 2
— time in AC, and #: 1 ::4/dd +d—x
‘/_ﬁ::hg
... "df" ¥ = time in CE.  Thercfore
V aa1-%% & Vib+d—% = minimum. Or
L B

o aataw +m/bb+ d—zx = min. Write x+¢
for x; then xw—=xx -+ 2x¢, and d—x—¢=
d—p— 2¢ X d—x. Therefore we have

n/ aa+xx+2x5¢ + m\/fzb-i—?i:;;—zcxaj"‘

= n Vaatxx + m\/&b+ Ei:af. But
——— xe

Vua-bxx—i—ae = aatxx -+ Tm, apd

\/bb +d—x1-—-2c X d—x = ‘/bb -}-a’—--.’r1 w—t
A



Se&. XIV. MAXIMA, 515

g Fig.
-—gj—_—i Therefore zzy’aa-i—xx_i_-émm_.—. 154.
V/bf? e Vaafixx .

o s g -(f—.:_“- R
G 1 S bb +d—x — mcz";;_ = s aa+¥x%
Vbl id—x"
+ mo/bb +d—x". Therefore —mt i o
aag4xx
s
_’mx _x—_; =o. And multiplying,
S bb+d—x

nx\/Zb-}-dd——zdx-i—xx = md—mx\Saa4xx 3 and
{quaring mnbbxx 4+ nnddxx—2mndx’ 4-nme* =mmddaa
—2mmdaax 4+ mmaaxx -+mmddxx—2mmdx® +mmxs,
And being reduced is,

s ~— 2undx’ + npddxx 4 2mmdasx—mtdiar =g,
—tnm - 2mmd anbb

—mmdd
—INaG

P R O B. CCXXXI

Within the given angle ACB, to cut off a given area, 15z,
with the fhorteft line AB.

Let the area=4 3 s, ¢=fine and cof. C; CA —,
CB=y, then per queft. sy=5, and by Trigono-

metry AB=v/xv+y—2cxy ‘= min. ; therefore

: b
*¥ty)—2cxy=min. but xy= Troand y = =
bb 2ch bb
T L A s A T A
g T 7 m. or xx 4 ek
- —1
=min. Put x4e for x, then y4¢ = Xt 4-2ex,
g e g o X 2e
and =——— or x-pe = — == —, Whence
K¢ *¥ *

L1z XX 4




B.II.

MAXIMA and

Fig. AW b_b o L 1
155, xx-]—zex-}--j—s T X i — - i ? anc
2bbe bb
26X — T =0, and ¥ = ;,E'i’ whence x“:-}}.
bt bt ss bb
But y+— e = 1 X5 = 5 d therefore

b
yi=w¢, and -y = J-J—.

P R O B. CCXXXIL

156. To find the greatef parallelogram inferibed in a
triangle.

Let the parallelogram BDEF be infcribed in the
triangle ABC. Put AB=4, BC=4, DB=x, DE=y.
Then by the fimilar triangles ABC, ADE, a—¥*

ba—bx
iy::a:b, and @y—ba—bx, and y= — =
bx bxx
b— —. But y=max, or bx— == = mak

Put ¢ for the finall increment of ¥, then the in-
crement of bx is be, and the decrement of xx i
el bxx

X4 ¢ = xy=2xc, and the decrement of =

—

2hxe abxe 1%

—~, whence Ze = — = and 1=, and

¥=ig, Therefore y=ib.

P R O B. CCXXXIIL

157. Given the point ‘P within the vight angle ACB; 7
draw the line APB, fo that APXPB may be @
nriniiitin.

Draw DP, PF paralle] to CB, CA 3 and put
CF=4, CD=¢, AD=#._ Then by fimilar tri-

angles
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b Fig.
angles ¥: b::c:y, and wy=bc, and o f 1;?'

Then AP=V'Jb+ux, and PB=v/ciky 5 and
APXPB= Vbb +xx ><~/cr+—* = min. and

: A ;
fquaring, blcc+- -x? + cexx 4= bbec = min. and
biee 2 » —_—a
XX+ — = =min, Whence ¢c xx4e¢ +
bice

e LT +-——, Or ¢c X s~ 2xe 4+ btec X
X e

I~ ae btee - 2d%cce
sk — cowx =2 Whence zeone

b4

=0, ¥= 7%, Or x*=/4, and x=#, whence y=r.
And AC=x4e=F4c, and CB=l4-y=b+-c.
Therefore AC=CB.

And if it be reguired to hgve AP4PB, a mini-
mum, we fhall have +/pb4xxy + Viety =

min. or Vibb4ax J(c-l— — == mih.  Bat
xe
Vb xte — bo+x; :—-—-.—Y——,::the
TR & o
increment of v/06-xx. And in ke mannet
-—ﬂ-fce

‘} is the increment of J bb“
&3 Jcc
L

bbce :
R Y o 88 decrement, Therefore

G d bbee

m = "x\/&b-j— s and x3=bke , or

; —\/Mf. as in Prob. ccxxiii. by another method.

L1 PROB




Fig.

MAXTIMA and

P R O B. CCXXXIV,

Given the fum of the legs of aright-angled triangle s
to find the legs, fo-as to contain the greateft area
palfible.

Let a=fum of the legs, #= one of them ; then
wxa—u= 2 area —max. therefore x4e X a—x—e
—x X a—x, that is, AN X X=X - A—XE =N~
%%, and ae—2x¢=0, Or 2¥=a, whence ¥=14,
and g—x—=2a. Therefore the legs are equal
And therefore when the area is given 5 the fum of
the legs will be the leatt, when they are equal.

P R O B. CCXXXV.

Given the area of a right-angled triangles o find the
Jfides, twhen the perimuter is the leaft poffible.

Let a=area, x—fum of the legs, v, y=the two
legs ; then vv4-yy4-20y=x%, but vy=2a, and
Vv 4y =xx—21y —xx—4a, and the hypothenufe
= V0 4yy = wk—aa therefore x4/ xx—44d
— perimeter. = min. write ¥+e¢ for x; then

‘/x—}—e_ — 4 = JSux425e—4a = v kx—za
xe

+m, whence x4¢ + Vai—aa =+
xe — xr
W s o % 3 Vax—4a, and e+ )

) And t’\/xx—,w:—-xc, and ee:m-—,;.ﬂft:
& A
wxee, and qaee=o0, and ee= a0 OF =0 And

therefore fince the increment of x is nothing 3

therefore » is a minimum, and when ¥ orfthﬂ
um
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fum is a minimum ; then the legs are equal, by Fig.
the laft problem ; therefore v=y=iz, and

1 =24, or ¥=V'8a,

P R O B. CCXXXVI

Given the [olidity of a fquare pyramid DF 3 to find 158,
the flant fide AB the leaft poffible.

T.et b=folidity, ¥=CB the height, y=2AC
the breadth, then AB= v/xx-+iyy. Butluy=bs
b e
and yy = 3_x_ ; therefote AB= Jxx +-‘3?-i =

e 30 L .
minimum, and xx+-;; = min.  Put x4 for

b ]

¥, then x¥=xx+42xe; and £ = = = ol

v R L Ty

- i -

-—m; whence xx 4« axe- ar Joe = i’
' abe

and ow¢ =2 — =0 , and 8x3=3b, whente
4xx

3
T AR X
V’S =3 v 30.

P R O B. CCXXXVIIL

Givén the folidity of the fquare pyramid DF, to find 158.
that which bas the leaft [urface, excluding the bafe.

Let J=folidity, »=CB the height, y—2AC,
or 2AD the breadth: Then AB= /x4l ,
and 3y X /xx+ 1y =DBL, and 2V x4y =
3b

T

b 25 abb
furface = JL o B J;, 9
2./ = x\/.u-p“__ 2 3bx+

4XN

L1 4 - MiXl=

furface. But 3xyy=b, and W= Whence the
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Fig.
158, —

159.

MAXIMA and B. II.

kb
—maximum. And 3bx+ Z—;, — maximum, or
b bb
12bx + g-i{’—max. write % --¢ for x, then =
xx xx
obb 9bb 18bbe
s — hp e Therefore 120x 4
bb 8b obb
12be + 9—7 — l—x ‘= 120 + 20 and 12be—
18bbe 1864

wi =0, or 126= M , and 12x3=185, and

b
x*:i—. whence x= x/—é.
2 2

P R O B. CCXXXVIIL
To find the greateft cylinder, infcribed in a given cone.

Let axis AB—z, BC or BF=6, =
3.1416, DB=x, DE or DG=y. Then by thc
fimilar triangles ABC, ADE, a—»

&:5 and ay= ba—bx y Or by = ab — ay,

ab—ay )
and ¥ = —F . But ¢yyx =maximum, or
ab—ay abecvy—acy’ e
WX —— = _:vb 2 —max. that is 7 X

by— y'=max. and ky—y' =max. put y4e for
v, then Zyy becomes byy--24y¢, and y* becomes
‘—}- gy'e. Whence &yy420ye—y'—3y'e=by—y’
And 2bye—3yy¢=0, or 2by=3yy, and y=3

ab——>ab I
Whence x— e —=—a.
& 3
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P R O B. CCXXXIX.

Given the weights of two elaftic bodies A, C; te
find the weight of the intermediate bsdy B ;5 fo
that A firiking B at refi, and B with the mo-
tion acquired, * firiking C at reff, may make C's
motion the greateft poffible.

Let x=weight of B, a=velocity of A.
y=velocity of B, acquired by the ftroke.
v =velocity of C, by the ftroke.

Then Aa is the motion of both A and B, af-
ter the ftroke, as well as before; and 4 is the
difference of their velocities 3 therefore y—a is
the velocity of A after the ftroke. And .fince
the fum of their motions remains the fame (Me-
chan. 10.),therefore xy+ y—a XA =Aa, or xy—Az
4+ Ay =Aa, that is, xy+Ay=204A, and y =
2aA
A4-x"

Again, xy is the motion of both B and C, and
y the_diﬁerence of their velocities, as well after
as before the ftroke of B. Therefore v—y isthe
velocity of B after its ftriking C.  Whence

Cv 4 w—) Xx¥=2xy, or Cv+xv=2yx. Whence v=

29X aAx
(H:)_' = ;—i———— = maximum per que-
+x A4z x CHx
: x ,
ftion; or ==————— = maximum ; or
A4xx Cox
A4x X Chn . 3
~——— —— = minimum, that is,
AC+A4Cuw 4 ax 25 AC
- = minimum , of —— -+

A+4C

521
Fige
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MAXIMA ond B. IL

A 4C4x=minimum ; therefore éxg + ¥ = mi-

pimum ; put #4-¢ for x5 then x—A_é - %_(2
AC . \C  AC:
—-—m;—‘, and therefore éx_ — Ef-%.*-}-e =

AC
— + # and throwing out the fuperfluous quin.

e Y -
— =0, and xx=AC, whence

itie t
Qties; ¢ -

x=./AC.

PR OB. CCXL:

%o find & —&" the gréateR poffible, [uppofing »
greatér than m.

Wiite x-e for », then s4e =4" +m" 4

and xFe =% 4mx" e ; therefore x4e” —

A m 14 . -~ ]

x+e" =X =—x 3-that is, x 4 mx e— %
. 1 7 .

i le=u" —x" . And by fubtrattion ,
1 n—1 el _ el

mE e—nx  e—0, Or m¥  =ax § . of

L .
mx™ =nx" . And n being greater than m, we

b7
—:  whence
n

1t H=—itt
have nx  =m, and x s
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\ Fig.
PR OB. CCXLL 16c;

To find the greateff parallelogram inferibed in the gi-
ven curve AMC,

Let MPBF be the greatet parallelogram. To
the point M where it touches the curve, draw
the tangent TMD. Then if the fubtangent PT
be equal t6 the height of thé parallelogram PB,
then MPBF is the greateft parallelogram. For
it is plain from Problem ccxxxii, that this paralle-
logram is the greateft that can be infcribed in the
triangle TDB; and as this is greater than any
other. that can be infcribed in the triangle, foy
much more, is it greater than any other that can
be infcribed in the curve, fince the angle M which
is in thé curve, will in all other cafes fall fhort
of the tangent.

Therefore knowing the method of drawing a
tangent to the curve; you muft feek the point P,
where the ordinate PM being erefted, and the
tangent TM drawn, TP may be equal to PB.
Thus if AM be a parabola ; put AB=a, AP=x,
then by the nature of the curve, AF=x, whence
TP=2x, PB=6—w, therefore 2x=g—wx, 3x=a,
or x—=34.

And the fame will hold good, if not in all, yet
in moft curves which are convex to the axis. For
fince the parallelogram is the greateft for the tri-
angle, it will allo be greateft for the curve,
fince the curve at that place coincides with the
tangent,

Otberwife thus,
Suppofe thé nature of the curve be rs” =»" ,

where AP=w, PM=y, allo AB=gs, BC=b.
Then
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Fig,
160,

161,

MAXIMA aid B. 11,

Then PB —a—wx, and a—x X y = max. But

I mn 1 _'i't
y=r"x", therefore a—x X r" x" = max. or
nt m--n
ax " —x ® = maxim. put x+e=x; then
1 21 b e nm—-n
— T - -’—”—av -_”—e and' x+4e¢ ?
a. A“i‘f :ﬂ!\: n d ?
M-t +
pletLies m=n 5
ot P — " x"p,  Therefore
— o s Tow
m m—n mtn » 7 -
Siig B0 T iy
ax +7ﬁx E—X 3 o= agx < £
i ] ”m

/2

mtn -
whence 5 ax Tig i

RE PG 5 or

m=—n mn

n

max =m+n X "3 and dividing by

m—in m—imn-}-n

x s ma—m+tn Xx * —m4-n %%, whence
L. ma
Y= mtn
figures. Thus if m=1, »=2, asin the common
parabola, then ¥=1a, and if m=2, ‘n=1, then
is ¥=2a, as in the fame parabola, with its con-
vexity towards the axis. If m=1, n=1; then
x=1a, for the triangle, as was proved before.

Which is general for all parabolical

2.R O B, CCXLIL

Given the diftance of the point A from the perpen-
dicular plane BC ; 1o find the pofition of the plane
AC, through which a body fhall defcend in the
foartejl iime poffible ta the plane BC.

Let AB be perpendicular to BC, AD parallel
to it, and CD perpendicular to AC. Put AB=5,
BC=x; then 'Mechan, 34. cor. 1.) in the time 2
body




écc‘t. XIV. MINTIM A

525

body defcends through the inclined plane AC, ano- Fig-
body will - fall perpendicularly through the fpace 161-

AD. Therefore as the time in AC muit be a
minimum; the time in AD muft be a minimum,
and AD itlelf muft be a minimum. By the fi-
milar triangles BAC, CAD, itis BC (a) -
CA (\/’ﬁ'f)-]—xx) -3 LA (\/55—{—0.‘) s Sl dest
b’-):—”r = minimum. And %f-{-x:min.writc:;+e

bb b b bl
for oy then  “— = — — —bf 3 thercfore ;f

b N X% "
bbe

2 bb bbe
— gl = ;'-i—x: and —, T¢=0, or

9
bb

E==i

> and ww=&h, or x=b, therefore
BC=BA.

Otberwife thus,

Deferibe the circle AGC with the center B, and
radius BA; draw AC and any other line AL,
and CGF parallel to it. Then (Mechan. s
Cor. 1.) the times of a body’s defeending through
GC, AC, are equal. And the times of defcend-
ing throngh the equal lines, of equal inclinations,
AE, FC are equal. But the time of defcending
through GC s lefs than the time of defcending
through FC. Therefore the time of defcending
through AC is lefs than the time of defcending
through any other line AE,

P R OB CCXLII

AB is a horizontal line, BD an inclined plane. Tt is
required to find the pofiiion of the plane AD, through
which a body defeending from A fball arrive at the
Plane BD, in the leaft time pelfible.

Suppofe AD to be the plane, draw AL per-
pendicular to AB, and DH perpendicular to AL,
and

162,
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and DF perpendicular to AD. And put 2=AB,
5, ¢ = fine and cof. B, BD=x, AD=y. Then
by plain Trigonometry /56 ¥x—iibx =y ; and

AD (y) : SB (s) :: BD () : % = S.BAD
or ADH. And rad. (1) : AD (3) : : S. ADH
(i—;) : AH=s» And by fimilar triangles, AH

() : AD (3) :: AD (3) : AF :%
éb+¥"‘_‘"m‘i’x_ But the time of falling <hrough
5x

AF is equal to the time of defcending through
AD (Mech. 34. cor. 1.), And this time is a mi-
mum, therefore AF is a minimum, that is,
bbb+ xx—2cbx . bb+-xx—achy

— min. and
X P

= min.

b b 3
o — +%—2cb — min. whence == 4 &= mmn.

as in the laft problem. And therefore x=&, or
AD=AB.

Or thus,

On AF defcribe a femicircle ADF to touch the
line AL inD ; draw AD, which will be the line
of fhorteft time. For the time of defcending
:hrougﬁ all ‘the cords in the femicircle will be
equal (Mechan. 37. cor. 1.) to the time in AD.
But the time in any chord is fhorter than the time
in the fame chord when produced to the line BL,
which lies without the circle. And therefore the
time in AD is alfo fhorter than in any other line
grawn to BL.
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To divide a given line AB, into three parts, %, 9,23 164,
fo that xyyzs may be the greateft produi? poffible.

Firft, fuppofe x4y=2~ a given quantity, to find
vyy —amaximum. Then x=4—y, and s—yxyy
or byy—y* =max. put y+e fory, then & xy+e

PSR |
w— ye=max. that is, byy4-2bye—y'—2ayye=lyy
—y}, and 28ye—3yye=o0, and 3y=25, or y=3b,
and x=4%p. Therefore y=2x.

Again, let ¥4y42=4d, to find xy'z* = max,
Then by what is gone before, whatever 2 be,
y will be =2x. Whence 4x72 =max. Butx-+y

4 ——
=d—z, or 3N =d—z, and 4x3 = — Xd—2z
b
—_— e
X2 = max. and d—v Xz’ =maXx. or d—zxz=

max, or dz—32%= max. put z-¢ for z, then

dz4di— z4¢ = dz —zz, or dz - de—zz—
2z6=dz—2z, or de—rze—o0; whence 2z—=d=
¥-+y<4=z, and T=x oy =3x, T herefore X422
+3% or 6x=d, and =14, and y= (2x=) 34,
and 2= (38=)3d

E I N I &




ERRATHA

Page 328. line 8. (from the bottom) read a:*}j‘

bfa—bd
p. 336. line 8. read i

p- 430. line 12, read Jﬂx{-i—y:_

p- 460, line 3. read n X V2 —1.
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